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ABSTRACT

In this paper a multivalued generalization of the

well known Melvin fixed point theorem [1¢] is obtained.
Using this generalization an existence result for

a class of functional equations is obtained.

INTRODUCTION:

For functional-differential equations a tool that has
been widely used to prove existence of solutions . has been
the fixed point method . The aim of this paper is to obtain
multivalued generalizations of the well known Melvin fixed
point theorem {16} and to apply these results on the existence

problem for functional equations of the form::
t

(1) g(D)ef(L,(Tg)(t),] glwaw teI =[0,a) .
0

An existence result for the equation x(t)EF(t,x) is also
obtained -and may be used in the proof of the existence of a

solution of functional equations of the form:

s(t)
x(t)Ef(t, J glt,u,x(u))du,x(r(t)) ,t€l
0

where r:I+ I and s:I+ I are continuous mappings
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Some multivalued generalizations of Melvin’s. fixed point
theorem are proved . in {10] ,{111 ,(12] , (2031 and {21}

In [16] Melvin proved the following fixed point theorem:
Let (X,d) be a metric space,A a nonempty,closed and convex subset
of a Banach space (Y,l H) ,T:A+ X a continuous mapping such

that TZKS, is compact in X and G:T(A)xA+ A so that the following
conditions are satisfied :

(i) 6(-,u):T(A)+ A is continuous ,for each fixed u€A .
(ii) H6(x,u)-6(x,vIHh & q'lu-vii ,for each x€T(A)

and each u,v€EA ,where q€[0,1)
-Then_there exists x€A such that x = G(Tx,x)

The idea of the proof of the above fixed point theorem
is the following . First,the author proved the existence of
the continuous mapping £:T(A)+ A such that for every x€T(A)
f(x) = G(x,f(x)) and then,applying the Schauder fixed point
theorem to the mapping Q defined by Qx = f(Tx) (x€A) , the
assertion in the above theorem follows

Hence,the main problem in the multivalued case of the
mapping G 1is to prove the existence of a continuous mapping
£:T(AJ+ A such that for every x€T(A) : f(xX)E€G(x,f(x)).

If we denote by F the multivalued mapping defined by :
F(u) = {xix€A,x€6(u,x) } (ueTlA} )

it is obvious that the mapping f (if it exists) is ,in fact ,
a continuous selector of the mapping F . Let us remark that
the upper semicontinuity of the mapping F is investigated in

Cheng’s paper [3]

Using a result of Banks and Jacobs,which holds only for
uniformly convex Banach spaces,in [12] the following theorem
is obtained :

THEOREM A" let X be a metric space,A a nonempty,closed

and convex subset of a uniformly convex Banach space (Y,! I ),
T:A+ X a continuous mapping such that T(A) is compact

in X and G:T(A)XA + CCB(A)( the family of all nonempty ,
closed convex and bounded subsets of A) such that the
following conditions are satisfied :
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1. 6C.,u):TTA) *+ CCB(A) is continuous for each
fixed u€A .
2. If D is_the Hausdorff metric in Y then :
D(G(x,u),6(x,v))<hllu-vi)
for each x€T(A) and  u,v€A where h:[0,=)+0,=)

is a nondecreasing mapping such that h () <= (£>0),
ne€

Then there exists x€A such that x€G(Tx,x)
If h(t)=kt(t »0),where k€(0,1) and Y is a Hilbert
space Theorem A is proved by Kisielewicz in [14] and if Y

is a Banach space by Rzepecki in [21] . A generalization of
Theorem A is given in [20] .

Using an another approach (Michael’s selection theorem)
we prove a multivalued generalization of Melvin’s fixed point
theorem ,where Y is an arbitrary Banach space and the mapping
h satisfies some different conditions.sthan in Theorem A.

Theorem 1 of this paper can be generalized to the case
of a complete paranormed space Y ( such a space is S(I,R™) -
the space of all classes of Lebesgue measurable functions
from I =[0,a] into r™) by using Zima’s fixed point theorem
and a generalization of Michael’s selection theorem recently
obtained by the authors and Lj.Gajié in [10].

