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ABSTRACT

In this paper a particular solution of a linear partial
differential equation with constant coefficients, in the field
of Mikusiffiski operators is analysed. The approximate solution

a/nd the error of the approximation is construciéd.

We are going to observe the differential equation:

m n
(1) T oY a s¥xMan = s
‘ ‘ H,V
u=0 v=0
with conditions:
(2) x(0) = gy 5 x70) = oy, x ™0 =y,

in the field of Mikusinski operators, where x(X) is the unknown

operator function, a, , are numerical c¢omgstants, f(A) is the
s ' .
continuous operator function and 0., 1 = 1,2,...,m-1 are given

operators.
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The solution of equation (1) is x(A) = xh(l) + xP(A)
where the homogeneous part has the form ([ 1]): _
© i-p

P A
] 1,]

c
i=1 i=0

b5 ave operators determined from (2), cq 3 £ 0, j=1,2,...,my
3

m
(3) x (V) = ] by exp(Awy) where w; = ¥
1

wj are the solutions of the characteristic polynomial:
m n
_ v ou
(%) P(w) = ) ] Oy S W -
u=0 v=0

In paper [ 1] the approximate solution of homogeneous part
xh(l) was constructed:

m lg 1-D
(5) X, (A) = ) bj exp(xéj) where Gj = 7 ci,jl q
i=1 i=0

The approximation of the particular solution was given
in [4] for special conditions (2) (namely,for wi=0, i=20,1,...
cess m=1 and ¢ __, = 2). ‘

In this paper we shall analyse the particular solution,
construct the approximate orne and find the error of estimation,
supposing that operators Poseess¥ o are different from zero.

As it is shown -in [ 3] the polynomial of form (4) can
always be decomposed into linear factors:

. m n
- - - v
P(w) = a M (o mj), a, ¥ o, S
i=1 v=0
Putting P(w) = amPl(m) one can find constant operators
Kj’ j = 1,2,...,m such that:
- - i
I I I T A A m
= = = = —1 2
Flw) ay P (w) a (w—ml * W=tz MR ey )
m m
provided that mj’ j = 1,2,...,m are the logaritmic and simple

solutions of (4). Then the solution of equation (1) with condi-
tions (2) is x(A) = xh(x) + xp(x). It can be shown that the par-
ticular solution has the form: '
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m A
(8) xp(l) = ] Aj [ expC(x - KwgIE(kIdk
j=1 o
where
A, I I I
(7) Ay = — = — — = —
a a, Pl(mj) P (mj)

and satisfies the following conditions: x_(0) = 0, x7(0) = 0,...
(m=1)¢gy = o P P

sees X S

Coefficients A.,. In this part we shall consider the
coefficients Aj and construct them approximately. Let us suppose
that there exist only one pair of numbers u; and v; such that
1<y, <mand 0 €£v, <n and

(8) max (v + B(p-1)) = v, + 1-)(ul--l); p<1,q €N
D<u<m q q
0<ven
. L - - p/q
Then, introducing Wj as Wj =L mj we have:
v1+g(u1—1) R
“(w.) = - . +
P (mJ) s au“vl(wJ |
m n P
Ha Vi-vis(ur-u)_
A S T
, AT
us=1 v=0 Hp Ve

where the stars in the sums mean that only the pair of indexes

W1 and V) together are omited.

LEMMA 1: If u = 2,...,m, C 5 #0, J=1,...,m and q 18
Ed

a natural number, theniﬁg-i can be written ae8:

=u-1 _ 1/q

LET T L T

whe re ey i8 a numerical constant and zi’qwj u represent integra-
H

ble functions on the interval [0,T} for T > 0 and contiﬂuous

functions for t > 0.

PROOF: Indeed ’Wj has the form:
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72
- 1/q
= I+ 2 < .
WJ CO,] W cl,J Z0
and therefore
(9) W‘j"l = " %1 + uch § /9 y- & (g1/a yoyr-1 .
bl

1/q
c.I + 277 W,
H JsH

1/qW

so we can conclude that cp is a numerical constant and £ u
3

represents an integrable function on the interval [0,T] for

T >0 and a continuous function for t > D,

LEMMA 2: If ve denote

vi-v+p/qCuy-u)_
(10> B, = f* ; —“?l’—n L S

Hia J
u=1 v=g  M12V1
then Bj represents an integrable function on the interval [0,T]

for T > 0 agnd a continuous one for t > D.

