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ABSTRACT

This note treats some problems concerning the concir-
cularly semi-symmetric metric connection on a Riemannian mani-
fold. Actually, if the main tensor of connection In the Weyl -
-0tsuki space of the second kind (SW-0n) is self-recurrent in
the adjoint Riemannian space, the metric covariant connection
is semi-symmetric.

1. INTRODUCTION

This research work is'mainly based on the results of
three relatively fresh papers on the same problem (concircular-
ly semi-symmetric metric connection, m-semi-symmetric metric
connection) and in our last paper, published this year, apply-
ing the results of [7) on SW-On satisfying 5£P§ = nksﬁ, now
named the self-recurrent SW-On.

The T-semi-symmetric metric connection is defined in
the following way:

(1.1) T(X,Y) = m(¥Y)X - w(X)Y
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where 7 is an 1-form, for the torsion tensor

(1.2) Vg =0

for the metric tensor
(1.3) ' : (v, M) = o,

for arbitrary vector fields X,Y.
From (1.1), (1.2), (1.3) this yields

(1.4) VoY = VY + m(Y)X - g(X,Y)P
where V denotes the Levi-Civita covariant differentiation on
the manifold, and P is such a vector field that g(X,P) = T(X)
for any vector field X,

The same is the meaning of the definition of concir-
cularly semi-symmetric metric connection, but it is expressed
in local coordinates (more familiar to us):

i _ i i _ i
(1.5) rjk = {Jk} + kai gjkp

(1.6) pj,k = Vkpj = Pjpk + ngk
where {%k} denotes the coefficients of the Levi-Civita connec-
tion on the Riemannian manifgld, V denotes the covariant dif-
ferentiation regarding to '{;k} and p is an arbitrary scalar

function. :
The main results regarding the concircularly semi-

-symmetric metric connection (m-semi-symmetric metric connecti-

on) from [131, [2], [7]1 are the following propositions:

~
Proposition 1. Tha oongtrcular curvature tensor of
. the coneircularly semi-symmetric metric connection is equal to

the coneircular curvature tensor of the Levi-Civita connection.

Proposition 2. The projective curvature tensor of

the concircularly semi-symmetric metric connection i8 equal to
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the projective curvature tensor of the Levi-Civita econnecti-—
on.

Proposition 3. The conformal curvature tensor of
‘the concireulyrly semi-symmetric metric comnection i8 equal
to the conformal curvature tensor of the Levi-Civita connec-
tion.

Proposition 4. If a Riemannian manifold admits a
semi-symmetric metric T-connection, V, then the manifold is
of constant curvature tf and only if it i8 of constant curva-
ture for V.

Proposition 5. If a Riemannian manifold admits a
semi-symmetric metric W-connection V, then the manifold is an
Einstetn manifold tf and only if tt 1e an Einstein manifold for
the connection V. '

Proposition 6. If a Riemannian manifold admits a
semi-gymmetric metric m-connectton V, then a necessary and suf-
ftetent condition for the Ricci tensor to vanish is either the
Levi~Civita curvature tensor being equal to the projective cur-
vaiure tensor or to the conformal curvature tensor of the Levi-

-Civita connection,

Proposition 7. If a Riemannian manifold admite a
semi-gymmetric metric connection (T-connection) witth a covari-
antly constant torgion tensor, then the manifold is Ricci-sym-
metrie 1f and only 2f S(X,Y) = —-(n-1)w(Plg(X,¥) (Rij = -(n-1)+

a
ut "agij)’

Proposition 8. The Ricci tensor of the semi-symmet-
ric metric m-connection is symmetric if and only if the 1-form

n 18 closed.

Propaesition 9. If a Riemannian manifold of dimensi-

on n (n 2 3) admits a semi-symmetric metric T~connection V with
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P a Killing vector fteld, then a necessary and sufficient
condition for the Riceci-tensor of V to be skew-symmetric is
that the Ricci tensor of the Levi-Civita connection is given
by:

S(X,Y) = (n=2) T(PIgX,¥) - m(x)In(¥)
(1.7) |

= - a -
[Rij = (n=-2)Cw 7,853 ﬂiﬂj]J

Proposition 10, If a Riemannian manifold of dimen-—
gton n (n # 3) admite a semi-symmetric metric T—connection
whoae Riceci tensor 18 skew symmetric and if P is a Killing
vector field, then the manifold cannot be Ricei-flat. If n =
= 2 and P 28 a killinq vector field, the Ricei tensor of V is
skew-symmetric if and only if the manifold is Ricei-flat.

