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ABSTRACT

The spline collocations method given in [7] for
solving boundary value problems without a singular perturba-
tion is adapted for problems with singular perturbation. The
exponential features of the exact solution are transferred
to spline coefficients by ,artifical viscousity". In this way
a uniformly convergent method for solving problem: €y”~ +
+ p(x)y” + q(x)y = f(x),y"(0) - ay(0) = 0o, y(1) = 0o, a 2 0,
p(x) > 0, gq(x) = 0 is achieved. The numerical results indica~-
te a uniform convergence when q(x) #* 0. '

The following problem is considered:

”»

Ly = ey’ + p(x)y” + q(x)y = f(x), 0 < x < 1,
(1) { vy (0) - ay(0) = ap, y(1) = a,, where

p(x) 2 p >0, q(x) £ 03 aq4,02,0, € € R; a 2 03
€ € (0,1},
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The approximate solution to problem (1) is sought
in the form of a cubic spline

n+1
S(x) = } B By(x)
i= -1
on the mesh xi = ih, i = -3(1)n+1 , n = 1/n. B; (x) are basic

splines determined in [7]. The coefficients Bi are determi-
ned from the conditions:

f LiS(x;) = 0(x;)877(xs) + p(x;)87(x;) +

(3) 4 + q(xi)S(xi) = f(xi), i = 0(1)11,

S7(0) -~ aS(0) = ao

| S(1) = a4

where a(x,) = {hp(xi)/2}cth{hp(xi)/2e}.

By replacing (2) into (3) and using the characteristics of
basic splines as in [ 7] we obtain the following system of
linear equations:

Bi_iKi + BiLi + Bi"’IMi = f(xi), i= O(I)n,

8_1(h+3a) + W4Boh + B4(h-3a) = Baoh

(u)
Bn—1 * 4Byt Bha = 6oy
vhere
P(x.)h q(x.)h2
Ki = %z(d(xi) —k 21 + 81 )s
2
M, = = {o(x.) + +
i h2 i 2 6 ’
Li s - Mi -Ki + q(xi)-

Excluding the unknown 8_1 and Bn+1 from the above equations
for i = 0 and 1 = n, we obtain the system:
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BoLo + B4Mo = do

(s5) Bi—IKi + BiLi + Bi+1Mi = f(xi), i= 1(1)n-1.

where

To = Lo - 4hXe/(h+3a), Mo = Mo - (h-3a)Ko/(h+3a),

do = f(xo) - 6aoh/(h+3a), Kn K, - M,

n

Ln = Ln - uMn, dn = f(xn) - 6a1Mn.

System (6) can be written in the form A8 = d, where A is a
matrix of the type (n+1) x (n+1) with elements 3 (i, =

0(1)n), B and d are vectors with elements Bi’ and di; di =
f(x;), i = 1(1)n.
The matrix A is diagonally dominant and irreducible. System

(4) has a unique solution which we can obtain by the methods
given in [u].
In order to prove the uniform convergence in the

case q(x) = 0, we shall derive the corresponding difference

scheme. On each interval [xj,xj+1], the spline S(x) has the
form: '
S = v.(x) = v.(© 4+ - X )v. (D 4
(x) VJ x -V] (x x:l)v:l
(6) . (x - xi)’vj"’ . (x - xj)3vi‘3'
b}
2! 3¢

1.

x € [xj,xj+1

(x)

Constants v:.l s k=0,1,2,3, satisfy the following system:

(7) 0.v. (2 4 p.v, (1) =2 f,

53Y3 5V3 5 j = 0(1)n-1

(2) (3) (1) (3) ( =
o, (vi2) + hv(2) + p (v(1) + hv (3} + h3v(3)/2) = £
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vio) = vftl + Vflah + h=v§§5/2 + h’v{{a/s,
j = 1(1)n-1.
v51) = V§15 + hvffi + h’vgii/2, j = 1(1)n-1
(8) vga) = vgia + hv{ii, j = 1(1)n-1
(9) v§? - avd® = ao, vi° = aq, where

gs = o(xj), Py = p(xj), fj = f(xj). -~

By the elimination of vi1, vﬁ” and vgs’, we obtain the
gscheme (see [3]):

