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ABSTRACT

In this paper a Caratheodory-type selection theo-
rem is proved. As an application, a random fixed point theo-
rem is obtained. A result on the existence of equilibria in
abstract economies with a measure space of agents and with an
infinite-dimensional strategy space is also included.

1. {INTRODUCTION

In a series of papers, Kim-Prikry-Yannelis [2, 3,
4] have proved a Caratheodory-type selection theorem and used
it to prove general theorems on the existence of random fixed-
-points and the existence of equilibria in abstract economies
with a measure space of agents and with an infinite-dimensio-
nal strategy space.

The objéct of this paper is to prove similar results.
The paper is organized as follows. Section 2 contains de-
finitions and preliminary material. In section 3, a Caratheo-
dory -type selection theorem is proved. In section H,Ha random
fixed-point theorem is proved. In section 5, a theorem on the
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existence of equilibrium in abstract economies is proved by
using the Caratheodory -type selection theorem established in

section 3.
2. PRELIMINARIES

Let X,Y be two topological spaces. The graph of
the correspondence ¢ : X =+ 2Y‘is denoted by G¢ = {(x,y) € X x
XY :y € ¢(x)}. The correspondence ¢ : X + 2Y is said to ha-
ve a acloged graph if the set G¢ is closed in X x Y. A corres-
pondence ¢: X ~+ 2Y'is said to have open lower sectione if for
each y € Y the set ¢~1(y) = {x € X : y € ¢(x)} is open in X.
An open 'cover of a topological space X is a collection U = {ua:

u_ = X.
aEA a
An open cover U = {ua t a € A} is locally finite if every x € X

: a € A} of open subsets of X whose union is X, i.e,

has a neighborhood intersecting only finitely many u € U. Let
(TyT,u) be a complete finite measure space, i.e. u is a realva-
lued, non-negative, countably additive measure defined in a
complete o-field T of subsets of T such that ufT) < «, The cor-

X is a said to have a meagqsurable graph if

respondence ¢: T +~ 2
G¢ € 1 x B(X), vhere B(X) denotes Borel o-algebra on X and x
denotes o-product field.

Let now X be a Banach space. Li(u,X) denotes the
space of equivalence classes of X-valued Bochner integfable

functions £ : T - X normed Ly

£l = f £ Au(t).
T

A correspondence ¢ : T » 2%

is said to be integrably bounded
if there exists a map g € L;(p) such that for almost all t € T,
sup{lixi : x € ¢(t)} < g(t). A Banach space X has the Radon-wi-
kodym property with respect to (T,T,u) if for each u-continu-
-ous vector measure G : T + X of bounded variation there exists
g € L (p,X) such that G(E) = é gdy for all E € T. '

Let X be a topological space and Y be a linear to-
pological space. Let ¢ : X =+ 2Y be a nonempty valued corres -

pondence. A funection £ : X » Y is said to be a continuous se-
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lection from ¢ if f(x) € ¢(x) for all x € X, and f is continu-
ous. Let T be an arbitrary measure space. Let ¢ : T =+ 2Y be a
nonempty valued correspondence. A function f : T + Y is said
.to be a measurable selection from ¢ if £(t) € ¢(t) for all

t €T, and f is measurable. let Z be a topological space and

o : T x 7 20
f :Tx7Z+Y is said to be a Caratheodory-type selection from
¢ if f(t,z) € ¢(t,z) for all (t,z) € T x Z and f(+,z) is mea-

surable for all z € Z and f(t,+) is continuous for all t € T.

-be a nonempty valued correspondence. A fthtion

3. SELECT!ON THEOREM

The following selection theorem is due to Kim-Prikry-
~Yannelis [2].

Theorem 1 Let (T,t,u) be a complete measure space,
Y be a complete, metrizable and separable Hausdorff linear to-

pological space and Z be a complete metrizable and separable

M be a correspondence with me-

asurable graph, and ¢ : T x Z + 2Y be a convex valued corres-

topological space. Let X : T + 2
pondence (possibly empty) with measurable graph, such that:

(1) for each t €. T, ¢(t,x) ¢ X(t) for all x € Z.
(i1) for each t,¢(t,f) has open lower sections in
Z, t.e. for each t € T, and each y € Y, ¢;‘(y)
= {x€ Z :y € ¢$(t,x)} <8 open in Z.
(£11) for each (t,x) € T x Z, such that ¢$(t,x) # 0,
$(t,x) has a nonempty interior in X(t).