1. PRELIMINARIES !

Let h:[0,»)+ [0,@) and introduce the following
conditions as in[28] :

(Ai) h is right continuous

(Az) For each q >0 :

sup{u | u< h(ul+q} =m(q)< =,

(A3) For each ¢> 0: 1lim hn(m(q)) = 0.
n->e«

(Au) For any w» 0 and v» 0 :h(u)+h(v)< h(u+v),
From [28] we have the following fixed point theorem.
THEOREM B  Suppose that for every x,y€X,where (X,d) is a_
complete metric space,the following condition holds:
D(Tx,Ty )< h(d(x,y))
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where T:X+ CB(X) ( the family of all nonempty,closed and

bounded subsets of X) is continuous;ggﬁlh satisfies (A,)-(A}).
Then there exists x€X such that x€Tx .

Remark:It is obvious that (Au) implies that h is a nondecreasing

mapping . Further,if h is a nondecreasing mapping such that
1im h™(q) =0 ,for each q >0 and lim (g-h(q)) = « the condition

no+x q-nn
(A ) holds [18] .Condition (Au) is satisfied,for example ,for
h(t)—q(t)t swhere q is a nondecreasing mapping .

We shall also use in the next text the following fixed
point theorem [19] , [24] ‘
THEOREM C / let (X,d) be a complete metric space and T:X +CB(X)
80 that for every x,y€X :

D(Tx,Ty )< q(d(x,y))d(x,y)
EEEEE_Q' [0, ®) + [0,1) is upper semicontinuous from the
ght . _Then there exists |X€X such that x€Tx . i

let E be a linear svace over the real or complex number

field . The function q:E+ [0,») is said to be a paranorm if and
only if :

q(x) = De=ws x = 0 .
2. q(-=x) = q(x) ,for everv x€ E .
q(x+y) <q(x)+q(y) ,for every x,y€E .
u, If q(x -Xg )+ 0 and r T (r n*To from the

scalar f1e1d ) then q(rnxn roxo)» 0

Then (E,q) is a paranormed space,which is also a topological
vector space in which the family of neighbourhoods of zero is
given by V ={vr }r 5o »Where v, ={ x | x€E ;q(x)< r} . In
[27] K.Zima. proved a generalization of Schauder®s fixed point
theorem for mapping T:K+ K(K €E) ,where K satisfies the following,
condition(in the next text the Zima condition)

v q(rx) «C(K) r q(x) ,for every rel0,1]

and every x8K-K . Here,C(K) is a constant which depends on K
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. Let us give an example of a subset which satisfies the
Zima condition .

Let a >0 ,I =[0,al and for xGS(I,Rn) { the space of all
equivalence classes of Lebesgue measurable functions,

defined on I with values in rR™) ;q(x) is defined by :
| x(£)] gn
= 6 X .
q{x) = II TR 'Rndt , {x(t)le x

It is easy to see that g is a paranorm . Let s >0 and
y6 S(I,R™) . Further ,let K = y + K_ ,where K_
is defined by :

K= {x| x85(I,R™ , Ix(t)l pn < s ,t6I} .
S

Then (8] we have that
q(r(xi-x2)) € (1+2s)r q(xi-x2)

for every xl,x2GKs and every r»0 . This means that
C(K) = 1+2s andsoC(K) =1 +2 . Hence C(K)=C(K,)
= 1+42s

REMARK: Let E be a topological vector space, U the family of all
neighbourhoods of zero in E and K a nonempty subset of E . Motivated
by Zima’s condition ,in {8) we introduced the following definition:
A subset X of E is of Zima’s type if and only of for every V € U
there exists U € U so that co(UN(K-X))e V (co is the operator of
the convex hull) .

It is easy to see that if K satisfies the Zima condition it is
of Zima’s type . It is proved in [8] that every subset of Zima’s
belongs to the class of admissible subsets of a topological vectdr
space [9) . The class of subsets of Zima’s type has many important
properties which are useful in the fixed point theory [9] .

