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ABSTRACT

Using the results of HadZié [5] and Jerofsky (8] a
fixed point theorem of the Leray-Shauder type for condensing
multivalued mappings in not necessarily locally convex spa-

ces is proved.

1.There are many fixed point theorems for compact map-
pings in not necessarily locally convex topological vector
spaces. An excellent survey about fixed point theorems in
general topological vector spaces can be found in the book
by Olga Had%ié [5] . However, the most important fixed point
theorems for mappings of the condensing type (s. [1]) are
unknown for nonlocally convex topological vector space. The
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first results in this direction Had%#ié proved in (4], [5]. We
shall prove in this paper such a general fixed point theorem
for multivalued mappings of the condensing-type on domains
which are locally convex, but not necessarily convex subsets
of general topological vector spaces.

Iet E be a real topological vector space and K& E. By
co(K), co(K) and K we shall denote the convex hull, the clo-
sed convex hull and the closed hull of K and by 6K the boun-
dary of K. We define cc(K) =:{AcK:A#¢, A is closed in K,
A is convexl ,

fucc(E) :={K<SE: K= U K
iex

I is finite, K, € cc(E) for

i’ i

all ier1}.

Clearly we have cc(E) < fucc(E).

2. First we shall give some notations and results
about special admissible [5] sets.

DEFINITION 1.([8]) Let E be a topological vector
space and KEE. K will be called a locally convex set, Zff
for all X€K there exists in K a base of neihbourhoods U(x)
of x with U(X) =W(x) N K and W(x) is a convex subset of E.

It is clear , that for convex sets K Definition 1 is
the same as the original definition in [9] (s. [5] too). De-
finition 1 implies easily that every subset K of a locally
convex topological vector space is a locally convex set and
that every subset of a locally convex set in a topological
vector space is a locally convex subset acain. Nontrivial
examples of convex, locally convex subsets can be found
in [5].

DEFINITION 2. [5]. Let E be a topological vector
space and KSE. K Zs a satd to be of Zima’'s type, iff for
every neighbourhood of 0€E V there exists a neighbourhood U
of 0, suech that co(U N (K-K))<SV.
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Had¥ié proved (s. [5. p. 30]) that every convex sub-
set of 2ima’s type is a locally convex set. By using Defi-
nition 1, we can generalize this result:

PROPOSITION 1. Let E be a topological veector space.

Then every subgset KEE of Zima s type i8 a locally convex set.

Proof. As in [5, p. 30] we can show, that for
all x€K and all neighbourhoods V of 0 € E, there exists a ne-
ighbourhood U of 0, such that we have col(x+U)n Kecx+V. The
subset W(x) : = collx+U)Nn K)) is convex.

Since W(x)n K22 (U+x)n K, the set W(x) N K is in K a
neighbourhood of x with W(x) N KEx+V, Therefore, K is locally
convex.,

Jerofsky [8] proved the following generalization of a
result by Krauthausen [9] (s. [5] too).

PROPOSITION 2. ([8 ,Satz 1.5.3.1). Let E be a topo-
logical vector space and K€ fucc(E) a loecally convex subset
of E. Then K 78 admiegsible.

DEFINITION 3. ([21). Let (E,| || *) be a paranormed
space and KSE. We say that K eatisfies the Zima condition
with the constant r, iff there exists r> 0 such that
I| tx]| *<rt|| x|| * for all te [0,1] and all x€ K-K.

We can prove easily ([5, -p. 34]) that K is of Zima“s
type, if K satisfies the Zima condition (for nonconvex sets
too).

Now we shall give, by using of an idea of HadZié [3],
an example of a nonconvex, admissible, locallv convex subset
of a nonlocally convex topological ;vector space. The space
8(0,1) of equivalence classes of finlte measurable functions
on [0,1] with

o _ x(s)
”x“*:_ l+ x(s

dr ({x}ex) is a paranofmed non-

O~
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locally convex space. Let A >0 be a real number and

K: ={%€5(0,1):]x(s)] <A(0<s<1)} u{xes(0,1) : |x(s) -

- Al <A(0<s<1)}) .

we prove, that for K the Zima condition holds with r =1+ 3.
Let X€K, YEK. For |x(s)|<1, |y(s)|<A (0<s<1) or
for [x(s) -A| <X ,|y(8) -] < (0<s<1l), we have that
1+ |x(s) ~y(s)|<1l+22x<

< (1L+22A) [1+t|x(s)-y(s)| ] (0<s<1l, 0<t<1l) and, there-
fore, we obtain, as in [3], that || t(¥-¥) || *< (1+2))t|| X-F| *.