It has to be noticed that, in a local sense, ni de~-
note the contravariant components of 7, or components of vec-
tor P.

We shall apply most of these results to the Weyl-0t-
suki space of the second kind (denoted by SW-On). The covari~
ant differentiation in such a space is given by (for example)

b pc

i _ pl na
(1.8) T = P T P Py

jk,h a “belh
where PT are coefficients of a linear isomorphism of the spa-

ce, and T2 is the basic covariant differentiation given by

two class?g;? affine connecfions; one of them (““T') works

exceptionally on covariant indices, and the other one (°T)

works on contravariant ones. SW-On are metric spaces and there

hold the following conditions:
a) 815,k = YMij (7 is a vector field and m; 5 is

a symmetric tensor field)

b) the connection T is symmetric

c) P % is symmetric.

ij © 8ia T3
The inverse of tensor P is. denoted by Q. The under-
»lying Riemannian space is called the adjoint Riemannian space;
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its Levi-Civita covariant differentiation is denoted by‘e;
For further properties, the reader is urged to see, for exam-
ple (31, Cy2, C51, L6, ¢

If SW-On satisfies the condition
(1.9) ¥

. i
kPj = ﬂkéj,

it is said to be self-recurrent.

2.

Let us consider a self-recurrent SW-On and its con=-
nection 'F (that is, the covariant part of the metric connec-
tion if Yy s from condition a) vanishes). We can calculate its
coefficients:

(2.1) g IR BRI AL o
where ﬁj means the image of “j by the linear isomorphism Q.
We can see that ““F is a semi-symmetric metric connection.

In [5] facts were investigated about the conformal
curvature tensor of the connection ”? and about its eguality
to the conformal curvature tensor of the adjoint Riemannian
space. Next, in [61 conditions were investigated for the vec-
tor field m, to satisfy the concircularity condition (and for
"? to be concircularly semi-symmetric metric). That conditi-
on holds in the adjoint Riemannian space for the vector field

e
i
(2.2) Vpms = F.m_ 4+ mW.T,_ + pP.

where o is a scalar function. It is easy to show that, if it
is properly chosen, T3 is a harmonic vector field. So, for a
harmonic vector field m;» We can apply Propositions 1. and 2.
to the self-recurrent SW-On, as we have done in [61,

According to [8]1, we have:
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Corollary 1. If the one dimensional Betti number
of the manifold M is different from zero, the covariant met-
ric oconnection of the self-recurrent SW-On can be concircular-
ly semi-symmetric metric conneotion (semi-symmetric metric T-con-—
nection) ({11).

Except for this, two helpful equalities hold:

kﬂ

ﬁkq

¥ Bn, - 7
Qj k"a ﬂjﬂk

[

(2.3)

i _ _. aipd
j= _kaan.

According to Proposition 4, we have

Corollary 2. If the one-dimensional Betti number of
the manifoZd M ie different from zero, and if m t8 a harmonic
veotor field, the metric connaction "? i8 of constant eurva-
ture i1f and only if the adjoint Riemannian space i8 of constant
curvature.

Suppose that the adjoint Riemannian space is of con-
stant curvature, then

i i_ i

- I o o(n- 3
(2.86) Rjk = (n-l)kgjk or R = (n 1)k6k
(2.7) R = n(n-1)k

In regard to Corollary 2, analogic relations hold
for‘ "ﬂ]:. "ﬁ. ‘Aﬁ “E
ike? ik’ ? "
From [1], we have

(2.8) R, = + (n-1) PR
-8 iy = Ryy + (m a8ij’

and
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;’m ~a~
(2.9) R =R + n(n-1)7 LA
According to (2.7), we have

n(n-1)"? = n(n-1)X + n(n-l)?ra?fa

and, consequently

Theorem 1. If the vector s i8 harmonie and if the
adjoint Riemannian space i8 of constant Gaussian curvature K,
then the connection “°T also is of constant Gaussian curvature

a

m
K = K+ 7 m,. If their total curvatures are equal, the SW-On

18 trivial.

s

After this, according to Proposition 5, we have

Proposition 11. A self-recurrent SW-On with T a
harmonie vector field is an Einstein 8pace in regard to linear
Ifm » . - . . » >
connection T 2f and only if the adjoint Riemannian space is

an Einstein space.

