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ABSTRACT

In this paper a generalization of Plotnikov™s res-
ult from [5]1 is obtained for functional-differential equati-
ons of the form: x(t) € F(t,xy,%¢), where F is a mylti-
function with values which are nonempty compact convex sub-
sets of n-dimensional space R .

1. INTRODUCTION

In classical system of functional-differential
equations it is possible to middle both complete and partial
equations. Complete middling was presented by Bogolubov ([1]).

In this paper, we use a partial middling method in
the case of generalized functional-differential equations of
the form

x(t) € F(t,xt,it)

AMS Mathematice Subject Classification (1980): 34K99.

Key words and phrases: Functional-differential equations of
the neutral type, multifunctions.



108 T. Janiak and E. Puczak-Kumorek

where F is a multifunction with values that are nonempty com-
pact convex subsets of n-dimensional Euclidean space R”. The
application of this method leads to a reduced form of the
initial equations system and is useful in the case when the
means of certain functions do not exist.

The results of this paper generalize the results
of W. Plotnikov ([5]), where the generalized system Xx(t) €
F(t,x) was investigated.

let C, and £a’ ¢ 2 0 denote the Banach spaces of
all continuous and Lebesgue integrable functions, respective-
ly, of [-r,a) into R" with the norms

ixlt, = sup [x(t)]| and vl =‘?|y(t)|dt
~-rstsa -r

for x € C, and y € £ respectively, where |+| denotes the

Euclidean norm. For a given funetion u : [-r,T] + R® and fix-

ed t € [0,T], we denote u, (8) = u(t + s) for s € [-r,0],

r 2 0,T > 0. Finally, let us denote by (Comp R",H) and (Conv

Rn,H) the metric spaces of all nonempty compact and nonempty

compact and convex, respectively, subsets of n-dimensional

Euclidean space R™ with the Hausdorff metric H.

2., THE THEOREM ON PARTIAL MIDDLING

let F* : [0,») x Co x £ + Conv R" (i = 1,2) satisfy
the following conditions:

(a) Fl(-,u,v) : [0,2) + Conv R" is measurable for fixed
(u,v) € Co x Lo,

(b) there exists a M > 0 such that H(F'(t,u,v),{0}) < M
for (t,u,v) € [0,2) x C, * Lo,

(c) Fl(t,-,-) : Co x £o + Conv R" satisfies for fixed
t E;[O,wi the Lipschitz condition of the form
i i - - - -
H(F (t,u,v),Fl(t,u,v)) S kfflu = alle + | v = vliel
where k > 0, u,u € Co and v,v € Lo, '

(d) there exists a limit
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L L
Lim % H(f F1(t,u,v)dt, [ F2(t,u,v)dt) = 0
Lore 0 0

uniformly with respect to (u,v) € Co x Lo

In this part we shall study differential inclusions
of the form

(1) x1(t) € ¢ F‘(t,x%,k%) for a.e. t 20
and
(2) X2(t) € € F2(t,x2,%2) for a.e. t 20

where € > 0 is a small parameter. We shall consider (1) and
(2) together with the initial conditions

(3) x1(t) = x2(t) = @(t) for t € [-r,0]

where ¢ : [-r,0]+ R" is a given absolutely continuous func-
tion.

In paper [4] +the following theorem has been pro-
ved. ) '

Theorem 1. Let § : [0,T] = R be a nonnegative
Lebesgue integrable function and © € Co be absolutely conti-
nuous. Suppose F : [0,T] x Co x Lo + Comp R" satisfies (a)
(b) and (c) of the form ‘

H(F(t,u,v), F(t,u,v)) € k(t)Illlu - Gllo + |v - Vlol
where k : [0,T] » RY ¢8 a Lebesgue integrable funetion, u,u €
€ Co and v,v € Lo . Furthermore let y : [-pr,T] + R® be an ab-
solutely continuous mapping such that

(e) y(t) = ot) for t € [-r,01,

(£) ay(t), F(t,yt,yt)) € 8(t) for a.e. t € [0,T].