THEOREM D Let X be a paracompact topological space,(Y¥,q)

a complete paranormed space,F:X+ CC(Y)(the family of all convex
closed nonempty subsets of Y ) a lower semicontinuous mapping
such that K = co F(X) ( the convex hull of F(X)) satisfies

the Zima condition . Then there exists a continuous selection
of the mapping F
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2 EXISTENCE RESULTS FOR THE EQUATION x6G(Tx,x)

First;we shall prove the following lemma .
LEMMA 1 Let (X,d) be a metric space , A_a nonempty
closed and convex subset of a Banach space (Y,i f) ,T:A+ X
a continuous mapping such that TCA)Y is compact in X and
G:ETK3SA +CCB(A) is such that the following conditions are

satigfied:

(i) G(.,u):f?;5+ CCB(A) is continuous ,for each
fixed u€A . ___

(ii) D(G(x,u),8(x,v)) <h(lu=vi) /'  ,for each x€T(A)
and u€A,v€A ,where h:[0,x)+[0,»). satisfies
(A1)5(Ay)),(A)) and lim h™q) = 0 ,for every

n“

q >0 .

Then there exists a continuous mapping £:T(A)* A so that
f(x)eG(x,f(x)) ,for everv er?XB .
Proof:let U ={g]| g:T(A» Y ,g is continuous } and for every
gl,g2€U let :
r(gl,g ) 3 sup ig, (x)= 32(xﬂl .

Then (U,r) is a complete métrfz space and let the mapplng
F be defined in'the following way:
'F(g) ={u]ueu »u(x)€G(x,g(x)) ,xeT(A)} ,for geu.

As in [12] (Lemma 2 ,whlch holds for any Banach space Y) it
follows that the mapping »+ G(x,g(x)) (x€T(A)) is continuous
for every g€U and so from Michael®’s selection theorem [17]
it follows that F(g)# ® ,for every g€U . Let us prove that
for every gl,gzeu we have :
(2) ' Dr(F(gl),F(gz))< h(r(gl,gz))
where D, is the Hausdorff metric induced by r .

In order to prove (2) we shall prove that for every
vef(gl): :
(3) dr(v,F(gz))< h(r(gl,gz))
and for every s€F(32)

(4) ~ d,.(F(g;),s)< h(r(g;,g,)) -
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Here dr(v,F(gz))=. inf r(v,z) . Let t> 0 . We shall
zeF(gz)
prove the existence of weF(gz) so that r(v,w)< h(r(gl,gz))+t
which implies (3).
From the definition of the Hausdorff metric D it follows that
for every xGE?KB there exists yx€A such that yx€G(x,g2(x)) and:
(s) tv(x)-y I < D(G(x,gl(x)),G(x,gz(x)))+ t/2
From (ii) and (§) it follows that: )
) Hv(x)-yxﬂ < h( ﬂgl(x)-gz(x)n Y+t/2
and since h is nondecreasing and “gl(x)-gz(x)ni<r%gl,g2)
we obtain that :
Hv(x)-yxﬂ< h(r(gl,gz)) + t/2

From Michael selection theorem and Example 1.3 [17] it
follows that for every x€E?Z3 there exists a selector of the
mapping z-+G(z,g2(z))(z€f?K3) denoted by w, :T(A)+ A such
that wx(x)=yx . Since L is a selector of the mapplng z»G(z,gz(z))
we have that wx(z)eG(z,gz(z)) ,for every zeT(A) . Since v and w
are continuous ,there exists an open neighbourhood:! Ux of x so that
(6) Hv(z)-wx(z)[f__h(r(gl,gz)) + t/2
for every z€Uthe set T(A) is paracqmpact(as a metric space) and s
there exists a locally finite partition of unity.P subordinated
to covering{U,} xeT(am) - Let P~=£Ps}sen and’' suppose that

supp p_ =U, . This means that ps(x)#o implies that xe€U_
R - ' ) S
Let w:T(A) +A be defined in the following way:

w(z) = é P (z)w, (z) ,2€T(A) .
sEA s
Since Py and w, are continuous and P is a locally finite
8 .
partition of unity it follows that w is continuous and from

W, (2)66(z,g,(2)),2z6T(A) and the convexity of G(z,g,(z)) it
S

follows that w(z)€6(z,g,(2)), z6T(A) .
Let us prove that for every 2T (A)

tv(z)-w(z)I< h(r(gl,gz)) + t/2 .

