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ABSTRACT

In this paper a linear partial differential equati-
on with constant coefficients is observed in the fleld of Mi-
kusifiski operators. A new form of the approximate solution is
constructed and the error of approximation is estimated.

k"

We are going to observe the linear partial differen-

tial equation = with constant coefficients:

m 1
PV
(1) ) Zuv———-—z——a xffﬁ’:o X1 A<y
420 ve0 W aatat
with conditions:
alx(2,0)
(2) _—_—?_—3)‘11 = 0 u:O,...,m’
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(3) O x(0,8) L g ¢ 0, p=0,...,m22 0
M ’

3™ k0, 1)
aam-1

In the field of Mikusinski operators M, the equati-

on
m 1
v () -
(%) ool oa s x®an = o
u=0 v=0
with conditions:
(5) x(0) = 0, x"(0) = 0,..., x"™ 1oy = ¢

corresponds to equation (1) with conditions (2) and (3).
The solution of equation (%) is of the form:
m : ‘ v o ‘ i:Ej
(6) o ox(y) = ] bexp (huy)s wy = : o5 57t aj
j=1 i=Q
where mj are the solutions of the characteristic equation and
bj are the coefficients determined by (5).
The approximate solution of equation (4) on the in-
terval [0,T] has the form:
m - i 3.:23
(7) X2y =} byexp(Ad,), By = ,Z e 5L a4
j=1 i=0
As in [3], in this paper we divide the interval [G,T]
into n equal subintervals, [0,T1], [T2,T3]s¢..5 [Tn—l’T]' In
[3] we constructed the approximate solution of equation (1)
with conditions (2) and (3) on the interval [Tn—l’T] in seve-
ral steps. The form of this approximate solution implied that
we had to construct it on each subinterval, and it depended (out
of the first one) on the approximate solution on the previous
one. In this paper, we shall give a new form of the approximate
solution on the last subinterval [Tn-i’T]' Its construction is
easier than the one in [3], since it requires only the approxi-

mate solution of the first subinterval. At the same time, it
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turns out that the error of approximation is much better than
before. v

The correct solution on the first subinterval [0,T]
has the form (6) and the approximate one has the form (7). On
the subinterval [T,,T2] the exact solution of equation (k&)
is of the form:

A
(8) o xz(A) = xh(A) + & h f FI(K)xh(3—K)dx
. 0
where xh(k) is given by (6),
I
(9) Q7! =
l(mm’0 + am’is)
and
Soom w
(10) P = fa , 2XAE
ﬁ=0 ? 9A =T,

The approximate solution on the interval [Ti1,T:] is:

. A )
(11) X2(2) = X)) + [ Fi(k)x(A=k)dx,
(]

where X(1) is of the form (7), Q is of the form (9), while

m u

o 3"x(A,t)
(12 Fi(X) = a —_—2 .
) 1 XO u’l 3)‘11 tle
u:

Repeating this procedure, one obtains the exact solu-
tion on the interval [T __,,TI:

: e-(n—l)hs A
(13) x_ (X)) = x(X) + F (k)x(A-x)dk,
n : : n-1 :
Q 0
where x(A) is given by (6), Q is given by (9) and
m u .
3x__. (A, 1)
(14) F_ (0= fo ,—nz1 '~ ,
n-1 u,i u =T
u=1 3A n-1

while the approximate solution on the interval [Tn-l’T] is




96 Dj. Takadi

: e-(n-l)hs A - .
(15) X (A) = X(A) + [ B (x)x(A-k)dx,
n n-1
Q 0
where
m Ha
arx (A,t)
~ . -1 ’
(16) F (k)= Ja ,—2- ¥
o ui1 M1 M t=T,

In order to get a new form of the exact and the
approximate solution let us prove:

1,...,n-1 can be

Lemma 1. The factors Fk(k) for k

written as:

A

F () = Ak’ofl(k) + Ak’1 J Pi(AM)F (A=K )dk +

Aok 0
+ Ak 2 [ (f Fi(t1)Fi(k-t1)dt1)F1(A-K)dK +

2
0 0
(17) Ak 0t

g J U F (e))F (-, )at, OF, (-t )at By (A=K )de

0 0 O

A K
+ ... ' (f ... YF1(A-k)aK
Aex-1 1 U )F1 ’
0 0
(k-1) integrals
where F1()) has the form (10) and coefficients Ak,i i=0,1,...
cessk=1 are

A2,0 = 1 + am’ifQ,
A2,1 = 1/Q,
(18) B et ® 1/Q¥"1,
= 2 2 k-1 -
Ak,O 1 + Gm’ilQ + Gm’i/Q + ... qm,l/Qk 1,.