Then there i5 a solution x(+¢) of an initial-value problem
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%(t) € F(t,x,,%x,) for a.e. t € [0,T]

t’7t

x(t) = ©(t) for t € [-r,0]
such that

Ix(t) - y(t)| < ECt) for t € [0,T]
and

|%(t) = g(t)| < 8¢t) + 2k(t)E(t) for a.e. t€[OD,T]
where t t

£ty = [ 8¢y 2IMEOI MmN 4o 4ng neey = [ K(p)dr.
0 0

Now we can prove the main result of this paper.

Theorem 2. Suppose Fi : [0,2) x Co x £o + Conv R%,
(i = 1,2) satiafy the conditions (a) - (d). Then, for each
n >0 and T > 0 there exists a €°(n,T) > 0 such that for eve-
ry €€(0,e°) the following conditions are satisfied:

() for each solution x'(+) of (1) there exists a solu-
tion x2(+) of (2) such that

(4) |x1(t) - x23(t)| £ n for t € [-r,T/e]

(i) for each solution x2(+) of (2) there exists a solu-
tion x'(+) of (1) such that (4) holds.

Proof. Let x'(e) bé a solution of (1) on [-r,=).
To prove this theorem we shall consider the solution x2(.)
of the inclusion (2) in such a way that for t € {-r,0), x¥ (1)
= x2(t) = ©(t) = const., hence [x1(t) - x2(t)| = 0 < n and
that t € [0,T/€) inequality (4) was satisfied too.

To do this divide the interval [0,T/e] on m-subin-
tervals [ti’ti+1]’ i=o0,1,2,,..,m-1, and write a solution
x'(«) in the form:
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x'(t) = p(t) = const. for te [-r,0],
t
(5) x1(t) = x1(t;) + ef vi(1)dT for t € [t;t ]
t.
l -
where t; = iT/em, v'(t) € F’(t,xg,xg).
Let us consider a function y1(+) defined by
yHt) = o(t) = const. for t € [r,0],
(6) t
- 1
yut) = yuty) + ef zd ,(Ddt for t € bt ,t,
t
vhere zi+1(~), i=0,1,...,m-1, are measurable functions such
that ’
b 1 1 31
2], () € FI(t,yL »91 )
i i
and .
|vi¢t) - zi+1(t)| = d(v‘(t),F*(t,y;i,y;i)) =

min . lva(t) - z(t)]).

Z(E)EFT(t,yty,¢;)

Such measurable mappings zi exist because set=-valued functi-

+1
on F‘(-,yti,YEi) is measurable and has compact and convex va-
lues ([31). '

By virtue of (5), for every t € [ti’ti+1] we have
1 -yl
[x(8) =y ()] <

< Ixe) - xr el o+ Ix1 (e - y’(ti)l =
t
(7) _ _ <
= le [ vi(mar| + [x1(t)) - yre)l

t

< eM(t - ti) + 6i,

vhere §; = Ix’(ti) - y’(ti)l, i= 0,1,...?m-1.

|
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Furthermore for t € [ti,t

]

i+l
(8) Jvi(t) - zi+1(t)| <

< H(F'V(t,x3,%0),F (t,y] 93 )) s
1 1

< kliix? - y1 fo + 1% -y! {o].
) t ti ti ti
But
1 _ oy 1 o 1 _ g1 =
||xt yt."oS “xt_ xt."o + ”xt_ yt."o
1 1 1 1

= sup |[x'(t + 8) - x'(ty o+ s)| +
-rSss<0

+  sup |xV(t, +s) - y'(t, + s)}|.
-r<s<0 1 *
By the absolutely continuous funetion x'(+) it follows that
for t € [ti’ti+1]’ x1(*) is uniformly continuous. Therefore,
for every given above € > 0 there exists 8(e) > 0 such that

|x'(t + ) - x1(t; + s)|< € for each t € [ti’ti+1] whenever
It - t;ls (T/em) < 8(Ce).
- Hence

sup  |x'(t + s) - x1(t; + s)| < ¢
~r<s 50 -
Furthermore
sup [x'(t; +8) -yt +8)] =
-r<Sss0

= sup Ix1 (1) -y ().
ti—PSTSti

On the ground of (5) and (6), we have

|x1¢(t) - y1(1)]| < [x1(t;) - yrt)| o+
ti
+ ef |vi(s) -2}, ,(s)ds <
T
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8 -
< 8.+ 2eM(ty T) $ Gi + 2eMr.