(10) thj = thj’ j = 0(1)n-1, where

- + . o
3V5-1 + rgvj+ PiVigeqs 3 F 1(1)n-2

=5
<
[N
1
]

.- c
th. = q.f. + q:f

+ s o -
37 9550 * 93Ty 95T, 307 2R

tho = =(1/v4 + adve + (1/7v4)v,

tho = ao + [h2folws + 1)/(6go(ws + 1)) +
+ h’qu-,/(Boq(w, + 1))]/'Y1

.- e
thn-i * PnaaVn-2 ¥ Th-1Vn-1

%fn-t * Yn-1fnz * In-afner * Gnarfn T Pnagte
ry = 3(wg_y = 1)/(hAs_1), v3 = 3wy, +1)/(hAs)
rg z - r; - v |

aj = 1/(py 1Ay 405 qg = 1/(p5,q85)
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c
3 [(2wj_1

fa]
"

- 1)/Aj_1 + (zmj+1 + 1)/Aj]/(wjpj)

O. = EP:sW=x, Wy = cth(p(xj)/Zs)),

] J7]
Aj = 3ijj+1 + 2mj - 2”j+1 - 1.
Yj+1 = hAj/(3mj(wj+1 + 1))

At the same time, we have that

(11) ﬁhvj‘” = thj, j = 1(1)n.
R = (1) _ (1) .dl:l _l )
R = 2393 b5vills Qnfy _( ' g
hp. hp. )
a, = 1 + —3, b. = 1 - —a=L |
J ) 20. ] 20.
] 1-1

Before proving the uniform convergence, we shall show some
important properties of operators Rh and ﬁh. The local trun-
cation errors of these operators are defined in the usual way,
i.e.,

rj(y) z Rh(y(xj) - vj) = Rhy(xj) - Qh(Ly(xj))

T (u®) = B (v” - g1y “(x.) -0 ).

Tj(y ) Rh(y (xj) vj ) Rhy (xJ) Qh(Ly(x]))
If y(x) = exp(-px/e) and p(x) = p = const., then-rj =0,3-=
= 1(1)n-1, ?j = 0, j = 1(1)n. This is the consequence of the
fact that in this case

-+

rj/rj = exp(-ph/e), aj/bj = exp(-ph/g).
The scheme of this type for the Dirichlet”s boundary conditi~-
ons has been derived in [5]. It has the first order of the

uniform convergence. The same has been proved in [6] for
scheme (10). We shall outline that proof and show that the
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same holds for the first derivative (Theorem 1). The con-
vergence between grid points we consider in Theorem 2. The
following lemmas are used in the comparison function proof
to bound the truncation error (see [1]).

Lemma 1. ([6]) rLet {v.]} be a set of valuee at tke
grid pointe xj satiefying thj 20, 3= 0(1n-1.
Then vj €0, j = 0(1)n-1,

Lemma 2. ([6]) ILet p(x),q(x) € C>[a,bl. Then the
golution of (1) can be written in the form

y(x) ulx) + w(x),
where

Sqeexp(~p(0)x/e),

ul(x)

w3 (x)| < M1 + e 1*20xp(-260x/€)), (4 = 1,2,3,4),

8o, 84 and M are constants independent of €.

Lemma 3. ([6]) Tkrere are conatante c1 and ca in-
dependent of h and €, such that for h S ¢4, 0 < 8§ S ca, j =
= 1(1)n-1,

v

a.) Rh‘qu M%: foz' h s €y

b) Rhwj 2 M for ¢ <h,

M (§)/h for e s h,

v

e) Rhw§ 2 M

v

M%:%uj(s> for h S ¢,

£) Rhwo 2 Me~" exp(=-tod) for h < ¢,

v

g) R o

Mh=% exp(-tod) for ¢ < h,



The singularly perturbed spline ... 137

tj = xj/e, wj = =2 + %5 wj = -exp(—dtj),

u(d) = exp(=8h/e).

Corollary 1. If kq¢h,e) 2 0 and kath,e) 2 0 are
such functions that

Rh(k1wj + kzwj) 2 Rh(izj) = trj(y), j = o(1)n-1

then

x) _ () _ k)
lzjl < k1|(Dj| + k’l‘pjl: 23 =Yy (x:) Vi s

k=0,1,2,3.
Throughout the paper, M (or &§) denotes the possib-
le different constants independent of € and h.