We have that

flv(z)-w(z)l h Y opg(zlviz)- { p (2w, (2) =

sEA s€A s

') p (2) [v(z)-w (2] =
sEA xs
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=h J p.(2) [viz)-w_ (2)] 1
s:ps(z)¢ o 8 Xs

< p.(z) lv(z)-w (21 .
s:ps(z)¢0 8 Xs

Since from ps(z)¢ 0 we obtain that zeU, it follows

s

that ps(z)# 0 implies that uv(z)-wx (z) < h(r(gl,gz))+t/2
‘ s

and so (6) implies that:

Iv(z)-w(z)i< ) ps(z) [h(r(gl,g2)) + t/2 1
s:ps(z)# 0 '

=h(r(gl,gz))+ t/2
Hence we have that
ri{v,w)g h(r(gl,gz)) + t/2< h(r(gl,gz)) +t
and so (3) is proved , Similarly we can prove (4)
From Theorem B it follows that there exists f6U so that

F(f) contains f which means that f(x)6G(x,f(x)) ,for every
x8T(A) . , : _
Remark: A similar method as in the proof of Lemma 1. is used’
in the proof of Theorem 25.2 in [4] . If h(t) £ q(t)t
where q is a nondecreasing and upper semicontinuous from the
right function from [0,=) into [0,1) we can apply Theorem C
" in order to prove the existence of feU such that ferF(f)

If h: [0,0)+ [0,=) is upper semicontinuous and strictly
increasing function such that ;2 hn(t)<w‘ {t> 0) from
Corollary 2 [25] it follows'tﬁz existence of f€U such that
feF(f) . Further,if Y is a uniformly convex Banach space

and h{(t)=q(t)t (t »0) ,where q: [0,w) -+ [0,1) it is enough
to suppose that g is only a nondecreasing function . Namely ,
in this case h™(t)< (q(t))™ and so | h'(t)<= and we
can apply the Lemma from [12] néN '
THEOREM 1 Let all the conditions of Lemma 1 be satisfied.
Then there exists x6A so that x€G(T(x),x)

Proof:Let Qx = f(Tx) ,x6A ,where f€U is from Lemma. l .

From the continuity of f and the compactness of T(A) it follows

- that the mapping Q:A + A satisfies all the conditions of the
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Schauder; fixed point theorem and so there exists x _6A such
that xoGon . Hence,xoGQ(T(xo),xo) .
LEMMA 2, Let (Y, 1) be a Banach space,A a nonempty ,
closed and convex subset of Y ,M a metric gpace ,G:MXA+ CCB(A),
h: [0,=)+[ 0,=) a nondecreasing mapping such that h(t)< t
(t> 0) and so that the following conditions_are satisfied: E
1. For every yB8A ,x+ G(x,y)(x€M) is a continuous mapping.
2. There exist y €A ,r> 1 and t > sup{ d(yo,G(x,yo)HxGM }
so_that the sequence (tn}nGN u{o} defined by :

toe st the(t -t _,)) ,neN ,t _=0,t,=t

n+l
is_bounded . _
8. For every x€M and y,GA(i€ {1,2}1)

D(G(x,yl),G(x,yz))< h( | yl—yzﬂ )
If M is compact or A is bounded then there exists a continuous
¢ XEM ,

mapping f:M +A such that f(x)€G(x,f(x))

Proof:Since r>1 it follows from Lemma 7.1 [17) that there

exists fi:M+A which is continuous and such that :
Hfl(x)-y°ﬂ<= T d(yo,G(x,yo)) and fi(x)eG(x,yo),

for every x€M . - Let Yo ° fo(x) ,for every x€M .

It is easy to see that for every nEN there exists a continuous

mapping f_ :M <A ,such that fn(x)GG(X5fn_1(x)) ,for every xeM

and :
"fn(x)—fn_l(x)u = d(fn_l(x),G(x,fn_l(x)))' .

Let us prove that for every neEN
WE (x)=f 4GOI r(t -t _4) for every x€ M .
For n = 1 we have
ﬂfl(x)-fo(x)ﬂ =ﬂf1(x)-yoﬂ = d(yo,G(x,yo))
< I sup d(yo,G(x,yo))< r(tl—to) .

