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ABSTRACT

A non-repulsive fixed point theorem is proved for
upper semlcontinuous, set-valued, acycllc and sequentlally
condensing transformations, T, of a convex, bounded, closed
and infinite dimensional set, C, of a Banach space E into it-
self. It is also shown that in certaln cases a sequentially
condensing map can be made condensing with the choice of a
suitable new measure of non-compactness.

1. INTRODUCTION

Let C be a convex, closed and bounded set of a Ba-
nach space E and let T : C + C be a single-valued or a set-va-
lued map. It is known that if C is infinite dimensional and T
is upper semicontinuous, condensing and such that T(x) is acyc-
lic for every x € C, then T has a non-repulsive fixed point
(see [6]1, [3] and [1]).
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In the first part of this paper we show that the

condition "T is condensing", i.e.
(1.1) a{T(A)) < a(A)

for every A< C, a(A) # 0, can be relaxed by assuming that
(1.1) holds only for countable sets A < C, a(A) # 0.

In the second part we obtain a result which shows
that at least in certain cases, the above generalization is
only apparent, since we can introduce a new measure of non-
-compactness, B, such that

(1.2) B(T(A)) < B(A)

for every A< C, B(A) # 0. .

"Lemmas, Propositions and Theorems are stated and
proved for set-valued maps, except in one case, (see Propo-
sition 3.1), where the proof for single-valued maps is much
simpler than the proof for set-valued maps (see Proposit. 3.2).

2. NOTATIONS AND DEFINITIONS

A set-valued map T : C + C is said to be upper se-
mieontinuous if for every x € C the set T(x) is compact; and
for every neighborhood V of T(x) there exists a neighborhood
W of x such that

(2.1) T(y) e V
for every y € W.

We say that T is aecyeclic if for every x € C the set
T(x) is acyclic in the Cech cohomology with rational coeffici-

. ents.

_ The map T is said to be condensing if for every
A c C with a(A) # 0 we have
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(2.2) a(T(A)) < a(A)

vhere a is the Kuratowski measure of non-compactness [5],

i.e.

(2.3) a(A) = ing§{e : there is a finite covering of A
with sets whose diameter does not
exceed e}.

It is known that o has the following properties
(i) a(A) = 0 iff A is compact;

(ii) AcB a(A) S a(B);
(iii) a(A U B) = mai{a(A),a(B)};

(2.4) (iv) a(co A) = a(A) (see [2]), where co A is the
closed convex hull of A; :
(v) a(th) = |t]a(A);

(vi) a(A + B) <€ a(A) + a(B).

We shall say that T : C * C is sequentially conden-
eing if (2.2) holds for countable sets A = C, a(A) # 0. A
condensing map T is sequentjally condensing, but the converse
may not be true. The advantage-of replacing the previous con-
dition "T is condensing" with the new one stems from the fact
that the latter is more easily verifiable.

3. SEQUENTIALLY CONDENSING MAPS AND
NON~-REPULSIVE FIXED POINT THEOREMS

Lemma 3.1. Let f : C » C be sequeniially condensing
and continuous. Then there exists a nonempty compact set K

such that

f(X) = K.
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Proof. Llet %0 € C. Consider the sequence

XosXq = f(xo0)y o4, X, = f(x 1) cee e

o -
Define A= U fn(xo), £o(x0) Xo. Then A is compact (2.4.1i)

n=0
and f(A) © A. Hence (see [7)) there exists K c A such that

f(K) =

Proposition 3.1. Let f : C +“C be sequentially
oondensing and oontinuous. Define C,= N Cn where Co = C,
. = : n=0
Cheq = CO f(Cn).
Then C_ i8 olosed, convex and not empty.

Proof. Note that X c C_.

'We now take up the multivalued case. We again want
to show that C_ is not empty.

Proposition 3.2, Let T : C + C be q sequentially
condensing and upper eemicontinuous map. There C_ i8 closed,
convex and not empty.