Let U = {(t,x) € T x Z : ¢(t,x) # U} and for each
X € Z, Ux = {te€T: (ty,x) € U} and for each t € T, Ut = {x€ Z:
(t,x) € U} . Then for each x € Z, Ux~ie a measurable set in T
and there exists a Caratheodory-type selection from ¢|U, t.e.,
there exists a function £ : U + Y such that f(t,x) € &(t,x)
for all (t,x) € U and for each x € Z, f(*,x) i8 measurable on
Ux and for each t € T, f(t,*) is continuous on Ut. Moreover,

f(+,+) s jointly measurable.



64 E. Tarafdar and G. Mehta

We now prove the following selection theorem.

Theorem 2 Let T,Y and Z be as in Theorem 1, Sup-
pose that ¢ : T x Z + 2Y 18 a convex-valued correspondence
(poasibly empty) such that the following conditions hold:

(1)’ 1f S i8 a countable dense subset of Y, then
for each t € T, and x € ut = {z € 2 : (t,z)€
€ U}, there exists y € S such that
x € intp71(y) where ¢71(y) = {z € Z : y€¢(t,z)}
(1) ° for each t € T, andy € Y the correspondence
' B : T+ 22 given by B(t) = 4int{z € Z::y€p(t,z)}
has a measurable graph.

Then the conclusion of Theorem 1 holds, i.e. ¢ has a Caratheo-
dory~-type selection f, that is jointly measurable.

Remark The Theorem 2 is different from the Theorem
1 in the following ways:
1. The conditions (i) and (iii) of Theorem 1 are
altogether removed in Theorem 2.
2. The condition (i)“ of Theorem 2 is weaker than
the conditions (ii) and (iii) of Theorem 1. To
see this suppose that conditions (ii) and (iii)
of Theorem 1 hold. Let S be a countable dense
subset of ¥ and t € T with x € Ut.
Now x € ut implies that ¢(t,x) # ¢. Hence, the condition (iii)
implies that there exists y € ¢(t,x) N S, since S is dense.
Now y € ¢(t,x) implies x € ¢;1(y). Condition (ii) implies that
¢E1(y) is open. Hence, x € int¢;‘(y) = ¢;‘(y) and condition
(1i)” of theorem holds. Thus conditions (ii) and (iii) of Theo-
rem 1 imply condition (i)” of Theorem 2.

) 3. The measurability of ¢ : T x 2 » 2Y in Theorem 1
has been replaced by the condition (ii)”. We do
not know if the two measurability assumptions
are related. It seems that they are not compa-

rable.
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Proof The general line of argument is the same as
in Kim-Prikry-Yannelis [2]. As in [2], Ux is a measurable set.
Since Y is separable there exists a countable dense subset
. {¥y15¥25+..,} of Y. For each n = '1,2,..., define a function
fn : T »Y by fn(t) =¥, for all t € T. Each fn is clearly me~-
asurable.

Now for each t € T and x € Ut, assumption (i)” im~
plies that there exists f (t) for some n, such that
x € Lnt¢t‘(f (t)) = B (t) This implies that the open sets
{Bn(t) :n= 1,2, } form an open cover of the set ut , and
B (t) < {z € 2 : fn(t) € ¢(t,z)}. Assumption (ii)” implies
that Bn(°) has a measurable graph.

For each m = 1 2,... define the operator ( )m b
(W)m = {W€EW: dLAt(w,Z\W) 2 —m}. Forn=1,2,... and t € T,
let Cn(t) = By (t\ U (B (t))

Then Cn(t) is open 1n Z and 1t can be easily checked that
{Cn(t) :n= 1,2,...} is a locally finite open cover of the set
{x € Z : (t,x) € U} = U%,

Since Bn(-) has a measurable graph, it follows that
Cn(°) has a measurable graph by Lemmas 4.6 and 4.8 of Kim-Pri-
kry-Yannelis [2].

diAi(x,Z\Cn(t))
Define, for n = 1,2,..., gn(tﬁg) = *

Y dist(x, INC, (1))
k=1 .