Hence
sup x'(t., + s8) - 91(t. + s)] € §. + 2eMr.
<3550 | 1 Y 1 ‘ %
Then’
(9 "x% - y%iﬂo < e +8; 4 2eMr.

By the definition of the norm |s:] ¢ and the definitions of (5)

and (6), we obtain
0

| % -y1ci|° = [IX(t +8) - Yy1(t; + 8)|ds

-r

r

0 for every (t + s),(ti +s)e { r,0],

0
e [ [vi(t +8) -2y (¢, +8)|ds <
T for every (t+s),(ti+s) € [0,T/e],
Yo
[ levict + s) - @(t; + s)|lds S eMr for every
-
\ (t + s) € [0,T/e} and (ti +s) € [—r,0].
" Hence
(10) Ix% - y%_lo < 2eMr .

1

Therefore inequality (8) for t € [ti’ti+1] can be written down

in the form

(11) |v1(t)-z§+1(t)|s k(e + &8, + ueMr)

By virtue of (5), (6) and (11), it follows

- - b | ;
§; = Ix"(t5) -y (ti)| < x1Cey

) - y’(ti

)| o+
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T.

t.

i
+ef  Jvi(t) - z'(D)]dr =

t.

1-1 )
S8, 4 + ke(ty =ty (e + 6; , + beMr) =
- kT -
=8 e+ 8 ) ¥ LeMp) =
- kT ek T -
=8, (1 + 500 4+ —ﬁ‘(i + UMr) =
= a b
= 61_1(1 + m) +
where a = kT and b = e€kT(1 + UMr).
Hence
a a : P P
Gi s (1 + ﬁ)[(l + 5)61—2 + m] + o
a i ayi-1 b b _
S (1 + 2780 + (1 +2) S tE T
‘ _ b a ayi-1y _
(12> = ﬁ(i +A(1 + ﬁ) + ...+ (1 + m) ) =
. b ayi _ b,_a _ _
= g1+ 2)7 - 1] < (e 1) =
= e(1 + |+Mr-)(ekT - 1),
where i = 0,1,...,m=1.
For t € [ti’ti+1] we have
t
|x' () - x'(t;)] = |x1(ti) +ef vi(T)ar - x‘(ti)| s
(13) t,

i
MT
- S 2=

£ eM(t ti)

and
1 -yl MT
(14) ly'(t) -y (ti)l s =.

On the ground of (12), (13) and (1“), we obtain

(15) |x1(t) - y(t)] S |x1(t) - x¥ ()] +
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I ESCFORLE ANCFOI NS ANCFRIES A2

< Z%I + e(1 + qu)(ekT - 1).

Now we shall consider the function

y2(t) = o(t) = const. for t € [-r,0],
t
(18) y2(t) = y2(t.) + ef z2, ,(1)dT for t € [t.,t ]
i i+l i? i+
ty 1= 0,1,...,m-1,

where z;+1(-), i=0,1,...,m-1, are measurable functions,
1 0.1 - -
such that 2% ,(t) € F2(t,yt},y+}) and |z} ,(t) - z2 ()] =

= d(z?, (1), F2(t,y¢;,94:)) = min Czl, (0 - 2.
1+1 1 1 Z(t)er(tsy%i9y.%i) i+l

Let us notice that by virtue of condition (d) for each n.« > O
and T > 0 there exists a €°(n+,T) > 0 such that for every

€ $ e€%,we have inequalities

iT/em iT/em
(17) H(ER [ F1¢t,yl ,y1 ddt, 8 [ Fa(t,y! ,91 )dt) s
-J'.—T > t-,y't- s T ’y‘t-’yt-
0 1 l‘ 0 1 1
<1
1
and
(i+1)T (i+1)T
em €m
(18) H{ =1 [ F1(t,y} ,91 )dt £m [ F2(t,y? ,y) )dt
(i+1)T Ve Ve 0 DT ’yti’yti
0 ' 0
< N1
7(1+1)

vhere 1 = 1,2,...,m-1.
By virtue of (17), (18) and the Hausdorff metric condition
(see Lemma 3, ([2])), we have