XEM
Suppose that Hf G)-f _, GOI< rlt -t ;) . Then

an+1<x)-fn(x)u < rD(G(x,fn(x)),G(x,fn_l(x)))<

<r hCHf (x)-f ,(x) B)<r hip(t -t _,)) = rlt, -t))
From this we obtain that:
n+m n+m
- ) -
an+m(x)-fn(x)ﬂ < k§n+1 ka(x) fk_l(x)ﬂ < r xEn+1 (tk tk-l)

= r(tn+m—tn)
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ince l is a monotone nondecreasin
Since {t }en u{o} , &
sequence such that t°=0 <t1< t2< .+ € a L1t follows that
% . *® .
there exists t : such that lim t_:= t .. Hence fn is a
ey

n
uniformly convergent sequence of functions and let f(x) =
= lim £ (x) . As in [12] it follows that f£(x)EG(x,f(x))

n += 0 ’
x6M . ‘ .
THEOREM 2 }' . Let (X,d) be a metric space, A a
nonempty,closed and convex subset of a Banach space (Y, Il ) ;
T:A+ X a_continuous mapping such that T(A) is compact in X
h=[0,~)*{0,w)ﬁ " a nondecreasing mapping such that h(t)< t

(t> 0) ,and G:TTAJxA+CCB(A) is such that 1.,2. and 3. in Lemma 2.
hold for M = T(A) .
Then there exists x €A so that XOGG(Txo,xo)

Proof:From Lemma 2,as in Theorem 1 ;we conclude that mapping
Q:A +A ,Qx = f(Tx) ( x€ A ) has a fixed voint x,€ Qx
Remark: If h(u) = k u(u>0) and k€ (0,1) then for every

r 21 such that kr <1 it foJélc;ws that :

toaq = (B4krekrialL. 4 K'r™) t ,n€ N

is bounded for every t>0 . Hence ,Theorem 2 is a generalization
of Rzepecki’s fixed point theorem from {[21] .

Theorems 1. and 2. can be generalized to paranormed
spaces ..~ -

From Theorem D ,using Example 1.3 from [17] we obtain
the following result .

PROPOSITION/ Let X be a paracompact topological space,(Y,q)

a complete paranormed space,F:X+ CC(Y) a lower semicontinuous
mapping and A a closed subset of X . If co F(X) satisfies
the Zima condition then every continuous selection g:A+ Y
of F|[A has an extension f:X +Y which is a continuous selection
of F .
Proof: Let us define the mapping H:X +CC(Y) by :
H(x) = g(x) ,for every x6A and H(x) = F(x)
yfor every X6XN\NA . Then [17] H is lower semicontinuous
and co H(X)c co F(X) which implies that co H(X) satisfies
the Zima condition . Then from Theorem D it follows that

there exists a continuous selection f:X+Y of the mapping H
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which is obviously a continuous selection of F .

Now,we shall prove avgeneralization of Theorem 1 for
paranormed spaces.In the next Theorem C = C(co G(T{A),A)).
THEOREM 3 Let (X,d) be a metric space,A a nonempty,closed

and convex subset of a complete paranormed space (Y,q) and

satisfy the Zima condition,T:A+X a continuous mapping such
that T(A) is compact in X ,G:T{AYxA+A and the following
conditions are satisfied :

(i)’ The condition (i) in Lemma 1
(ii)® For every x€ T(A) and every u,veA @
D(B(x,u),6(x,v))gh(q(u=-v))
where h:[0,=)+[0,») is such that the mapping h
defined by h(t) = 'C h(t) ,for every t20 ,satisfies
(A;),(A)),(A,) and 1im F"(a) = 0 ,for every a>0 .

n-+«
Then there exists xoeAfsuch that xo€G(Txo,xo)

Proof: Since the set A satisfies the Zima condition and
A is a convex set it follows that the set co G(TZA),A),which
is contained in the set A ,satisfies the Zima condition also.

Similarly as in Lemma 1 ,we can prove the existence of the con-
tinuous mapping f:T(A)+A such that f(x)€6(x,f(x)) ,for every
x€T(A) . Namely,since we can apply the Proposition we obtain
on the right side of (6) C(h(r(g,,g,)) + %) ,which implies
that Dr(F(gl),F(gZ))<C h(r(gl,gz)i ,for every g,,g,€U .