PROOF: From (8) follows that v,-v+p/q{ui-u) = b>0 for
W4 U and v # vi and WAL
function with the properties mentioned in the Lemma.

Using (9) and (10) P’(mj) can be transformed as:

has form (9) so Bj represents a

gvitP/aln-1 ¢, G lay + B.)

P (w.) = . .
(mJ) UIau“\)l U1 JsH1 J

and therefore the coefficient Aj can be written in the form:

® k
_ I l\)l + p/q(ln—l) (_1) . 1/q k
(11) Ay = = = = N € Wit By
P (mj) Hi%svr T k=0 Sy, ? N
PROPOS ITION: The series determined in (11) converges

absolutely in M.

n .
PROOF: It is known [3] that the series I aigla
i=1
converges absolutely for a > 0 (a are numerlcal coefficients).

From Lemma 1 qnd Lemma 2 it follows that the sum zl/qwj ul+ Bj
/ b

o

7

/
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are operators representing integrable functions on interval
[0,T1, T > 0 and continuous for t > 0.
Let us, now suppose that there exists more then one

23 12 1,....7, * < m such that:

pair of numbers ul,i’ Vl,l

max (v + p/alu-1)) = vy + p/qu,=~1) =
1ugn L
1<u<dn

= vy + p/qluy-1) = ... =W + p/q(ui’r—l);-

»

Then we may transform P“(w) similarly as we have just done.

W.e remark Vthat the analysis of coefficients Aj is essential-
ly the same but technically more complicated. Therefore, further,
we shall continue the consideration when there exists only one
pair of numbers u; and v; with the menfioned properties: '

The approximate solution. In order to approximate the
particular solution let us form the approximation of cqeffici4

ents A.:
J

ko
~ vi+p/qu,-1) _ayk o~ De
(12) A, = % S DAY YRR IO
\ I e e © ok Jour 73
> H1,V1 M) k=0
,Where .
m n : ) ;
~ & _a MO vi-v+p/qluy=n) ~ _
(13) B, = 7§ —H¥ o (c.T +w. W1
b : ©oMme : u J,u
p=1 v=0 12V
d =1 . i
- _ p=1 p-1-r i\r
y . = ’ . . .
(14) B A T B I S GO I Y b
r=1 o i=1
The approximate particular solution has the form:
- mo_A (A=)
(15) : X0 = ) Ai»je flx)dxk.

371 o _
The error of estimation. At the beginning we shall
estimate |Aj-Ajf supposing that operators A_.l and Aj represent

continuous functions for j = 1,...,m.
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Let the inequality

(16) 1e#l _ p b 151

qQ :
for r = 1,...,m3 q € N, be satisfied. This enables us to get the
error of aproximation of the particular solution better and
technically more easier, However, we are able to choose the
natural number i, in (5) as large as we want, inequality (16)
is not restrictive for us.

First, we shall introduce Vj K and Vj K using the paper
b ] 3

[2] as:
. i, .
(17) PP L] P ) S I L 1L

1]
0 i=0

+ lzk I e - zi/ql < T(G

1,9 + Vj k)z; k=0 gq=1

j.k s
izig+1 ol o1

LEMMA 3: If inequality (16) is satisfied for r = 1,...

vv1sl then we may prove:

« ie
i/q\r _ i/q,r R
(18) | ¢ zci,jm ) ¥ ey ,34 ) |< Y35, 1-p r(vj,1 +
i=1 i=1
r,r
+ V., = E
Vj,l) % J,rl
where Vj,l’ Vj.l and Vj,l-r are given 1n.(17).
PROOF:
o ip
i/q\r _ i/qyr
[C ¥ ci’jz ) C3 ci’jz )|
i=1 i=1
” i/ r-1 ® ; / 1o Y
- i/q-r+1 i/q,y i/q
- I ): Ci,jl ): (2): Ci,jl ) (2.): Ci,jl )l
izig+1 y=0 i=1 i=1
yTLT,

