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ABSTRACT

Associate triples of higher degree are defined and studied. In particular,
we establish the relationships between this property and the existence of func-
tors in categories of algebras and Kleisli categories {of triples of higher de-

gree) which commute with the functors of Eilenberg~Moore and Kleisli respectively.

INTRODUCTION

In @] Manes proved that for triples T and T' in z category X, there
erists a bijective correspondence between the theory maps X from T' to T and

[}
such that U T S(A) = U.Tr being U.F: K.E-—é 4

LT L
liftings SfA): K Ve 5k
the forcetful functor. In the similar way, there exlsts a bijective correspond-
ence between inverse-state transformations [1] A: W' ——— T and liftings

S(A): ———> X such that F _ = S(A) F.". .

z m T T

The equivalence between the existence of a functor, wnich commute with
the two Eilenberg-Moore functors or the existence of a functor which commute with
the two Kleisli functors and the condition for being associzte triples, was
proved in {2] .
Tne aim of the present paper is to extend these results to triples of

higher degree.
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DEFINITION 1. [3] (see also [5]y 4 triple of higher vdegree in @ category
, T={(T, M, n, W), is defined by two endofunctcrs T and W such that TH = HT
scgether with two natural transformations n: id,——> TM and u: TAT —— T
scttsfying:
THD 1 ueTn = penT = id
TED 2 u*TMu = u+pMT

T

In the first part we shall prove the existence of a bijective corresoond-
ence between morphisms (dual morphisms) of triples of higher degree and some
functors defined in the Kleisli category {(category of algebras).

The second part deals with the associate triples of higher degree and we

2pwly the results of the first part to give some properties.
FUNCTORS DEFINED BY MORPHISMS OF TRIPLES

DEFINITION 2. [3] A T-algebra is a pair (A,E) where A is an object of
Z?aend E: TMA —> A is g X-morphism, called the structure map of (A,E), sub-

Ject to the following eonditions:
AG 1 E'nA = ldA
AG 2 Eemy, = ETHE

1£f (A,E) and (8,8) are i’—algebras, a T-morphism from (A,£) to (B8,6) is
& F-morphism f:A ——> B such_that €-THf = f-L. The category of T?-algebras
znd T—I'-morphisms is denoted X TI'. There exists a pair of adjoint functors

g v, KTr-f—>.K and FTr: X —_—sg ¥ defined by U."-(f:(A,E) —> (B,8)) =

= f‘:A ——> B and FTr(f:A —> B) = Tf:(TA,LIA) —_ (TB,uB).

Let ¥ and L be categories and let (T, M, n,u}  and

.ﬁ- =
T = (T, M', n',1') be triples of higher degree in X and [ respectively.
DEFINITION 3. [3] 4 dual morphism feom T to W' is a pair (X,}),
viere XK ——> L[ 18 a funetor and X :T'M'X ————— XMT ¢8 a naiural irans

Formation satisfying the Tellowing three axicms:
M1 Aen'X = ¥n
DM 2 Xep'M'X = XuUMeATMT'M'A

DM 3 XuMeATM-T'M!'Xn = A
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PROPOSITION 1. Let T = (T, M, n,u) and - T' = (T', M', n',u') be
triples of higher degree in K and L respectively and let X:X ———> L be a

Functor. Ther, each natural transformation MT'M'X ————> XMT _satisfying the
1

T

axioms of the definition 3, induces a functor S(A): X —> L L over X.

]

Conversely, each functor V:K SIS LTr over X induces a natural transformation
AiT'M'X ——> XMT such that (X,)) i8 « dual morphism frem T to Tt and
S0 = 1.

Proof. If f:i{(A,E)—+ (B,8) is a T-wmorphism, we define
S{AF) = XF: (XA, XE'XA)————> (xs, XB‘XB)- '

A to 5()) is well defined:

- XB+Ag T'M!XF = Xf-XE+d, = XO:XTMf-),
. ont = . =
XE=dp Mty = XEeXny = 1dy,
3ot = XE» . . -
XE AA ¥ xa XE XUMA xTMA T'H‘)&A
a XEs) oT! .
- ] XA T HIXE-TIMI A,
. ;
furthermore U T +S(X) = XU 11-.
i~ =]

Let V: Kv——> L T be a functor over X and let V(TMA, uHA) =
= (XTHA, EA). We define AA = EA'T'H'XnA.