From Theorem B it follows the existence of the mapping f
and from the Zima generalization of the Schauder fixed point
theorem ([27] we obtain that there exists xo€A such that
xoeG(Txo,xo) .

Let us give an application of Theorem 1 on the existence
of a solution of functional equation (1)

First,we shall give some notations .

I =[(0,a} (a>0),f:IxR"xR" +CCB(R"),meL}(1,R") = v

={xIx€S(I,R™) , {Ix(t)an dt<e } LA ={wlwell(I,RM),

Iw(t)lgm(t) a.e. on I} ,T:A+S(I,Rn) a compact mapping
and k:[0,alxR +R,  so that k(-,s)GLl(I,R+) (s€R,).
THEOREM 4 Suppose that the mappings f and k_satisfy the
following conditions
1.For every (u,v)GRann s t*+f(t,u,v) is a measurable
mapping and for every t€r,(u,v»f(t,u,v) is_a continuous
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mapping.
2. For every (t,u,v)EIxR"xR" ,D(£f(t,u,v),{8})¢m(t).
3. For every (t,u,v;)€ IxR"xR" (i€{1,2})

D(f(t,u,vl),f(t,u,vz))sk(t,Iv len
4. For every té€{0,al] ,k(t,*) is_a nondecreasing mapping
such that the mapping h:R +R, ,defined by h(s) = ] k(t,s)dt
0

satisfies all the conditions of Lemma 1 .

1~

Then there exists a solution geLi(I,Rn) of the functional
equation (1) .

Proof: Let Y = L1(I R") and for every xeS(I, R") and yeA
G(x,y) ={ulu:I+R%,u is measurable ,u(t)ef(t,x(t), y(u)du) tel }
Then [14] @(x,y) # # ,for every x€S(I,R") and every
y€A and G(x,y)ECCB(A) . Further,the set A is closed and convex
and G:T(AYxA+ A .
Let us prove that for every x€S(I,R") and yieA(ie{l,Z} )

(M D (6(x,y.),6(x,y,))¢ h(ly.-y.|
Licr, R R 172

)
Lic1,rM
Let w1€G(x,y1) .- Then (see ,for example {4] ,Lemma 23.2)

there exists a measurable selector LB of the mapping
t+f(t,x(t) } y2(u)du) so that for every t€ I:

t t -
lwy (£)-w, (1)1 = D(£(t,x(t),] y1(u)du),f(t,x(t),f ¥, (wdu))
g . 0

Rn

From this we have that :

lwi(t)-w2(t)an £ k(t,Iz[yi(u)-y2(u)]duan)

£ k(t,lyl-yzl

Ll &M
and so lw1-w2lL1(I,Rn5 € i k(t’(yl-yzlLl(I,RnGdtzh(‘yi—yzlLl(I,Rn):
Slmllarly,lt can be proved that for every w’eG(x,yz) there
exists ’GG(x,yl) so that: |w1—w2|L (1.8 € h(ly1 y2IL a1, . )
)

which implies (7) . Using the same method we can prove that for
every y€A ,the mapping x»G(x,y) (x€S(I,rR™)) is continuous =

Since T is a compact mapping ,all the conditions of
Theorem 1 are satisfied .
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Hence,there exists g€A such that g€G(Tg,g) which means
that g is a solution of functional equation (1) .Functional :
equations (1) include differential inclusions [1] .

Some interesting examples of compact integral operators
in the space S(I,Rn)_are given in [13]

3.AN EXISTENCE RESULT FOR THE EQUATION x(t)€F(t,x)

In this section we shall use the following notations:
(X, § ) is a uniformly convex Banach space , I =(.0,a] (a>0)
C(I,X) is the space of all continuous functions from I into
XsR, = [0,=) ,x €C(I,X) ,u €C(I,R,); V(u)) ={ u| u€C(I,R) ,
0<u(t)<cuo(t) ,for some e¢>0 and every t€I} | D(xo,uo)
= {x] x€C(I,X), Hx(t)-xo(t)ﬂ< cuo(t) ,for some c>0 and every
tel } and F :IxC(I,X)» CCB(X)

Similarly as in [15] let us introduce the following
conditions (i)-(iv)