(i+D)T | GenT
_—_Em emM
H( [ Pyl 91 dat, f Fz(t,yg.,yz;)dt) <
iT i iT ol

€m €m
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EM Em
s H( I Fi(t,y; »y¢ Jdt, I.Fz(t,yg.,y%.)dt) +
1 1 1 1
0 0
(i+1)T ' (i+1)T
EM €m
+H( ] F'(t,y] »y] )dt, f F’(t,y_g.,yrg.)dt) s
1 1 B 1
0 0
< n4T
€m
Then
(i+1)T
€m
- n,T
I (zl+1 ™ 1+1(T))dT < €m
iT
em
and
- 1 -
Iyt (40 = y20t ] S Iy (ey) - y2 ()]
ti+1
(19) + |eI(zl+1 T) - z§+1(T))dTl <
‘. ,
i
s Jy'(t;) -y2(e)] + Ml s
i i m - -
< Mal. .7, where i = 0,1,...,m-1.

Using the inequality (14), (19) and the fact that for t €

€ [tsty,,0> [y2(t) -y2(t;)] s 2L we nave

ly1(t) - y2(t)| < |yr(t) - y‘(ti)l +
(20)

oyt =y o+ ly2(e)) - y2(t)l

2MT
m

< + n4aT .

By assumption (e¢) it follows that
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H(F2(t,y2,93),F2(t,y] 91 ) s
1
!

i
-y $2 - g1
k[Hy% yt.ﬂo + Iy% ‘ yt.|°]'
i i
Similarly, as in the proof of the inequality (9) and (10),
using the definitions of the norm ll<llo and |+le and the abso-

lutely continuous function y2(+) and making use of the ine-
quality (20) we obtain

Hy% - y%_"o < e + 2%2 + n4T and Iy% - y%.lo < 2eMr.
i

i
Hence

t.

H(F2(t,y2,¥2),F2(t,y} ,9¢ ) <
1 1

< k(e + 2%1 + n4T + 2eMpr).

By virtue of (16), we have
d(yz(t),er(t,yi,yg)) < d(&z(t),eFa(t,y%.,9%.)) +
i i

+ H(er(t,y%_,?%‘),st(t,yé,ﬁ%)) <
1 1 .

< ek(e + Zgz + n{T + 2eMr).

Now, on the ground of Filippov~”s type theorem (see Theorem 1)
there exists the solution x2(.) of (2) that for t € [0,T/¢]

t
ly2(e) - x2(0)| s ekce + 2 4 0,7 4+ 2emr) [T By
: 0
< (; + ﬁ% + ﬂ%l + eMr)(e?XT - 1y,

Hence, and by inequality (15) and (20), it follows
[x1(t) - x2(t)| < |[x1(t) -yr ()| + |y*(t) -y2()] +

+ ly2(t) - x2 ()] < EEI

+ (e + veMr) (T -1y + T,
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+ N4T + (% + §% + Q%I + eMr)(e2kT -1) s

N 2KkT

MT 2KkT T €e
S-—m(3+e )+-—2-—(1+e )+—T—'(1OMP+3).

Therefore, choosing

5 3MT(3 + esz) _ 2n
m s M IR
no 3T(1 + %)
and 21
€ < ,
3eXT (10Mp + 3)

we get the inequality

[x1¢t) - x2(t)|] € n for t € [0,T/€].

Adopting now the procedure presented above we get
condition (ii). In this way the proof is completed for t €
€ [r,T/el.
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REZ | ME

TEOREMA O DELIMIENOM USREDNJENJU ZA
FUNKCIONALNO-DIFERENCIJALNE JEDNAZINE
NEUTRALNOG TIPA

U ovom radu dokazana je jedna generalizacija rezul-
tata Plotnikova iz [5] za funkcionalno-diferencijalne jedna-
Zine oblika x(t) € F(t,x¢,%xt) gde je F vi%ezna&no preslikava-
nje sa vrednostima koje su neprazni kompaktnl konveksni pod-
skupovi n-dimenzionalnog prostora R".
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