Moreover, taking into account (2.8), we can state

Proposition 12. The Rieei tensor of ‘B ina self-
-recurrent SW-On with T, a harmonic vector field is8 a symmet-
rie tensor tf and only if the Riceti tensor of the adjoint Rie-

mannian space 18 symmetric.

This section 1s concerned with the Ricci curvature of
a self-recurrent SW-On with harmonic “i in relation to the Ric-
ci curvature of the adjoint Riemannian space.

Before all the calculations, we can state

Proposition 13. The Ricei curvature of the adjoint
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Riemannian space cannot be poeitive definite in the direc-

tion ‘lTi.
Now, we shall consider the case when the Riceci ten-

sor of ““T vanishes. In this case, we get

S(X,Y) = - (n-1)T(P)g(¥,y)
(3.1)

= - —4 Y725

(Rij = (n-1)T7 ﬂagij)
and
(3.2) R = - n(n-1)%a%a

Consequently, the adjoint Riemannian space is an Einstein spa-
ce. Then, according to Proposition 6, we have either

(3.3) k ig = ijZ
or

i i i i, e
(3.4) ReBgy = RyBgy *+ Rygd = Ry oy = (skg23 83gg)

So, Wwe have:

Theorem 2. The necessary and sufficient condition
for the Ricei temsor of the conneetion “°T to vanish i8 either
(3.3) or (3.4), for the Ricei tensor and the scalar curvature

of the adjoint Riemannian epace.

. m .
If the Ricci tensor of the connection ““T vanishes,
so does its scalar curvature. So, we have for this case:

Theorem 3. The curvature tengor of the connection
- 18 equal to the curvature tensor of the adjoint Bzemannzan
space if and only i1f eftther (3.3) or (3.4) holds.
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or
Corollary 3. Thé relation
o ~ 1 T >a
(Tymg + MMy + PPy + 5847 T gy
- (%, M. +W T, + PpP,. + lg T nf)g., -
ki ki ki 25ki a j2
(3.5)

- - 1
- (.M, + W. M, + PP., + =g.
(ymg + T3Tp *+ PPyg + 38

~ ~a
2 Jlﬂaﬂ )gki *

= = ‘ 1, = =za -
+ (1rk1rZ + M T, o+ pPkz + 58" )gji =

“j“igkl - “k“i gjl - “jﬂlgki + ﬂkﬂlgij
holds if and only if (3.3) or (3.4) hold.

By the fact of Proposition 8, we have

Corollary 4. fThe necessary and sufficient condition
for the Ricei tensor of the comnection - (metric semi-symmet-
ric m-connection) to bae symmetric is that the 1-form T ie clo-

sed.

Now, we shall investigéte the conditions for the vec-
tor T to be a Killing vector field. For a Killing vector field,

we have

V.v. V.v. =
(3.6) 3v1 + le 0
and, consequently
(3.7) Vivl = 0

We use relations (2.3) and (3.6) and get

~ . . ~ag o= ae . _ = -
(3.7) .7, + $.7. = inj"a LELE + ijiﬂa ﬂjﬂi =0
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which is the Killing eguation for the vector *i = Q?ﬂa and

the Levi~-Civita connection of the adjoint Riemannian space.
But, the vector % satisfies the concircularity condition.

That fact is expressed by (2.2). After that, the Killing equa-

tion will take the form

(3.8) i'?fj = = pg

=}

ij

where p is the scalar function appearing in the F-concircula-
rity condition. We can express (3.8) in the following way:

‘ 2
(3.8) MmNy c - pPlaP:I = - pPij

(3.8) i.e. (3.9) holds if the vector field ii is a Killing
vector field.