(i) Por each x€C(I,X) the mapping F(*,x):I+ CCB(X) is
- continuous . : -
(ii) Q: V(uo) +V(uo) is' a nondecreasing operator
such that : 3
DCR(t,x) 5 F(t,y))< QC fx=yll )(t)
for every x,y€D(xo,uo) and ‘every te€Il
(iii) There exists’'a p>0 -such that :
D(P(t,xo),{xo(t)})< P uo(t) ,for every t€I .
(iv) There exists a function h:R > R _which satisfies
conditions (Al)-(Au) and :

Q(suo)(t)< h(s)uo(t) ,t€T ,for every s>0

THEOREM 5. Let all the conditions (i)-(iv) be satisfied ., :
Then there exists x€C(I,X) so that : s
x(t)EFR(t,x) ,tel .

Proof: TFor every x£€C(I,X) 1let :

G(x) ={f|f€C(I,X),f(t)ERt,x),tEI}
From the continuity of the mapping twHt,x) ,for every x€C(I,X)
since Kt ,x)€CCB(X) ,it follows by Michael’s selection theorem
that G(x) # @ ,for every x€C(I,X) . Let for every x,yGD(xo,uo):
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aCxsy) = sup "X(EZ-%M"

t€I°

where I -{t]tGI wu (£ 8} .

Then (D(x Uy ), d ) is a complete metric space . It is
obvious that G(x) is closed in D(x Uy ) ,for every x€D(x Uy ) .

Let x€D(x Uy ) and . f€G(x) . Slnce t»?(t,xo) is a continuous
mapping from I 1nto CB(X) and (X, 1) is a uniformly .convex Banach
space from Lemma 5.2 [2] it follows that there exists gGC(I X)
so that g(t)GE(t,xo) sfor every t€I and :

HE£(t)=-g(tM = inf N £(t)-z2l

. z€ Rt,xo)
Then we have:

HECE)=x (OO £CE)-g(e)h +l g(£)-x ()< DOFR(t,x), Ft,x )) +
+Hg(f)-x (E< QUi x=x 1 )(t) + D(F(t,x ) {x th
< Q(cu )(t)+pu (t)< (h(c)+p)u (t)

which implies that :
‘ di(f,x°)<h(c)+p ,f€D(xo,u°) .
Hence G(x)GCB(D(xoguo))- '
Let us prove that:

(8) TB(e(x) G(y))<l1(d (x,¥)) »for every x,y€D(x_,u_)

where B is the Hausdorff metric induced by the metric d1 .

In order to prove (8) we shall show that for every f€G(x)

there exists f1€G(y) 80 that di(f,f1)<h(d1(x,y)). If fe€G(x) then

NECE)=£, (e = infl £(£)-28 =D({£(£)}, Rt,y))<

‘ ze€F(t,y)
< D(P(t,x),F(t,y)) Q( x~y§ )(t) for some fie G(y) “[2) .
From Ix(t)-y(t)M< uo(t)di(x,y)-(tel) it follows that

(9) IECE)=£, (OIS h(d (x,y)du (t) stel
and (9) implies that:
10) a,(f,f,) < h(d,(x,y))

_Similarly ,we can prove that for every u1€G(y) there exists
u€G(x) so that :
(11) d,(uyuy)de h(d, (x,y))
Hence,(10) and (11) implies that (8) holds .
Applying Theorem B we conclude that there exists
x€D(xo,u°) so that x€G(x) which means that x(t)eF(t,x) ,t€l .
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Using Theorem 5 ,similarly as in {15] ,some sufficient

conditions for the existence of a solution of functional

equations x(t)er(t,x(r(t)) and integro-functional equations

s(t)
x(t)ef(t,f glt,u,x(u))du,x(r(t))) ,tel
0

can be given .Here,r:I+I and s:I+I are continuous mappings-

(11
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REZIME

NEKE TEGREME 0 NEPOKRETNOJ TACKI U BANAHOVIM
PROSTORIMA I NJIHOVA PRIMENA

U ovom radu je dobijeno viSeznaéno uop3tenje poznate
teoreme Melvina o nepokretnoj tacki [16].

Koridcenjem ovog uop3tenja dokazan je jedan egzistenci-
Jalni rezultat za jednu klasu funkcionalnih jednaéina

Recedived by the editors November 4, 1985,