7

(Ay_q,5-1 % O 181,10/ Q
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Proof. We start from the solution of equation (4)
on the subinterval [Tk-l’Tk]’ kK = 24...,50

e-(k—l)hs A
% (A) = x(}) + —_— Fl 1 0)x(A=k)dx,
Q 0
and its derivatives:
e-(k—l)hs
X (W) = xT(A) + T (x(OF 4 (A) +
A Q \
+ B ()x7(A=x)dk)
0
-(k-1)hs :
xg7A) = X7 + & (X" _, ) +
A Q
+ B, (0x77(A=k)ax)
0
-(k-1)hs
™) = x™ay 4 P 0)E_ )
x Q
+ f F_ ox™ O-oan).
0

In the last relations we used the fact that x(0) = 0, x7(0) =
= 0, ..ous xm 20y = 0. Multiplying each line with the coef-

ficients au 1° respectively, for ¥ = 0,...,m, we get:
H

=)
3

(u) = (w) amai () +
Loy g% () Ia, x77) + H_1Fpa1
40 Hy =0 Hs Q
(19)
-(n-l)hs A m (u)
# S [ F G ] oy gxt T (A-K)dK).
Q 0 u=0
From (13) follows:
A
%m,1 1
(20) F () = F,()) + ——3— FoqO0) + 3 JEaq (IF (A-k)dk.

0
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After using (20), by mathematical induction, one gets (18).

Lemma 2. The factors Fk(k)'can be written as:

A
F O Ak,oi,(x) v Ay S Fi (AMF1(A=k)dK +
0 ;
A Kk
t Ay g JCOJ Fi(t1)Fi(k=t1)dt1)F1(A-k)dx +
0 0 '
A K ty
t A 3 J Cf Cf FileFitti-t2)at) File-ti)dt)
6 0o O
. ;1(}\-K)dl< + .0+
t A ke J Cf Gooo YFi(A-x)ak,
0 0

(k-1) integrals

where %l(k) has the form (12) and the coefficients Ak i i-=
3
= 0,...y5k=1 are of the form (18).

The proof is analogous as in the previous Lemma.
The error of approximation.

If g is given in (6), let us introduce the follow-

ing denotations:

(22)

kK+p _ v -
wy "t = {Vj,k+u(t)}’ Vj,k+u(T) = Vj,k+u(t)|t=T
m m
W(T) = ] bj( i “u,ivj,k+p(T))'
j=1  u=0

Using (10) and (22),'one can write:

(23)

ocAk
Fi(\) = —_— T
1(A) ) ~ W (T
k=0""
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and analogously:

(24) FL(A) = L Lﬁkm,
k=g X!
where:
m _m
W) = EbgCE oy g Vg, (D),
j=1 =0
(25) i |
Vi ke (T) = %j’k+u(t) t=T>
- ; _ akeu
{vj?k+u(t)} = aj

and &j is given in (7). .
In order to estimate the difference |F (1) - FL (N,

let us prove:

temma 3. If Fi()) Zs given by (23) then:

A w0 ®
(26) [ FiG)F (A=)dk = |}

0 i=0 j=0
where Wi(T),Wj(T) for i,j = 0,1,..., are of the form (23):

Ai+j+1

e W, (TOW.(T) =: B;y(X)
(i+j+1)r 1t J

Proof. It is known that:

A
_ _ I'(a)+T(8) _
(27) F e lom)Blae = —— 77 0Bl
0 I(a+8)

From this relation and relation (23) follows (26).