Theorem 1. Let {v.} and {viV'} be the approzima-
tion to y(xj) and y’(xj), j = 0(1dn, obtained by using (10)
and (11), respectively. Let q(x) = 0, p(x) € C3[0,1], p(x) 2
2p>0, 20,

Then

(12) Iy(xj) - vj| + |y‘1’(xj) - v{"l S Mh2/(e + h).

Proof., In the main part of the proof we shall es-
timate the truncation error for u(x) and w(x) separately.
(k) (x>
. = . + . . = . .
rj(y) Tj(u) r](w), z] z] 3 s
T. (1Y) = T. 1) + T. 1)
Tj(y ) Tj(u ) TJ(W )
In [6] it has been shown that

h# ha . o
c3(hvey t e exp(-dty), h < e, j = 1(1)n-1

|Tj(y)|$ {

M(h + eexp(-étj ), e £h

-1
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. h3 h?
M(EIE + E,exp(—Gto)), h s e,
lTO(W)|s{ ha

M(EIT + h exp(-6te)), € & h,

Mh3exp(-6to)/e?, h S €,
|To(u)|5{
M exp(-8to), € S h,
and by Corollary 1 and Lemma 3 we have that the contributi=-
on to the error from Tj(y) satisfies (12). As in [3], we ha-

ve
?j(y‘) = :Fj(y‘, pj’pj_i) = Rz(xj'i’ xj’ y‘) n
- hRq(xj_l, X3 y°oy/2 + h(nj-1/°j-1 + nj/oj)/z,
vhere
. (% =X _ )i+1
Ri(xj—i’xj 98) = 8(l+1)(5) _l.—l_}_‘_ =
x. . (i+1)!
| PR
= %, f (xj-s)lg(l+1)(s)ds
xj-l
. < < x. .z vy U(x.)(0. - .
xj_1 4 xj, nJ y (xJ)(cJ €)
Since (°j - £) £ Mh?#/(e+h), we have
(13) I?j(w"pj’Pj?i)l < Mh2/(g+h) + h’exp(-th)/s’, h = .
?j(ui)pj,pj_i) = ?j(u’,pj,pj_i) -.?j(u’,p(o),p(o))

because .
‘ ?j(u’,p(o),p(o)) =0

|tj(u ’pj’pj-i) - tj(u ,p(O),p(O))ls

After the Taylor development we obtain
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x. .h2ulx. ,)
(1) |T-(u”,pasp. 0| s M B2~ 701",
] 1°731-1 E God -
j-1
xihzu(x-) h3
+ =l <M 2 exp(-8t,), h <€, j= 1(1)n.
€ ]
Qo0
]
For j = 1, the first term is equal to zero.
Since
(i5) 281 - azd® = 0, we have that [zd" | < Mh2/(e+h)
and from (13), (14) and
.24 = Lz 4+ T, “.Da . 3 = 1(1
(16) a:lz:| bjzj_1 J(y ,pj,pj_l), 3 (1)n

we have that (11) holds for h < €.
let € £ h. Then we consider zg"(u) and z%"(w).

From
17 2 ¢ . = p.ziM)/o. d
(17) z3 (1’1:| p:| § 5 » an
(1= 5 (1) 2) . .z’
23 2520 + hz]-l + R1(x]_1,xj,z )
we have
1) = 1) - . . . .
(18) 25 Zé-l(l hpj_lloj_l) + hnj-l/oj-l +
+ R1(xj_1,xj,z’).
Using the integral form of the remainder term, we
have

), § = 1(1)n.

|R1(xj_1,xj,w')J < Mh(h + exp(—G'tj_1

From (17), (15) and |v§3)(w)| < Mh-1, we obtain

(19 |Z§”(W)| < Mh2/(e+h).
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For zg"(u) we take form (16). Since

Jo - 04 = wj(hp(O) - hp(xi))/2+ hp(0)(wo - mj)/2

’Go - aj' s thi’

we have

(20) ITj(u ,pj,pj_1)| 4 Mhexp(-dtj_l), j = 1(1)n.
Then from (15), (16), (19) and (20) there follows

(11).