This is a partition of unity subordinated to the open cover

{c (t) : n=1,2,...} .

Define £ : U+ Y by f(t,x) = 1 g (t, x)f (t). Since {Cn(t)
n=1,2,...} is locally flnlte, each x has a neighborhood N

which intersects only finitely many Cn(t). Hence, f(t,+) is a

finite sum of continuous functions on Nx and it is therefore

continuous. Purthermore, for any n such that gn(t,x) > 0,

x € C (t) €B (t) {z € 2 : £,(t) € #(t,2)}, i.e., £.(t) €

€ ¢(t x). So f(t x) is a convex combination of elements fn(t)

from the convex set ¢(t,x). Consequently, f(t,x) € ¢(t,x) for

all (t,x) € U. Since € (*) has a measurable graph, dist(x,Z \

\ Cn(°)) is a measurable funetion by Lemmas 4.6 and 4.7 of
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Kim-Prikry-Yannelis [2]. Therefore for each n and x, gn(-,x)
is a measurable function. Since for each n,fn(°) is a measura-
ble function, it follows that f(+,x) is measurable for each x,
i.e., f(t,x) is a Caratheodory-type selection from ¢|U.

The joint measurability of f follows from Lemma 4.12
of Kim-Prikry-Yannelis [u].

h. A RANDOM F{XED-POINT THEOREM

Let T be any measure space and X be a nonempty sub-
set of any linear topological space. lLet ¢ be a correspondence
from T % X into 2X_ The correspondence ¢ is said to have a ran-
dom fixed point if there exists a measurable function x : T » X
such that x(t) € ¢(t,x(t)) for almost all t € T.

~Below we prove a random fixed-point theorem.

Theorem 3. Let (T,T,yu) be a complete finite measu-
re space, and K be a nonempty compact convex subset of a sepa-
rable, complete and metrizable locally convex linear topologi-
eal space E. Let ¢ : T x K » 2X be a non-empty convex valued
map such that

(t) if S 18 a countable dense subset of E, then
for each t € T, x € vt = {z € K : o(tyz) # ¢}
there exists y € S such that x € int ¢E1(y)
where ¢£‘(y) = {z € K :y € ¢$(t,z)}.

(21) Jor each t € Tandy €Y the map B : T + 2
given by B(t) = int{z € K : y € ¢(t,z)} has
a meaaurable graph.

K

Then ¢ has a random fixed-point.

Proof. All the asumptions of Theorem 2 are satis-
"fied for ¢. Hence, Theorem ? implies that there exists a join-
tly measurable Caratheodory-type selection f of ¢, i.e.,
f(t,x) € ¢(t,x) for all (t,x) € T x K.
Define F : T + K by F(t) = {x € K : x - f(t,x) = 0}.
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F(t) #¢ by Tychonoff”s fixed point theorem. F has a measurable
graph since f is jointly measurable. Hence, Aumann”s measurab-
le selection theorem implies that there exists a measurable

. function x* : T -+ K such that x®*(t) € F(t) for almost all

t € T. Consequently, x*(t) = f(t,x*) € ¢(t,x*) for almost all
t € T, and the theorem is proved.

Remark The theorem proved above is similar to
Theorem 3.3 of Kim-Prikry-Yannelis [u4]. It should be noted
that unlike Kim-Prikry-Yannelis we do not assume that ¢ has
closed values or that E is a separable Banach space.

5. EQUILIBRIUM EXISTENCE THEOREM

Let (T,t,u) be a finite, positive, complete measure
space. Let Y be a separable Banach space whose dual possesses
the Radon=-Nikodym property. For any correspondence X : T + 2Y,
Ly(p,X) will denote the subset of L,(u,X) consisting of those
x € L (p,X) which satisfy x(t) € X(t) for almost all t in T.
An abstract economy T is a quadruple [(T,t,u),.X,P,
Al, where )
(1) (T,1,u) is a measure space of agents;
(2) X: T~ 2Y-is'§ strategy correspondence;
(3) P : T x L,(u,X).+ ¥ is a preference corves-
pondence such that P(t,x) < X(t) for all
(t,x) € T x L(u,X);

) A T x Li(p,X) » 2Y is a correspondence such
that A(t,x) < X(t) for all (t,x) € T x L,(y,X).