Lemma b. If Fi(X) Zs given by (23), then

Aoty t2 tes
(28) Jofof oo f 0 Rl OF( -t g)dt )
0 0 O 0

. Fl(tk__3 - tk_z)dtk_z) Y Fl()\-‘tl)d‘tl =
o« b S iyl 4. ik
] § ... 1A Wy (THW; ()

. - ;
1,20 i,=0 ik=0(11+1z+ oo b LI 1

11}
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S W (TY = 1B (0
k
where Wich)’ ees Wik(T) for i;,...,ik = 0,1,..., are of the
form (23),

The proof follows from relation (26).

Corollary. If F1(X) Z8 given by (24) then:
A tr  t2
fofof ..

0 0 0 0

Tx-2.- -
-(I Fi(t, _dFi(t -ty )dt, ) »

C F (-t At ) ... FyO-tyddty =
(29) k-3 = Tk-27%%-2

w © ] Ai1+i2+...+ik+k

'Wil(T)
N . \
1,20 1,20 ik=0 (1,414 ... + 1k+k).

z ¢ B1(M)

where ﬁ. (T),... ﬁ.
1,

(T) for iy,...,i_ = 0,1,... are of the form
iy r ,
(25).

Using (28) and (29), one can write:
(30) Fk(k) = Ak’oFick) + Ak’iBl(A) + Ak’ng(A) +
cee ¥ Ak,k_lBk_l(A)
and analogously:

(31) F ) = A gFa(d) + A 4Bi(A) + Lon + Ay k-1Br-1(2)

The following estimations are going to be needed

latter:
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c L] < M. ol
le; 41 My ey
(32)
i/q
lz.XO 53 [} | <T Pj(T)l .
l:

Lemma 5. If W (T) is given by (22) and Wk(T) is
given by (25) then: '

m m
W () - w(m) < § a1 ] ijlp;°+1P§+u(T)(k+u) .
H
— us=0 j=1
1o+ P
(33) - - (k) + 1
q; q: .
. J = R (T)
1o+l P k
Tl = gotin) + 2)
J 3
where Pj(T), and Py are given by (32).
Proof.
m m m m
K+ ‘ sktH |
j=1 u=0 j=1  u=0
m m
< o . |plotl k+u TY(k+u)*
r Lol gl -Z ijlpJ PSTH(T) (tm)
u=0 j=1
io+1l

p.
- (k+u) + 2.
. g Qj Qj .

Since the last estimate holds for any t € T, the re—-
lation (33) is satisfied. :
‘Now, using Lemma 5, we get:

(34) lw; (TOw; (T) - Wil(T)Wiz(T)| < Ry (THW2AT) +

+ wil(T)Riz(T) 21 Q, (T, i1,i2 €N

12

where ﬁk is defined by:
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m m
k+u
| J o1 ) by w | Sp Qk(T)z
u=0 j=1
and Ri,(T) and Riz(T) are given by (33).
Similary, we obtain Qik as:

~

(35) {W1 CT) i

Now, we can find the difference between Fk(A) and

Fk(k):

LW (T) = Wi(T) ... Wy (T)] € Qg (T).
. k k

Proposition t. If Fk(k) is gtven by (17) and Fk(A)

i8 gtven by (21}, then:

. ' PV
[CE 0 = FLON] € |4 ot .XU - R, (T +
i=
© o |X|i1+i2+1
+ lAk £ )  — Q. . (T) + ... +
1 / A ; - is
’ i1=0 i2=0 (La+ iz + 1)1
(36) ® o o . . . X
|7\111+12+'”+1k+
SRTSENUTIID S SO
110 1i2=0 ik=0(i1+i2+...+ik+k)!

RE,R(A’T).

where R. (T), and Q. (T) are given bu (33
13 lk

Proof. Using (17), (18) and (21), we have:

) and (35).