For |x(s)| <X and |y(s)-A| <1 (0<s<1), we have

1+ |x(s) —y(s)] <1+ |x(s)|+]y(s) -rA]+A<1+3r,

and we obtain similarly as in the first case, that

| £(R-9) || *< (1+32) ] %9 * .

Therefore for K there holds the Zima condition with r=1+4+3)
and K is of Zima’s type and, therefore, locally convex.

Since K€ fucc(E), we can apply Proposition 2 and K
is admissible.

3. Now we shall define the notion of the pseudo-
condensing mapping . The known nontrivial measures of non-
compactness ¢ in locally convex spaces(s. [1l] ) are not
measures of noncbmpactness in nonlocally convex topological
vector spaces, since we have ¢(M) # ¢(co M) in general .

Therefore, we introduced in [ 7] the following notion

DEFINITION 4. Let E be a topological vector space,
KESE,A aq cone in a vector space, which defines the partial
ordering < and Y a system of subsets of co(K) such that:

Mey => (Mgy, coM€y, MU{ul€y (UEK), NE€y (NSM)).

Let ¢ be a real number with c> 1. The function ¢:y+A will
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be called a c-measure of noncompactnesg on K, Zff the follo-

wing donditione hold:

(1) ¢MU{ul) =¢(M) =¢(M) >¢(N) (M€Y, NEM, u€Kk)

(2) ¢(coM) <cé(M) (Mevy).

If we have in (2) ¢=1,then ¢ is said to be a measu-
re of noncompactness on K (in this case we have in the fact
¢ (M) =¢(coM) (Mev)).

Now we shall give an example of a c-measure of non-
compactness on a subset of a not necessarily locally convex
space. Let (E,d) be a metric space and X denote the well

known Kuratowski function on E. This means that for all
bounded sets MSE: '

X (M) : = inf{r >0: M can be covered by a finite number

of sets of diameter < r}. Then we have

X (M) = X(M) = X(M U {u}) > X(N) (NEM, u€E) and M is precompact
iff X(M) =0. If E is a linear metric space, then we have
X (M+N) <X(M) +X (N) for all bounded subsets M, N<E,

however, in general X(coM) # X(M). Therefore, X is not a mea-
sure of noncompactness in general topological vector spaces.
Using an idea of HadZié [5], we can prove that X is a c-mea-
sure of noncompactness in paranormed (s.[5]) spaces. HadZidé
{5] proved that for a bounded, convex subset K of a paranor-
med space we have x (coM) <r2x(M) (MEK), if for K holds the
Zima condition with the constant r. We can generalize this
result, and so we obtain:

PROPOSITION 3. Let (E,|| || *) be a paranormed spa-
ce and K a bounded subset of E with K€ fucc(E). We suppose
that for K the Zima condition hol&s with the constant r>1.
Then the Kuratowski function X i8 an r2—meaeure of noncom-
pacfnese on K.
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Proof. Let MSK and €>0 with x(M) < €. From the
definition of x it follows that there exists a cover

(Bj)je{l,...,m} of M, such that diam (Bj) <e for all je{1,...

we.,m}. .Because K€ fucc(E), we can find closed, convex sub-

sets K, (k=1,...,p) with K= 5 K, - Therefore, we obtain
\ k=1
n

Mc U D, with n<m.p and D
i=1 1

and je{1,...,m} (1=1,2,...,n). Then we have diam (Di) <e

i=KkﬂBj for some kefl,/...,p}

and c—o'DiE Ky SK for all 1e{1,2,...,n}. Now we can continue the

proof with the cover (Di)ie{l,...,n}’ as the proof in [5, p.
57-60]. '

We cannot obtain the known fixed point theorems for
x-condensing mappinags in general topological vector spaces.
Therefore ,we introduced in [7] the following notion:

DEFINITION 5. Let E be a topological veéctor space,
M#@, K#§, McKSE, F:M+cc(R) g (multivalued) upper semi-
eontinuous mapping, ¢ 1 and ¢ ac-measure of non_c‘c';mpactnes on
K. We .call F a ¢-pseudo-condensing mapping, iff the fol-

lowing implication holds:

[NEM, ¢(N) <c¢(F(N)) =>TF(N) is compact.].
If ¢ i8 a measure of noncompactness on K (which means e=1),
then F will be called ¢~condensing.

Now we shall give a nontrivial exampl"e' for an X -pse-
udo-condensing mapping in a not necessarily 1~bca1lly convex
space.