V to ‘A is well defined: if f:A——> B is a K-morphism,

A = oF oeT'Mt = F «TIM! « T -
XMTF AA XMTF EA T'M XﬂA EB T'MUXTMET H'an
= ) _«TIM!
AB T'M' XF

apyt =
ApN'yp = X0y

A “T'M'T'M'Xn, =

oy ! = CTIMI ayrd = oyt
AT xa = AT T MM T iy T EATH e xriea
aTtMI eT'MITIMI
] EA T'M EA T'MIT'M XnA.
But EA = EA‘T'H'XUM'T'H'XnTMA = XUMA'ETMA'T'H'XnTMA because XNHA is a
T?'—-morphism. Hence '

. T'M'A = . TIHX TIM'E a
XUMA ATHA T'M AA XuMA gTMA T qIXnTMA‘T‘H EA T'M'T'M'XnA

= «TIME CTIMIT! M0
Ep"T'MIE,T'HI T M Xn,
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Moreover,

*T'M'Xn 'T'M'XnA =

. &aT! 1 = .
Kiyp"Appa“T'H' Xy = Xiyp sEqyn THA

= o ] «TIM!? eTIM! = eTI M1 =
—£A T'M XuMATMXnTMATMXnA EATMXT‘;A )‘A‘-

A to S(A) te XA, X =A. The result follows from
A A

'T'M'XnA = since S(A)(TMA, uMA) = (XTMA,XuHAO\ ).

A = FuaAua A THMA

'V to A to S(M, S(A) =V. Let (A,Q) be a T-algebra and let
V(A,0) = (XA, a'), V(THMA, “MA) = (XTMA, gA). As o: (TMA, “MA) ————> (A,0)
is a T-morphism, Vi{a) = X(OL):(XTHA,EA) ———> (XA,a') is a T'-morphism and
Xae£, <T'M'Xn, = a'-T'H'Xa-T'M'Xn, = a'. But s(2)(A,q) = (XA,Xu-AA) =

= (XA,XQ-EA-T'M'XnA) and therefore S(A) =V .

f T is a triple of higher degree in X, we define a category Kﬁ_ , called
the Kleisli Category of  T. The category Kfr have the same objects as K; for ar-

rows K.ﬁ.(A,B) < X(A,MTB) and f:A ———>MTB GKﬁ.(A,B) if and only if

f = My f. 1f f EK.n-.(A,B) and g GK.ﬁ.(B,C), then gof err(A'C) is defined

“Mute”
by the composite Muc°HTg-f. The functors U'I-I' :K.E. ——> K and F'ﬁ"K -—-——91(.5.
given by Uﬁ.(a:X——*——) MTY) = uY-Tu:TX—-——> TY and Fi‘.(a:A-———é B) =
nB'a:A ———> MTB form a pair of adjoint functors.

DEFINITION 4. [3] A morphism from T to T' is a pair (X,)), where
X:K —— L 18 a funcior and A:XNT ——> M'T'X 1s a natural transformation
which satisfies M1, M2 and M3 below:

M I AXq =n'X
M2 AXMu = MU XeM'T'A<AMT
M3 MU XM T'Aen'XMT = A

PROPOSITION 2. Let T and W' be triples of higker degree in XK and L
respectively and let X:K ———> L be a functor. Then, each natural transforma-

tion A XMT ———> M'T'X satisfying the axioms of definition 4 induces a fune-

tor S()):K 7 - X lifting of X. If idMTA is a K .ﬁ.—morphism for every A

in X, each such functor induces a natural transformaiior. X such that (X,}) is a
morphism from T to T'. In this case, the two passages are mutually inverse

bijections.
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Proof. Supposeda € Ki(A,B). we define S(A)(a:A ————> MTB) =
= XB'XQ XA ———> M'T'XB.

A to S(X) is well defined:
. ot . = .
MUl yg N errxp g X = MM g M ' Agont yypg X = AgeXa
If o €Z=(A,B) and B €Xz(B,C),

5(2) (Boar)

XC'X(Muc'HTBd) =H'u'XC'HfT'XC-XMTC'XMTB'Xa =

= H'u'xc'H'T'S()\)(B)'S()\)(a) = 5()) (B)°8(}) (a)

Furthermore, by the axiom 1 of A, F =,*X = S(A)+ Fr.

