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ABSTRACT

Fuzzy congruence relations on algebras are defined inl 3], and
discussed In F2] F4] and[5]. Fuzzy groupoids are considered in [1],[5],
and [ 2],

In this. paper we define a weak fuzzy congruence relation on a
groupold, and we prove that this relation uniquely determines a fuzzy gro-
upoid on the same algebra. Starting with a weak fuzzy congruence relation
0 on a groupoid (S,.) and using the decomposition of a fuzzy set defined
in {21, we get two collections of fuzzy sets (on S, and on SZ, respecti-
vely). We prove that the first collection consists of the fuzzy groupolds
on (S,.), and that In the second are the fuzzy congruence relations on

these groupoids.

All fuzzy sets here are L-valued, where L is a comple-
te lattice. '

1. Let S#¢, and let L= (L,A,V,0,1) be a complete lat-
tice. p : 52 +L is a weak fuzzy equivalence relation on S5, iff

the following conditions are satisfled:
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(2) pilx,y) =ply,x), for all x,y€ 8;
(3) p(x,y) > v (p(x,z) Ap(z,y)), for all x,y€Ss.
zeS

REMARK. An obvious consequence of (2) and (3) is
(1) p(x,x) ®p(x,y), for all x,y€S, and if p(x,x) =1 for every
x€es, then p is a fuzzy equivalence relation on S ([3]).

let £:S5+L be a fuzzy set on S, and let Bsiz (that
is p(x,y) <A(x) AA(y), for all x,yes, [6]). p 1is a fuzzy equ-
ivalence relation on A, i1ff it satisfies (2), (3) and

Bl ,x) =A(x) for every xe€s .
Let (S,+) be a groupoid. A fuzzy groupoid (&,.-) on
(S,+) is a mapping A : S+ L, satisfying

(4)7 i(x-y)>l_\(x)l\f\(y), for all x,ye€s ([1]).

Let (S,.) be a groupoid ((A,.) a fuzzy croupoid on
(S,+)), and let p be a weak fuzzy equivalence relation on S
(a fuzzy equivalence relation on A) satisfying the substitu-
tion property:

(5) p(xeu,yv) >p (x,y) A olu,v), for all x,y,u,vE€Ss.

Then p is a weak fuzzy congruence relation on (S,.) (a fuzzy
congruence relation on(a,+)).

PROPOSITION 2.1. If p ie a weak fuzazy equivalence re-
lation on B: S~+L, theh p i8 a weak fuzsy equivalence relation
on S.

ProoféE. From
P (x,x) A(x), it follows that

P(x,x) < A(x) AA(y) <A(x) = p(x,x). o

PROPOSITION 2.2. If p i8 a weak fuzsy equivalence re-
lation on S, and if A : S+ L, such that

A(x) =p(x,x), for every x€8,
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then p 18 a fussy equivalence relation on A,

Prooct. From
Plx,y) <p(x,x) =A(x), and
plx,y) <ply,y) =A(y), it follows that

pix,y) <A(x) AA(y). O

Now we shall prove that a weak fuzzy congruence rela-
tion on a groupoid (S,-) induces on (S,:) a fuzzy graupoid
(A,+) (which is also called a fuzzy subgroupoid of (S,+)).

THEOREM 2.3. Let p be a weak fuszay congruence rela-
tion on (S,). Then, a mapping A :S~1L, defined with

A(x) = p(x,x) , for every xE€S,

i8 a fuzsy groupoid on (S,«), and p is a fussy congruence re-
lation on (A,*).

Proof. Since R(x) = p(x,x), and Aly) =ply,y) .
the following 1is satisfied:

B(sey) = p(xey,x+y) > 0(x,x) A ply,y) =A(x) AA(y).

Thus, A(x-y) >A(x) AA(y), proving that (A,.) is a fuzzy gro-
upoid on (S,+).

By the definition, P is a fuzzy congruence relat;l.on
on (A,*). O

REMARK, If L={0,1}, then the last theorem gives
that (a nonempty) symmetric and transitive relation p on a
groupoid (S,»), satisfying the substitution property, deter-
mines a subgroupoid (A,:) of (S,*).

3. In [2] it was proved that a fuzzy set A:S~+1L
unicfuely determines a family {Ap|peL} of ‘fuzzy sets on
S, and vice versa. The theorems of decomposition and synthe-
sis of A by means of that family were also given. From there
we have:
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(xes)

- A(x), if A(x)>p

0 R othervﬁ se .

We shall now consider the fuzzy congruence relation
o on a fuzzy groupoid (A,.) on (5,.), and also the correspon-
ding families of fuzzy relations and sets.