- Ld . + -
S A2 JUTNCE IO PUPIL AP
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LEMMA L: If W. and W. are gtven by (9) and (14),
Jsu Jou ’

respectively, we have:

u-1
1/q ~ p=1 p-1-r _
19 W. - W. < . E. = e.
¢ ) ll Jsu w]aul Z ¢ r )|CO’]| ]srl Ejaul
r=1
where E. 18 given in (18).
J].T
PROOF: Indeed:
u=-1 ©
1/q ” u-1 i/q,r
. - W. = . . -
|2 W:j’u J’u| ' T« r )((.z cl’]z )
r=1 i=1
io . u-l
_ i/gq.r u-1 p-1-r -
- ¢i,5% ) < I G, )Ico,j| Ej,r =
i=1 r=1
= Ejsul

LEMMA 5: If Bj and Bj are given by (10) and (12), res-
pectively, then: '

m n
~ U oa vi-v+p/q(u;-ul+1
(20) 18, - B.] <. §° ' _—a¥, 1 £
j J T & R 'Y J»su
=1 =1 H1,V1
= B.2%
]
where €51 18 given by (189).
?
PROOF:
m n a
By = 85] = | 7 7 gt pViviR Al
g a
U=1 v=0 ! H1,V
o 1y - m n
. i/qp-1 _ i/qw-1 < # L
(¢ oy 52D Cleg 29 < 1
iz0 i=0 u=1 v=0
Hao / ) v p-1 . i/
. | H,yV |2V1‘V+P qluy -y X (U;l)lco L-r ¢ X e. ot q)r -
H1 > 1 )

aul,vl r=0 i=1
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1o m n v ‘
ST e aMHT < 7t ey [pvimvep/atunmid+l
A i,j T A A U1au 5 .
i=0 u=1 v=0 1»¥1
. = B2
eJ,u J

" Using [2] one can find numbers ﬁj k(T) estimating:
H

1) et e BN < R (o, 7 1 ETa>
JrH1 ] J>s kK =0if q = 1

From (13) and (14) follows that

iy 2 K K I =
22 L5, B. < g ) B, < )
(22) I <WJ,U1 + J) | <|W3,ull + | ]I) T R],k(T)l

There exist numbers Rj(T) and ﬁj(T) (proposition 1, and
papers [1]1,[2])

(=<8

1 B
) L k Ry (T < g Ry(D)
k=1""u,
(23) o 1
) — Rj’ch)z <: chT) .

k=ko+1 Icul

PROPOSITION 2: - If vi+p/qu1-1) > 1 then the difference
between Aj and Aj gtven by (11) and (12), respectively, can be

estimated as:

B:)2

( l‘ A | SRS TR TTRALE RSP
(24) A, - A.| < 2 93— R.(T) + R.(T)= A _.%
, J ] T TUIaU1,VlcU1I J J ©J

where Ej ﬁl, Bj’ Rj(T) and Rj(T) are given by (19), (20) and

?
(23) respectively.

PROOF: The following transformations:

~ vi+p/qlu,;~1) _qyk
a5 - Ayl = [ 1 S ey sk -
! H1,V1 H k=0 e

c
H1
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ke k- - vy +p/q(uy-1)
-y L0, + BYK| < 2 —
ck It J luie e |
k=0 M) Hi,V1 1
-(;—i—-u“qw + BOK - (W + BOX| 4
. l lk_1 Js i 3 Jeu j
k=1 ‘% ,
iy s 1k
+ — . + B, <
) fe. |k le,un Jl )
k=kotl' ")

< Lv,+p/q(u1-1)

1/q - -
2 . - W. +| B. - B .
cz | ¢l wj,ux J,uxl | j j“

H1,V1 W

® 4 k-1

lU1G

+ gjlk"i"d +

a .-

. + B, .
ch-{ ! 1295, Jl le,ul
k=1"ui Q=0

using (19), (20), (21), (22) and (23) imply estimations (24).
If operator f(x) represents a continuous function,
using [1] and [2}, one can find the following approximations:

If(x)(exp()‘—oc)mj - exp(A-K)ﬁj)l <z exj(x)

(25)
| £Ck) exp(()\-n)mj)l < F1,j(“" 0 <<,
Finally, approximating lAjl as:
(26 Al <. R, .
) |AJ| T Rl’J(T)z
we have:

PROPOSITION 3: If £(K) 28 an operator representing a
continuous function for t # 0, then the error of approximation
of the particular solution given by (15) instead of (6) is:
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m
27 - % < . P z . AL
(27) IxP(A) xp(x)l T L (AE’J 1’J(A)AE * sxj(l) Ry, 504 )
j=1
ﬁheje As’j;xj(l), Fl’j(l) and Rl,j are given by (24), (25) and
26).