Let V be a lifting of X. Define XA = ¥(id and V(a:A ~———> MTB) =

HTA)

. - o Fe = M! . 1 op! . - .
= V(ndHTBe Fﬁ.a) = Age PR Xo= M'p' M7 L\B 'y Xe = AgeXa
V to 2 is well defined:
If f:A—> B  is a K-morphisre,
AB-XMTF = V(MuB-HTnB~MTf-4dHTA) = V(r,Bfo;dHTA) =
= H 1948 oMITH e Mt oM! . =
V(an) °V(|dMTA) a M'u XB M'T XB M T'XnB MIT'Xf XA
= MU' _eMITIn'  oM!T!Xfe 1TIY§.
Mty XB M!'T'n XB M'T'Xf AA = MIT'Xf AA
and
Ar Xy = VM) = Vi) oV(idygun) = Xede, |
= ty8 CMITH .
My XA M'T AA AMTA'

The remaining details are clear.

ASSOCIATE TRIPLES

DEFINITION 5. Zet T = (T, M, n,u) and T'= (T ,M',n',u') be triples
of higher degree in a same category X. W and W' are satd to be associate if
Heu'MT = u'-TM'p.

The next result is easily proved.

PROPOSITION 3. The following three conditions are equivalent:
(1) T and T are associate
(2) u' = u-p'MT*TH'nT
(3) w = p'-TH'uTn'AT.
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In[z] itis proved that two triples T = (T, n,u) and T=* = (T, n*,u*)
are associate if and only if T = (T, T, nn¥,u%-uT) is a triple of higher degree
or if and only if T o= (T, T, rn*,u*Tu*) is a triple of higher degree, We can

assert
PROPOSITION 4.  If T ard T* are associate triplss, then the triples of

higlher Cegree which define are also associate.

Two associate triples of higher degree T and T' Gefine two natural
transformations f = M'U*n'MT and g = u'M:TM'n which are a morphism and a dual

morphism respectively from T to T'. Moreover f and g satisfy the following law:

UeTMU-gTMT = ' =TM'u=-TM'TF.

, PROPOSITION 5. If T and T' are associate triples and g = U'M*TM'n then

- Tt T =
S{g}°F T_pT and U °S(g) hold Conversely, if a functor v: KTr—>K1r
exists suck that U L w=ul¥ ard V*F T =F T , the triples T and T are associa

te gnd V = S(u'M=TM'nJ).
" T .
Proof. U "+S(g) = U" follows from proposition 1.

; .-T-r . — s . TR . ] ST . i
S(g)F" (a:A B) =Ta: (TA,H,H TH nTA) —_— (TB,uB H'yrg TH'D

A" HTA " 8 =
. ]
= Ta: (TA, u'A) —> (T8, u'B) = FTr (a:A—>B).

' B
1y " «V=U ", by proposition 1 V=8(A) where A:T'M'———>TM is a
dual morp‘\ism and )\ EA'TM' A being V(TMA, uHA) = (TMA, EA). Moreover

vF Tua = P T'MA, thus V(THA, LMA)-(TMA]JMA) and X,

. 1r = Tr - = Yy » 1 =2
On the other hand V*F "A=F A, so (TA,IJA TA) (TA,].lA YMTA ™ nTA)

= (T'A,u'A), therefore u'A = Mt T=T"and T anga T are

1 . [}
Honra T Mg
asscciate.

PROPOSITION 6. - If T and ﬁ" are associate triples and f = M'u+n'MT,
then S(f)'F i = F and U i"'S(f) hold Conversely, if a functor

VK& ———>K 1 exists, such that U.ﬁ..'V Uz and V-F 7= F the triples T

and W' are associate and V = S(M'u+n'MT).

Proof. S(fl-F F= F F fcllows from proposition 2.
U gla:X ——>HTY) = p - Ta:TX —>TY =

= u'Y-TM'uY-Tn'

MTY.a:Tx—_—.—)TY = U.'?"S(f)(a: X —~°9MTY).
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Conversely, suppose V such that V-F i F'ﬁ" By the proposition 2,
_ — UL 3 - = ] = = 1 (]

V = 8()A) with X = /(ldMTA). Moreover if U Tr(A) ) W'V(A)’ TA = T'A for every A

in ¥, therefore T =T'; U.E(id

MTA) = Uﬁ.(lA) so i = p'eT'A, M'Len'MT =

= M'u'en'M!'T-2 = X and p = u'eTH'U-Tn'MT.
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REZ|ME
ASOC| RANE TROJKE VISEG STEPENA
Asocirane trojke viZeg stepena su definisane i izule-
ne . Specijalno, utvrdjena je veza izmedju ove osobine i postojanja
funktora u kategoriji algebri i Kleislievih kategorija (trojke vi-

Zeg stepena) koji komutiraju s funktorima Eilenberg-Moora i Kleis~
lija.
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