Notice that since P is a mapping from T x L,(u,X) to
2Y, we have allowed for interdependent preferences. The inter-
pretation of these preference correspondences is that y € P(t,x)
means that agent t strictly prefers y to x(t) if the given
strategies of other agents are fixed. Notice that preferences
need not be transitive or complete and therefore need not be
representable by utility functions. However, it will be assumed
that x(t) € con P(t,x), the convex hull of P(t,x), fer all
x € Li(u,X) and for almost all t in T, which implies that
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x(t) € P(t,x) for all x € L;(u,X) and almost all t in T, i.e.,
P(t,*) is trreflexive for almost all t in T.

An equiltbrium for I' is an x¥* € L;(u,X) such that
for almost all t in T the following conditions are satisfied:

(i)

(ii)

x*%(t) € cfA(t,x*), and

P(t,x*) N cgA(t,x*) = 4.

The following equilibrium existence theorem is due

to Kim-Prikry-Yannelis [2].

Theorem 4 Let T = [(T,T,u),X,P,A] be an abstract
economy satisfying the aesumptions (A.1)-(A.4) where:

(A,1) (T,T,u) 28 a finite, positive, complete, separable

measure space.

(4.2) X :

Y

T + 2° {8 an integrably bounded correspondence

with measurable graph such that for all t € T, X(t)
18 a nonempty, convex and weakly compaot subset of Y, where Y
18 a separable Banach space whose dual possesses the Radon-Ni-—

kodym property.

(A.3) A
(a)

(b)

(c)

(d)

T *x Li(u,X) »+ 2? i8 a correspondence such that:
{(t,%x,y) €T *x La(u,X) XY : y € A(t,x)} €

€ T X Bw(Ll(u,X)) X B(Y) where Bw(Ln(u,X)) 18
the Borel C-algebra for the weak topology on
Li(u,X) and B(Y) is. the Borel O-algebra fon
the norm topology on Y;

it has weakly open lower sections, t.e., for
each t € T and for each y € Y, the set

AV (t,y) = {x € La(u,X) : y € A(t,x)} ©8 wea-
kly open in Li(u,X)}

for all (t,x) € T x Li(u,X), A(t,x) is convex
and has a nonempty norm interior in X(t);

for each t € T, the correspondence Alt,*)
Ly(u,X) =+ 2Y, defined by A(t,x) = cRA(t,x)
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(A.4) P
(a)

(b)

(ec)

(d)

for all (t,x) € T % L1 (u,X), 28 u.s.e. in the
senge that the set {x € L,(u,X) : A(t,x)  V}
18 weakly open in Li(u,X) for every norm open
subset V of Y.

x Li(u,X) -+ 2Y 18 a correspondence such that

{(t,x,y) € T x Ly(u,X) x Y : y € conP(t,x)} €

€ T x B_(L1(u,X)) x B(Y)

it has weakly open lower sections, t.e., for
each t € T and each y € ¥, P-(t,y) = {x €

€ Li(u,X) : y € P(t,x)} i8 weakly open in
Li(u,X);

For all (t,x) € T x Ly(u,X), P(t,x) 28 norm
open X(t);

x(t) € con P(t,x) for all x € Ly(u,X) and for
almost all t tn T. .

Then T has an equilibrium.

We now use Theorem 2 to weaken some of the topolo-

gical assumptions Theorem 4.

Theorem 5 Assume .that all the eonditions of Theo-
rem 3, except (A.3b) and (A.4b){'hold. Suppose that in additi-
on, the following conditions hold: '

(<)

(i1)

1f S i8 a countable dense subset of Y, then
for each t € Ty, x € L,(u,X) such that A(t,x) n
n conP(t,x) ¥ ¢, there sxists y € S such that
x € int(AL'(Y) n eonPT'(y))

for each t+ € T, and y € Y, the corresponden-
ce B : T » 21 (1:X) given by

B(t) = int{z € Ly(u,X) : y € A(t,z)N conP(t,z)}
has a measurable graph.

Then the economy T has an equilibrium.
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Proof Although the proof is similar to that in
[3], we include it for the sake of completeness.