PROOF: The difference between xp(k) and ip(k) can be
transformed as:

. m A
|x, () - scp(x)l < |7 (Aj [£(x) exp((x-x)mj)dx -
j=1 o
- A m A
- Aj [£(k) exp((k-n)ﬁj)dK)|< ) (IAj ff(K)exp((l—K)wj) -
(o} j=1 (o}
S A
= A, [f(k) exp((A-k)w.dx]| + |A: [f(k)(exp((A-k)w.) -
h A J I VD

- exp((k—n)éj))dK[
Using (24), (25) and (26) we have relation (27).

REMARK: If f(x) does not represent a continuous functi-
on, but the operator (xP(A) - ip(l)) represents a continuous
function, the error of approximation can be found, using in (25)

and (26), the appropriate factors Ek, k € N.

EXAMPLE: Linear . partial differential equation with
constant coefficients:

m n M V%, 1)
—_— = f,(x,t
X X au,v axu atv 14X, )
u:O V=0
with conditions:
utv
- x(A,0) . v (X)) pw=10,...,m3v = 0,...,n
Bku 3tV U,V
H
3 x(0,t) _ ¢ (t) t > 0p =0,.,..,m1
M "
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corresponds in the fieid Mto differential equation (1) with con=-

ditions (2), where:

n-1 m n ey
_ n-1-¢ 3 x(A,0)
£ ={£,(A,)} + | s ) & nekty —;;E—;;j——
k=0 u=0 v=0
Now, we shall consider the equation [ 3 ]:
4 3 2
(28) ' x(A,t)  _ s 3 x(A?t) y 37x(A,t) x(A,t) = uek
3A2at? ar2ot A
with conditions:
2 3 3 2
(287) 22x(2,0) _ A 23x(A,0) _ 5 32x(A,0) L, 4,
32 3A23 A2
x(0,t) = 1 + 2t 35%%431 = 2t2, t > 0.

In the field M this equation corresponds to the equation:
(29) (s=1)2x"“(1) - x(A) = (s-42)e® + A
with conditions:

(30) x(0) = 2+24°2 x“(0) = 242,

The characteristic equation of equation (29) is:
P(w) = (s-1)2?w?- I = 0 with solutions

o o
Wy = z li#l and wz = - z £i+1
i=0 i=0
with appfoximations:
1o i
@y, = ) li+1 and &2 = - ) gi+l .
i=0 i=0

However:
P fw) = 2(s-1)%w

% 3
P’(w1) = 2(s-2I + &) I&Y, vi= 2, w1 = 2, p/q = -1.
i=0
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From (11) follows:

A= 57 It st - 20 [ abR-nkK
k=0 i=0 i=0
Ar = - 5 1 It e - §abkenk
x=0 i=1 1=0 ‘

Using (24) we get the estimation:

- " Tyl io -
A, - Ar] = |A2 - Al <T%(ee IT-21T T T2 s
T T ig! :

N o
+ XoTppogpkott Ik—)z) = A_g?
P ) 1

ko!
It can be remarked that in this example f(A) = (s-M.)eA +
+ A does not represent a continuous funetion, but (x(A) = x(X))
represents a-cohtinuous function, and we are able to find the
error of approximation of the particular solution:

T
~ A
lx, A = % (O] < g 20,01 - 277 + AT 2+

2 Io+1 .
L (1+T+§ +...+T1 1) ple o T o
+R(T)e’ 0727 Z— e e TGl (1-2T2+AT)R).

io!
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REZ IME

PRIBLIZNO RESENJE JEDNE KLASE DIFERENCIJALNIH
JEDNAZINA

U radu se posmatra diferencijalna jednad&ina u polju
operatora Mikusinskog:
m n
v _(w) _
I 1 @,y x () = £
u=0 v=0

sa uslovima:

- (m-1)
x(0) = 0y,  xM0) = @r,e.,x T U0(0) =y
Analizira se partikularno resenje

m A

X, = .ZlAj £ £(x) exp((A—K)wj)dx
j= :

"konstrui3e se pribliZno redenje i daje ocena gredke.