PROPOSITION 3.1. Let (A,-) be a fuzsy groupoid on
(8,°), and let ©p be a fusay congruence relation on (A,*) .
Let {Ap|p€L} , and {pplp@ L} be such that

A= U Ap, and p= U pp ([2]), then for every pe€L :
p>o p>o

a) (Ap,) is a fuzsy groupoid of (8,-), and

b) Pp is a fuszzy congruence relation on (Ap,.).

Proof. a) IfAp(x)=0, or Aply) =0, x,y€S,
then clearly Ap(x-y) »3Ap(x) A Ap(y).
Suppose now that Ap(x) #0, and Ap(y) #0. Then
Xp(x) =A(x) >p, and Aply) =A(y) >p. Hence
A(x-y) >A(x)-AA(y) >p, and thus

Ap(x-y) >Ap(x) AAp(y), proving that Ap,*) is
fuzzy groupoid on (S,+).
b) op is a fuzzy relation on Ap:
Indeed if (x,y) esz, then p(x,y) »p, or p(x,y) #p. In the
first case,

p< pix,y) =0p(x,y) ®A(x) AA(y) =Ap(x) AAp(y) .

If B(x,y‘) #p, then Bp(x,y) =0, and the inequality is satis-
fied again.

Now we shall prove that pp is a fuzzy equivalence re-
lation on Ap.

op is obviously reflexive and symmetric. To prove
that it is transitive, consider the supremum
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V (op(x,2z) A pplz,y)) (1)
z€S

If it is equal to zero, then pp is transitive. If not, take
all infima pp(x,z) A pp(2z,y) in which both values are not equ-
al to zero (i.e. they are not less than p). Then

p<pp(x,z) Aoplz,y) =0l(x,2) Ap(z,y) <p(x,y) =pp(x,y).

The same inequality is satisfied by the supremum (i), proving
that pp is transitive,

Pp satisfies the substitution property (5):
Consider pp(x,y), and pplu,v), x,y,u,ves, p€L. If at least
one of these values is 0, condition (5) is directly satisfi-
ed. . '

Suppose now that pp(x,y) #0, and pp(u,v) #0. Then

5(x,Y) =Bp(xly) »p, and ?)(u,v) =BP(uIV) P .,

and thus

P(x-u,y*v) > p(x,y) Ap(u,v) »p.
Thereby,

Pp(x-u,y+v) = p(x-u,y-v),
and pp satisfies (5). o

Applying the synthesis theorems of fuzzy sets and
relations formulated in [2], on the fuzzy groupoids and the
corresponding (weak) fuzzy congruence relations, we get the
following two propositions.

PROPOSITION 3.2. Let {Ap; peL} be a family of fus-
3y sets on S satisfying:

a) Ap(x) e {0}y [p), for every x€8; ([p) is a filter
(generated by p€L)
b) If s,teL, and s<t, then:

b1) Rt (x) #0 implies is(x)_=f\t(x);

b2) If Ra(x)=t, then At(x)=t.
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Also, let for every p€lL, (I_XP,.) be a fuazy eubgroupoid
a groupoid (S,.).

Then (A,.), where A ie defined as in Proposition

i8 a fuzzy groupoid on (S,.).

PROPOSITION 3.3. Let {pp; p€L} be a family of
fuzzy relations on S, satiefying conditiones (a) and (b),
for every p€L, let pp be a fusay congruence relation on
fuazy subgroupoid (Ap,.) of a groupoid (S,.).

Then

p= U op
p>0

i8 a fuzzy congruence relation on a fuzazy subgroupoid (A,
of a groupoid (S,.), where

A= U3& .
p>0
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U

REZ | ME

RASPLINUTE KONGRUENCIJE | GRUPOIDI

U radu je definisana slaba rasplinuta relacija kon-
gruencije na proizvoljnom grupoidu i dokazano je da ta rela-
cija jednozna&no odredjuje rasplinuti podgrupoid datog gru-
poida. Pokazano je da se postupkom dekompozicije rasplinutog
grupoida i odgovarajuée rasplinute kongruencije na njemu do~
bijaju familije podgrupoida i rasplinutih kongruencija na

njima.