Proof. The only non-trivial property of G, is that

C, * 0. To prove it consider the set A = U T™(x0) wheve
. n=0 .
Xo € C. Since the image of a compact set under an upper semi-

continuous map is compact we see that A is separable. Let

vyt = A be a dense sequence in A and let {x } = A be such
that d(xn,yn) + 0 as n +» +», Then for every e > 0 there exists
n(eg) such that

n(e)
Ux <BU y ,e) U ( u x.)
n R n n?™’ j=q 1/-

It follows that al{x }) ='a({y_}). Obviously x € TP (x,) for
some p, i.e., there exists W, e ™ 1(x ) such that X € T(w ).
Assume oa(A) > 0. Then
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a(A) = a(A) =‘a({yn}) =3a({xn}) < a(U T(wn)) <
< al{u}) s alh).

This contradiction shows that A is compact. This implies that
if we select a sequence zo = Xo, Z1€ T(xo), Z2 € T2(x0)y... 3
then there exists n, > +o= such that Znp * X for some x € X.

we obtain x € C, for every

From znp € Cnp and from Cn > Cn+1

n. Hence C_ * 0.

Theorem 3.1, Let T : C + C be sequentiaqlly conden-
sing and upper semicontinuous. Then C_ ig invariant and com-

pact.

Proof. Obviously T(Co) < Co. Moreover, from T(C,) <

e C .
n+l n+l
We also know that C_ is not empty. It remains to show that

< C, we can easily get T(C Hence C_ is invariant

a(Cm) = 0. We shall prove that for every sequence {xn} < C, we.
have a({xn}) = 0.

let Z = {{xn} : 3 n, > +w» such that x_ € cnp}. De -

n
fine

- (3.1) a = Aup{a({xh}) : {xn} € 2}

and let {y }_ € Z be a sequence of elements in Z such that

q

u({yn}q) + a as q *+ +»,

let
(3.2) M= UMy )
qgn ™
where ynq is the n-th element of the q-th sequence. M is co-

untable and obviously can be rearranged in a sequence {wm} € 7.
Moreover, a({wm}) = a.
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Assume a > 0 and let m, + += be such that w €
€ co T(Cy,-4) for every m. Let z € co T(cma-i) be such that

- 1
llwm zmll = llymll s = .

Then {yn} is convergent and u({zm}) = d({wm}). Since z_ €

m
f co T(Cmr—1) there exist finitely many points xm1,...,xmjm
in Cmr_1 such that
Im
z € col U T(x_)) .

" =0 M

Let
im
(3.3) N=UCUZX_ ).
| j=0 ™

Then N is countable and it can be considered as an element of
Z. Hence

a=a({z 1) s a(co(T(N)))= a(T(N)) < a(N) = a.

This contradiction shows that a = 0.

The basic ideas of the previous proof are derived
from P. Massat [8].

We are now ready to prove the main result of this
first part. Recall that a point %o € C such that xo € T(xo0) is
said to be repulsive if there exists a neighborhood V of xo
such that for every neighborhood W of xo there exists n such
that

(3.4) T™VNW)NV=G.
This notion was first introduced by F. Browder [1].

Theorem 3,2, Let T : C + C be an upper semicontinu-

oug set-valued and sequentially condenaing map. Assume that T
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is8 aeyeclie and dim C = o, Then T has a non-repulsive fized.

point.

Proof. lLet P € C be an infinite dimensional and

compact set. Define

Co=CUP="72C
C, = co(T(C _4) UP)
C, = 2 ¢, .

Then C_ is non empty, closed, convex, infinite dimensional
and invariant. Moreover, with a minor modification in the
proof of Theorem 3.1 it can be shown that C_ is compact. Hen-
.ce (see [3)) T has a non-repulsive fixed point in C_,which is
obviously non-repulsive in C.