Theorem 2. Let the oconditions of Theorem 1 be sa-
tisfied. Then

(21) ly(x) - S(x)| < Mh3/(e+h),
M 28 a constant independent of h and €.

Proof. The function z(x) = y(x) = S(x) has the

form
(x-x.)2
(22) 2({x) = z. + (X = X024 + ~—d z(2) 4
J 13 21 J
4(»x-x- )3
$ o 24 ¢ Ralxgxgy),

on each subinterval x € [xj,xj+1].
Because of

(3) - 21 _ S (21 . Ly
) (z:l 2421 Rq(xj_l,xj,y ))/h
and

ly ) < maa +'€-i+1€XP(-5tj)),

from (17) we have
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. -
[z, (3*2) <y B i=0,1

i €+h >
and j = 0(1n if h £ e, J = 1(1)n if € < h,
_ Thus from (22), we obtain (21) for j = 1(1)n. To
complete the proof we must show that the same holds for
€ £<h and j = 0.
Indeed,

1z(x)| < |zo| + [(x - x0)27(Z)] < Mh, ¥ €lxo0,x1]

because

-k+1
>

|24 < Mh = lvik)ls Mh kK = 1,2,3

and
|vé1)(X)| <M, x € [xo,x41 (see (8), (7), (8)),

|z7¢g)| = |y“(g) - vg(t)| < M

Numerical example [2]:

>,

gu + (1 + x3)u” - (x ~ %)’u =

= - B(3x2 - 3x + 1)((x = %)2 +2)
u(0) - u”(0) = 0, u(1) = 0.

Our test for the order of uniform convergence and the nota-
tion are taken from [2]. Table 1 contains the results for
the solution and Table 2 for the first derivative.

The computed order of uniform convergence is 1.20 and the
classical one 2.02, (Table 1).

The computed estimate of the order of uniform convergence is
1.22 and the classical one 2.00, (Table 2).
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Table 1.

e\k 0 1 2 3 4 Pe

1/2 1.99 2.00 2.00 1.%7 2,12 2.02
1/4 1,95 2.00 2.00 2.00 1,99 1,99
1/8 1.92 1.97 1.98 2.00 2.07 1.9%9

1/16 1.87 1.87 1.9 1,99 1,9 . 1.93
1/32 1.89 1.68 1.91 1.98 1,99 1.89
1/64 1,50 1.59 1.74 1,92 1.98 1.75
1/128 { 1,10 1.53 1.42 1.76 1,93 1.55
1/256 { 1.03 1.09 1,47 1,40 -1.77 1.35
1/512 | 1,03 1.02 1.09 1.42 1,42 1.20
Table 2.

e\k 0 1 2 3 4 Pe

1/2 2.00 2.00 2.00 2.00 2.00 2.00
1/4 2.01 2.00 2.00 2.00 2.00 2.00
1/8 2.02 2.00 2.00 2.00 2.00 2.00
1/16 | 2.02 1.99 2.00 2.00 2.00 2.00
1/32 | 1.82 1.95 1.99 2.00 2.00 1.95
1/64 |1.29 1.83 1.92 1.98 2.00 1.80
1/128 { 1,00 1.32 1.81 1.93 1.98 1.61
1/256 {0.95 1.03 1.33 1.80 1,92 1.u41
1/512 {0.95 0.98 1.04 1.34 1.80 1.22
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REZIME

SINGULARNO PERTURBIRAN SPLINE KOLOKACIONI
METOD ZA RUBNI PROBLEM SA ME3OVITIM RUBNIM
USLOVIMA

Spline kalokacioni metad dat y [7] za redavanje
rubnag problema bez singularne pertyrbhacije je prilagodjen
za problem sa singularnom perturbacijom. Eksponencijalne
karakteristike tainog reSenja su prenete na splajn koefici-
jente pomofu ''veZtalke viskoznosti'. Na taj nalin dobijen
je uniformno konvergentan metod za refavanje problema:

ey”” + p(x)y” + glx)y = f(x),y"(0) - ay(0) = ao, y(1) = a1,
20, pi(x) >0, q(x) = 0.

Numeri&ki rezultati ukazuju na uniformnu konvergenciju kada
‘je qx) # 0.
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