Now, if we apply (3.9) to (2.2), the following rela-
tion yields

j°

As, consequently, we apply successive covariant dif-
ferentiation to the components of the tensor ij, we get

(3.10) TediPrs = Vymges = = Pipyy
and, consequently

8 =
(3.11) stRkil +PksRJl£ =0

according to the Riceci identity for repeated covariant diffe-
rentiation, and, hence

: g o _ oPJ
(8.12) Reig = - @R RY;y

for the components of the curvature tensor of the adjoint Rle-
mannian space. '
So, we have
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Theorem 4. If the vector %i«ie concircular and
Killing simultaneouely, the components of the ocurvature ten-
gsor in the adjoint Riemannian space have to satisfy condition
(3.12).

Corollary 5. If the vector ﬁi 18 concircular and
Killing simultaneously, then

j s - -l 5
(3.13) WFesPiie = - UPpsfyin
3 s  _ o] 5
(3.13.a) UPisRyie = QUPrsRipk
and
(3.13.b) Q5P RSy = Py R
-13. j ksT3il skt

Applying the Riceci identity, we can also get the
following relation:

s - - -
(3.14) RixeTs = PPy * PTagiy = PkPey = PTicBiy

Now, we are concerned with the possibility of such a
realization. We know that a congircularly semi-symmetric metric
" connection is realizable on a Rieﬁannian manifold if the vector
7. is a harmonic vector field. Then

i
-Zﬁkﬁk
(3.15) p = T
P
i
and
- _ i _ .=k
0= QPi = 2% ﬂk

i.e. the vectors T and T are mutually orthogonal.

Theorem 5. The vector Tt can be coneircular and Kil-
i

ling simultaneously if <“te image by the linear isomorphism PJ
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t8 a harmonie vector field and if T and T ave mutually ortho-
gonal.

Now, we can state first:

Corollary 6. The Riceti curvature of the adjoint Rie-
mannian space cannot be a negative definite along the direction
ii, tf ¥ i8 orthogonal to ™.

Theorem 6. For a harmonic vector field T and ii

Lo, . .
orthogonal to it, the Rieci tensor of ~°T is skew-symmetric if
and only i1f the Ricci tensor of the Levi-Civita conmnection in

the adjoint Riemannian 8pace is given by

- - =a= - *
(3.186) ‘ Rij = (n=~2)(W “égij ﬂiﬁj)
or
£3 8 = sa b b.a
(3.16.a) Q Pkstil = (2-n)(Q ﬂangij - Qinﬂbﬂa).

Finally, we get

Theorem 7. If the vector w satisfies condition (3.10)
‘lm * . ,
and ©1f the Ricei tensor of T is skew-symmetric, then T can-
not be Ricei-flat.

Corollary 7. If the veetor ™ ie harmonic and if i is
orthogonal to it, then the Ricei curvature of the ddjoint Rie-
manian space t8 negatively definite along the direction of u and
positively definite along the direction of T and positively defi-
nite along the direction of T; its one-dimensional Betti number
eannot vanish and, except for this, it admite a one-parametric
.group of motions. If, moreover, we build a self-recurrent Weyl-
~-0tsuki space of the second kind on such a Riemannian space, the
connection "? ecannot be Ricei flat if ite Ricei tensor is skew-
~symmetric,
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But, if the Ricci tensor of ”? is skew-symmetric,
the Gaussian curvature of ~“F vanighes. Then, accdrding to
Theorem 1. and Theorem 5. we have

Corollary 8. For a harmonic veetor field L and ii
orthogonal to it, if the connection ”? i8 of Gauseian curva-
ture sero and if the Ricoi tensor of the adjoint Riemannian
space 18 given by the expression

),

, ) a. )
R.: = (n-2)(% 'll'agij ﬂi'ﬂ'J

1]

then the adjoint Riemannian space has a constant negative to-
tal ecurvature. '
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REZIME

NEKE OSOBINE TOTALNE | RIZIJEVE KRIVINE
SAMOREKURENTNOG VEJL-OTSUKIJEVQOG PROSTORA
DRUGE VRSTE

U radu su Isplitane osobine totalne | Ri&ijeve krivi-
ne samorekurentnog Ve)l-Otsukijevog prostora druge vrste (rad
Je baziran na rezultatima o koncirkularno-semisimetri&noj met -
ritkoj konekslijl u Rimanovom prostoru. Ispituju se veze samo-
rekurentnog SW-0On sa pridrufenim Rimanovim prostorom.
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