Define ¥ : T x L1(u,X) + 2° by (t,x) = eon P(t,x) for (t,x) €
€ T x Ly(u,X) and ¢ ¢ T x LiCu,X) + 2% by ¢(t,x) = ACt,x) €
€ p(t,x).

Assumptions (i) and (ii) imply that all the condi-
tions of Theorem 2 are satisfied. Hence, Theorem 2 implies that
there exists a function £ ; U + Y such that f(t,x) € ¢(t,x)
for all (t,x) € U, and for each x € L;(u,X), f(+,x) is measu-
rable on Ux and for each t € T, f(t,*) is continuous on Ut
where L;(u,X) is endowed with the weak topology and Y with the
norm topology. Moreover, for each x € L;(u,X), Ux is a measu-
rable set.

Define 6 : T % L;(u,X) + 2Y by

{f(t,x)} if (t,x) € U
0(t,x) ={

cRA(t,x) if (t,x) € U.

By Lemma 4.2 Kim-Prikry-Yannelis [3] for each
X € L(y,X), the correspondence cfA(*,x) : T » 2Y has a measu-
rable graph. Therefore, by Lemma 4.3 of Kim-Prikry-Yannelis
for each x € L;(y,x), 6(*,x) : T + 2Y has a measurable graph.
Notice that assumption (i) implies that the set ut is weakly
open in L;(u,X). Consequently, by Lemma 4.5 of Kim-Prikry-Yan-
nelis [3], 6(t,) : Li(u,X) + 2¥ is u.s.c. in the sense that
the set {x € L;(u,X) : g(t,x) ¢ V} is weakly open in L, (u,X)
for every norm open subset V of Y. Moreover, 6 is convex and
non-empty valued. Define F : L,(u,X) » 2L1(u’X) by F(x) = {y €
€ L;(u,X) : for almost all t in T,y(t) € 6(t,x)}. Since for
each x € Li(u,X), 6(*,x) has a measurable graph, F is nonempty
valued by Lemma 4.6 of Kim-Prikry-Yannelis [3]. Since 6 is
convex valued, so is F. By Lemma 4.9 and Remark 4.2 of Kim-Pri-
‘kry Yannelis [3] F is weakly u.s.c. Furthermore, since X(:) is
integrably bounded and has a measurable graph, Li(4,X) is non-
empty as a consequence of Aumann’s measurable selection theof
rem; also since X(+) is convex valued, Ll(ﬁ,X) is convex. By



Caratheodory seleotions, random fizxed-point... A]

Lemma 4.8.and Remark 4.1 of Kim-Prikry-Yannelis [3] L;(ﬁ,x) is
weakly compact. Therefore, by the Fan fixed point theorem,
there exists x* € L;(p,X) such that x* € f(x*), i.e., x*(t) €
€ 8(t,x*) for almost all t in T. We now show that the fixed
point is by construction an equilibrium for I'. Suppose that for
a non-null set of agents S,(t,x%) € U for all t € S. Then by the
definition of 6 x*(t) = f(t,x*) € ¢(t,x*) g conP(t,x*) for all
t € S, a contradiction to assumption (A.u4)d. Therefore, (t,x*)
€ U for almost all t . in T and so for almost all t € T, x®*(t) €
€ cLA(t,x%*) and ¢(t,x*) = A(t,x*) n conP(t,x*) = ¢. But,
A(t,x*) n conP(t,x*) = ¢ implies that A(t,x) N P(t,x%*) = ¢.
Since by assumption (A.3)c, P(t,x) is norm open in X(t) for

all (t,x) € T x L (u,X), the fact that A(t,x*) n P(t,x*) = ¢,
implies that cRA(t,x*) N P(t,x*) = $, i.e., x* is an equilib-
rium for T'. This completes the proof of the main existence

theorem.
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REZIME

KARATEODORIJEVA SELEKCIJA TEOREME 0 STOHASTICKOJ
NEPOKRETNOJ TATKI | EGZISTENCIJA EKVILIBRIJUMA

U ovom radu dokazana je teorema selekcije Karateo-
dori jevog tipa. Kao primena dobijena je teorema o stohastikoj
nepokretnoj tafki. Rad sadr¥i i rezultat o postojanju ekvili-
brija u abstraktno] ekonomiji sa merljivim prostorom agenata |
beskona&no dimenzionalnim prostorom strategije.
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