(R (X = E Q)] € [ g8 [T = FyO0 ]+

A _ A -

+ ]Ak’iﬂllf Fi(x)F (x-k)dk - I FI(K)F;(X-K)dKI +
0 _ 0
A K

+ |Ak,2£||I ¢ § Fi(tFi(e-ty)dat F(h-x)di -
0

0

Q;

k

(T
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A K
-fJ ?l(t,)Fl(K—tl)dtl%l(k-K)dKI o+
0 o0
A K
Ay gt S CSGL RGO -
0 0
A K .
-J Cf (... )F,(x=)ax]
0 0

and from (28) and (29) follows:

® y1dn

[LCR 0 - RO <p (A o2h ¢} G )rlwil(T) -
iy=0 117"
® ®  yir+iz+d

Wi (o o+ e el D L Wy (D, (1) -

. . t 1
i =0 1i =0(ll+12+1).

Wy (DX (TY] + ...+

@ L - Aix+iz+...+i +k

k,k—12| X X . X .

. . R
i3=0 12=0 ik=0(11+12+...+1k).

-+
S

. |Wil(T)Wi2(T) e wik(T) - Wy (T W (m |.

Finally, using (3%) and (35) we have:

lz(xk(X) - Fk(l))l <0 [A

[A]
k,oll ! . Ry (T) +

o ® !Ali»l+i2+1

VO A

i1=0 1i2=0

Q; (T) + .. +
(i,+1i,+1)! 2

© o o i1+iz+...+ik+k

LR YT 2 I SRR SR 2] Q. (T).

. . . i
i1=0 i2=0 ik=0 (11+12+...+lk+k)! k
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Proposition 2. If xn(X) ig given by (13) and
in(k) ig given by (15) then the error of approximation is of

the form:

(M) = X O] € x (DL + MRy g (HLTIROL +

+ (0% (08)

where

{x(A) = %(A)| <T xe(k)l

Re,n—l(K’T) = OzséA Re,n-l(K’T)

F(A\) = max F(k)

0<k€A ‘

max |x(a-x)] € x())

119X 9’

X (M) = max x_(A-k)

€ 0<Kk€A €
and Re,n-l(K’T) is given by (36).

Proof. Using (13) and (15) we have:
fx (A = X (O] € x(A) = (0] +
A -
+ f 1eSOTORGE (o - By (00)x(A-k) |ax
0
x -~
2 [ e E L (x(-k) - ROk |dk <
0
I ' Y = bl
Sp X (ML + A(Re,n_l(A?T)x(A)t + B LO0x_00e).

Numerical example. Let us observe the following

partial differential equation:
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CAZx(ALt) Ax(A,t)
(38) - - x(A,t) = 0
Bt 31 :

with conditions:
3x(A,0)
(39) S ——— 20, A >0
DY

x(0,t) = 1, t > 0.
In the field M, equation
(40) (s-1)x7(X) - x(A) = 0

corresponds to the equation (38) with conditions (39). The
solution of equation (u0) is:

a

(41) x(A) = fexp(w), w= | 2i*l)
i=0

while the approximate solution is of the form:
1o

(42) x(\) = Lexp(AD), @ = Jeitl,
i=0

After dividing interval [0,T] on n subintervals the
solution on the interval [T _,,T] can be written as:

-(n-1)hs A

_ e
x () = x(\) + E———— [ P ()xO—)dx
0

and the approximate one is of the form:
-(n-1)hs A ~
X, () = X0 + s 7 E _, ()X(A-k)dx,
0

where Q = £(s-1), x(1) is of the form (41), x(A) is of the
form (u42), Fn_l(k) and fn_l(K) are given by (17) and (21), res-
pectively.

The following table shows the dependence of the error
of approximation on the number of subintervals. For i, = 11,

A = 1 we have:
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1 2 5

0,5 4,07970+10™%|3,78263 +10—65,798 +10-%

1,0 5,74297+1072|5,417665*10™%4}1,73472°10"¢

2,0 5,09084=10"' |7,15463 *10° |4,16679°10"3
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REZ | ME

0 OBLIKU PRIBLIZNOG REZENJA JEDNE PARCIJALNE
DIFERENCIJALNE JEDNACTINE

U ovom radu se posmatra linearna parcijalna diferen-
cijalna jedna&ina sa konstantnim koeficijentima u polju opera-
tora Mikusifiskog. Konstruisan je novi oblik pribliZnog re3enja
i ocenjena je greska.
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