Remark 3.2. In the case of single valued, continu-
ous maps Theorem 3.2 contains Sadovskii”s [10] result as a
particular case. In [10] the map f is assumed to be condensing
and the principle of transfinite induction is used. Subsequen-
tly several authors (see [u], [7], [8], [9]) succeded in giving
proofs of Sadovskii result without using the principle of
transfinite induction. The first proofs of this type are due
to M. Martelli [7] and M. Furi-A. Vignoli [4]. The following
construction provides another proof which is nocteworthy for
its simplicity.

Let xo € C. Define Ao = xo0, Ay = colxe VU f(xo)),
Ay = TO(Ay U £(AJ)),.uesA = CO(A, 4 U £(A _1))sue. . We see
that

A1CA3C...C Anc...

Therefore the set A = U A, is convex. Moreover f(A) € A, sin-
ce f(A;) <A, 4. By th€ continuity of f we obtain f(A) < &.
It remains to show that A is compact. This property of ‘A is
established by observing that
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A © co(xo U f(A)).

Notice.that the above construction cannot be exten-
ded to upper semicontinuous multivalued maps, T, since T(A) <
< A does not imply T(A) < A.

Remark 3.3. Properties (iii), (iv), and (vi) of
the a-measure of noncompactness are never used in the Lemmas,
Propositions and Theorems of this part.

4. PB-MEASURE OF NON-COMPACTNESS
Let T : C + C be an upper semicontinuous set-valued
map. Define the sequence of sets {Cn} as in 3, and assume that
a(Cn) + 0 a8 n + +=, Under this assumption we want to show
that we can define a new measure of non-compactness, B, such
that B(T(A)) < B(A) for every A < C, B(A) # 0.
We start by selecting a sequence {an} of real num-
bers such that
a_ < a ae = 1, &im a_ = 2,
n n+i? ? 4o
Given M © C we consider the sequence of sets
Mo = GO M, My = GG T(Mo),...
and we define
B(M) = max{anu(Mn) :n=0,1,...}.

let us now study the properties of B.

Proposition 4.1. g(M) = 0 2ff ¥ is compact and
B(co M) = g(M).

Proof. If B(M) = 0 then a(M) = 0 and M is compac%.
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If M is compact then T(Mo) is compact since T is upper semi-
continuous. Therefore M1 is compact, and, in general,'Mn is
compact for every n. Thus B(M) = 0.

The second property is evident.

. It is also obvious that M © N implies B(M) < B(N)
and if T is positively homogeneous then B(tM)=tB(M) for t>0.

Theorem 4.1, T : C +» C i3 B-condensing, i.e.
B(T(M)) < B(M) for every non—compact set M < C.

Proof. Define N = T(M). Then No = co T(M) < co T(Mo)

= My, and in general,

Since the sequence {a }is increasing we have B(M) = max{a o(M ):
n=0,1,...} > max{an_la(Mn) tn= 1,2,...} 2 max{ana(Nn)
n=20,1,...1 = B(T(M)).

Remark L.1. We have presented our results in the
context of Banach spaces, but it can be easily shown that they
hold in complete, locally convex topological linear spaces, at
least to the extent of proving that f has a fixed point.'The
definition of a needs to be suitably modified and the Tichonov
fixed point theorem will be used cnce a compact, convex and
invariant set C has been produced.
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REZIME
SEKVENCIJALNO KONDENZUJUCA PRESLIKAVANJA

Nerepulzivna teorema o nepokretnoj tacki je dokazana
za od gore neprekidna, visSeznalna, aciklifna i sekvencljalno
kondenzujuéa preslikavanja T, konveksnog, ograni&enog, zatvo-
renog | beskonatno dimenzionalnog skupa € u samog sebe, gde
je C €« E a £ je Banahov prostor. Pokazano Je da u odredjenim
studajevima sekvencljalno kondenzujuéa preslikavanja postaju
kondenzujué¢a u odnosu na novu meru nekompaktnosti.
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