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ABSTRACT

The aim of the present paper is. to study some pro-
perties of ag-Hausdorff (a-reguiar, g-almost regular) subsets
and almost closed mappings.

1. INTRODUCTION

Our notation is standard. No separation properties
are assumed for spaces unless explicitly stated.

A subset A of a space X is reqularly open iff it is

the interior of its own closure, or equivalently, iff it is
interior of some closed set. A is called reqularly closed iff

it is the closure of some open set, or equivalently, iff it is
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a closure of its own interior (a subset 1is regularly open iff
its complement is regularly closed), [6].

A mapping f: X - Y 1s said to be almost closed

(almost open) 1ff for every regularly closed (regularly open)
set F of X, £(F) is closed (open) in Y, [6].

Let X be a space and A a subset of X. The set A is
o-paracompact (a-nearly paracompact) 1ff for every X-open

(X-regularly open) cover U of A there exists an X-open X-loc-
ally finite family V which refines U and covers A, [81([3]).

A subset A of a space X is a-nearly compact (N clos-

ed) 1ff every X-regularly open cover of A has a finite sub-
cover, [7]. : i

A subset A of a space X is Lindeldf iff every X-open
cover of A has a countable subcover, [1].

A subset A of a space X is a-Hausdorff iff any two
points a,b of a space X, where a € A and b € X ~ A, can
be strongly separated, [4]. '

. A subset A of a space X is a-regqular (ac-almost re-
gular) iff for any point a € A and any open (regularly open)
set U containing a, there exists an open set V such that
a€vevVecu, [4)([2]).

2. RESULTS

LEMMA 2.1, Let U = {Ui:,i € I} be any family of
a-regular (a-almost regular, a-Hausdorff) subsete of a space
X. Then the sete U = U{U;: 1 € I} and V = Mu,: 1 € I} are
a-regular (a-almost regular, a-Hausdorff). ‘

PROOF.  Obvious.

In paper [4]1([2]) the author showed that if A is an
a-régular (a-almost regqular) a-paracompact (e-nearly paracom-
pact) subset of a space X, U an open (regularly open) neigh-
bourhood of A, then there exists an open (regularly open)
neighbourhood V of A such that A c Vc V c U.




A note on subsets and almost closed mappings 139

From this fact we can easily prove the next lemma:

LEMMA 2.2, Let A be any open (regularly open) G-re-
gular Q-paracompact (@-almost regular a-nearly paracompact) '
subset of a space X. Then A is closed,(A i8 regularly closed).

THEOREM 2.1, In any space the union of a locally
finite family of open a-paracompact a-regular sets 18 a clo-

-open a-regular da-paracompact set.

PROOF. Let U = {Uiz i € I} be any locally finite
family of open a-regular a-paracompact subsets of a space X.
By theorem 9 in [8], the set U = U{Uiz i € 1} 1is oc-paracom-
pact. By Lemma 2.1. U is a-regular. By Lemma 2.2. the set U
is closed.

THEOREM 2.2. Let A and B be any disjoint closed
a-regular and Lindeldf subsets of a space X. Then, there
exist disjoint open sets U and V such that A c U, Bc V.

PROOF. For each point x € A there exists an open
set U , such that x € U_«c ﬁx c X ~ B. For each point x € B
there exists an open set Vx' such that x € vx c v& c X~ A,
Let U = {Ux: x €A}, Let VUV = {Vx: x € B}. Since A is Lindeldf
there exists a sequence {Unz n € w} of elements of a family
U, such that A c U{Unz n € w}. Since B is Lindeldf, there
exists a sequence {Vn: n € w} of elements of a family V,
such that B < U{V : n € w}. Let U, =U ~ U{V : psn} and
vl o= VoS U{ﬁpz p < n}. Since U/ N v/ =@ for each n and’
m, it follows that A c U = U{Uéz n€ w), BeVvs= U{Vé: n € w)
and UNV=4¢9g. Co

COLOLLARY 2.1. Let A and B be any disjoint closed
a-regular subsets of a Lindeldf space X. Then, there exist dis-
Jjoint open sets U and V such that A c U, Bc V.
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PROOF. Every closed subset of a Lindeldf space is
Lindeldf.
In paper [5] T.Noiri proved the next theorem:

THEOREM A, If f£: X -+ Y i8 an almost closed map-
ping of a Hausdorff space X onto a compact space Y with

N-cloged point inverses, then £ is continuous.

In this theorem the Hausdorff property can be omit-
ted, which we shall prove in the next theorem.

THEOREM 2.3. If f: X+ ¥ <8 an almost closed map~
ping of a space X onto a compact space Y such that f-l(y)
i8 a-Hausdorff a-nearly paracompact for each point y € Y,

then £ i8 continuous.

PROOF. Suppose that £ 1is not continuous at some
point x € X. Let U(x) denote the family of all open neigh-
bourhoods of x in X. Let y = f£(x). Since £ is not con-
tinuous at x, then there exists an open neighbourhood V of
Yy in Y such that £(U) n (Y N~ V) # § for every U € U(x).
Thus A = {£(0) n (Y~ V): U € U(x)} 4is a family of closed
subsets of Y. This family must have the finite intersection
property (1f there exists a finite number of open sets

U
1

=]

Uy sUgreeesUy such that n [f(U ) N (Y~V)] =4, then

1=1 g=1 1

is an open set containing: x and (Y ~ V) n £( n vy )

c in (Y ~M n (f(U )) = @ which is a contradiction)

Since Y is compact, there exists a point y_ € Nn{A: A € A}.
Thus we have y € Y~V and hence x ¢ f‘l(yo). )
Since £~ (yo) a-Hausdorff a-nearly paracompact, it follows
that, by Lemma 2.1 in [2], there exist disjoint regularly
open sets U_ and U, such that x € U and f-l(yo) cu,.
Since U n f (y ) cl,nu, =g we have 'y £ £(T,) .

On the other hand, since Ux belongs to U(x), we have

Y, € f(ﬁx) n({(Y~v) e f(ﬁx). This is a contradiction. Hence
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f must be continuous at x. Since x 1is an arbitrary point
of X, it follows that f i§ continuous.
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REZIME

O PODSKUPOVIMA | SKORO ZATVORENI“ PRESL IKAVANJ I MA

U radu se ispituju neke osobine a-Hausdorfovih,
a-regularnih i a-skoro regularnih podskupova topolo3kog pros-
tora X. Daju se 1 uslovi kada je skoro zatvoreno preslikava-
nje neprekidno nad prostorom koji ne mora da bude Hausdorfov.
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