PROPOSITION 4. Let (E,|| || *) be a auasicomplete
paranormed space, M# @, K# @ be bounded with MEK&E and
K€ fucc(E) and for K holds the Zima conditiarif‘with the con-
gtant r »1, Let F:M+cc(K) be a mapping with:

(1) F=F,+F,

(2) F,:M»>K 18 a generalized —12 -contraction.
r
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(This means, that there exists a real function qlo,B) with

0<qgla,B) <"'1Z » 8uch that we have
r

Il le-FlyH *<g(a,B) || x-yl|| * for all xeMm, yeM with
o <|lx-yll *< 8). '
(3) FZ:M+cc(K) 18 upper semicontinuous and F2(M5 i8 compact.

Then F 18 an X-pseudo-condensing mapping.

Proo f. Because of Proposition 3 X is an r2 -
measure of noncompactness on K. We can show with known arqu-
ments (s. [11]) as in [7, Theorem 3], that for all ASM, which
are not relatively compact, we have x(F, (a)) <—12- x{(A). Since

r

F(A) €F, (A) +F,(B), we obtain x(F(A)) < x(F, (A)) +x(Fy(A)) <

< —lz x (&), because F2 {A) is compact. Therefore, condition
r

X (A) < r2 X(F(A)) implies the compactness of A, and the F(A)
is compact, because F 1is upper semicontinuous and F(x) is com-

for all x€ M.

4, Now we shall prove our fixed pcint theorem. Jero-
fsky [8, Folgerung 4.3.5] proved the following "

THEOREM A. Let E be a topological vector space and Ko
an admissib;e subset of E with K, € fucc(E), which is star-
shaped, relative to some U€K, . Let YSEK be an in K, elosed
neighbourhood of u in Ko Jet F:Y +cc(Ko) be a compact map-

ping and
xgt F(x) + (1-t)u (xt’-.‘cSK Y, te (0,1)) .
o
Then there exists a fizxed point for F.

Using this result, we can obtain a fixed point theo-
rem for pseudo-condensing mappings.

THEOREM. Let E be a topological vector space, K a
locally convex subset of E such that K is starshaped, relative
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to some WEK gnd K€ fucc(E) .
Let MS K be an in K closed neighbourhood of u €K,
c?1 gnd ¢ an c-measure of noncompactness on K. Let F:M»ce (K)

be a ¢-pseudo-condensing mapping with

x€tF(x) + (1-t)u (x¢€ GKM, te (0,1)).

Then F haes a fizxed point.

Proof. Let £:= {SSE:S=¢0oS, u€s, F(Mn s) € s},
Then £#@ and $§_ :=( N S)€ I. Let S, : = co({ul UFP(MNS ).
° sex 1 °

< c <
Then we obtain §, S8 and F(Mn Sl) SFr(Mn So) €8,
uesl, and therefore Sl€ ¥ . Then there must be SOESI, and
we obtain SO=EB({u} UF(MNsS))), and then M nSoSES({u} U
UF(MN so) ). The property of ¢ implies ¢ (MN So)< co (F(MN So) ).
Because F is ¢-pseudo-condensing, F(MN 505 is compact.
. = n - =
Let Y :=MAs and F, F| Y. We have FO(Y)SKH Se
=3 Ko . Ko is starshaped relative u and Ko € fucc(E), since

S0 is convex and K€ fucc(E). Y is an in K0 closed neighbourhood

of u€K . We have GK Yy<E§ KM and therefore x¢ tFo(x) +
(o}

+ (1-t)u for all te€ (0,1) and x€ GKOY. Because K is locally
convex, the subset K, is locally convex too.

Since K € fycc (E), we can apply Proposition 2, and
Ko 1s admissible. Now we apply Theorem A, and the compact
mapping FO:Y—>cc(Ko)'has a fixed point x€ Fo(x) . Then x is a
fixed point for F.

We remark that our theorem and Theorem A do not follow
by using our theorem in [ 6] (s.[ 5] ,p+130) ,because it 1s unknown
that Ko is an 6&f-admissible set.

The theorem generalizes many known fixed point theo-
rems (s. [11, [5],([101).
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REZ | ME

TEOREMA 0 NEPOKRETNOJ TAEK! ZA VI3EZNAENA
KONDENZUJUCA PRESLIKAVANJA U OP3TIM VEKTORSKO
TOPOLOSKIM PROSTORIMA

Koristeél rezultate HadZié [5] and Jerofsky [ 8]
u ovom radu je dokazana teorema o nepokretnoj tadki Leray-
-Schauderovog tipa za kondenzujuéa preslikavanja u neoba-

vezno lokalno konveksnim prostorima .



