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ABSTRACT

We consider the set Cw(A) of weak L-fuzzy congruence
relations on analgebra A= (A,F){(L is a complete lattice), de-

fined for groupoids in- [2]. We prove that_ﬁE;ZX),<) is a
complete lattice, having as a sublattice (C(A), <), where
E?ZS is a set of fuzzy congruence relations on A ([1]). Mo-
reover, the lattice (S(A), <) (S(A)is the set of fuzzy subal-
gebras on A) is a homomorphic image of (CW(A),<). v

Let A= (A,F) be an algebra, and let KA be the set of
its constants (if K=, then we consider the empty set as a
subalgebra of A). Let L= (L,A,V,0,1) be a complete lattice.
All fuzzy sets here are mappings from A (or A2 in the case
of fuzzy relations) to L. The set A and its subsets are iden-
tified with their characteristic functions (0 and 1 are from
L). Thus, K: A+ L, and K(x) =1 if x€ K. Otherwise, K(x) =0.

A fuzzy subalgebra of A is any mapping B:A~+L, such

that
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a) kc<p v , and

_ b) B(f(xl,...,xn})>B(x1)A...AB(xn),
for all xl,...,anA, fGFncF, néN.

The set of all fuzzy subalgebras on A is denoted by
A weak fuzzy congruence relation on A is a mapping
D A2+L, such that ([ 2]):

{1) For every c€K, plec,c) =1 2) (reflexivity);

(ii) For all x,y€A, p(x,y) _=T)(y,x) (symmetry) ;

(1ii). For all x,y€A, p(x,y) > V (p(x,2) Ap(z,y¥))
. ZEA
(transitivity)

(iv) For all xl,...,xn,yl,...,ynGA, fGanF, n>1,

n
p(f(xl,...,xn),f(yl,...,yn)) > A p(xi,yi)

i=1
(substitution) .

The set of all weak fuzzy congruence relations on A
is dencted by Cw(A) .

If (i) is replaced by
(i“) For every x€A, p(x,x) =1 (reflexivity),

then p is a fuzzy congruence relation on A, and the set of
all such relations on A is denoted by C(A).

1. PROPOSITION 1.1. (CW(A), <) Z8 a complete lattice.
(The ordering relation i8 the one defined for fuzazy sets: If
B,'éecw‘(A), then p<8 iff for all X,y€A

o(x,y) <8(x,y) . )

P ————————est———

1) This condition can be replaced by the following two:
a’) (vceK)(vxea)(B(c)>B(x)), and
a") (vce K)(B(c)>p), where p# 0, and it does not depend
on B. '
2) If a) in the definition of a fuzzy subalgebra is replaced
by a’) and a"), then we reguire that p(c,c) 2 p.
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Proof. The greatest element in the poset
(Cw(A) , <) is Az, since Az(x,y) =1, for all x,y.

—

Let {Ei; 1€1} be an arbitrary family from C_(A) .

Then
n oy =0
ter 1
is obviously one weakly reflexive and symmetric fuzzy relati-
on on A, It is also transitive: for every i€, and x,y,z€A

(x,y) > pi(x z) A pi(z,y) > n -i(x,z) A Bi(z,y) '
ier ier

and thus

0 p,(x,y)> 0 p, (x,2) A it pi(z,y) ,
ie1 i€r ier

and for every zZ€A
p(x,y) >p(x,2) Ap(z,y) .

? satisfies the substitution property: for every i €I, fan,
let '

_ (1) - _(n)
i(xl,yl)—pi ,...,pi(xn,yn)—pi .

Then obviously

By (E(Kyene X)) S E(Y renesyy ))>kA p(k).

For k=1,...,n, let

- - (k) (k)
plx ,y,) = 0 p (x,y,) = AP =p (*)
VR T e PR T 5P
Then for every i€1I
n n
By CE (X e X)) By eee,yy)) > A pi(k)> A A pi(k) A p'®).
k=1 k=1 ier k=1
Hence, ‘
Api(f(xl,...,x) f(yl,...,y))> Ap(k) '
ierx k=1
and by (*)

. n -
PUEGR e ee v Xg) £y e r¥p)) > B BORY)
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Thus Cw(A) is closed under arbitrary intersections, which
proves that it is a lattice. O
LEMMA 1.2. If {l-\i; ie1} 28 a family of fuasy sub-

algebras of A, then B= 0 Ei i8 a fussy subalgebra of A,as
ie1
well.

Proof., Since for 1€I, f€F,, xl,...,xnéA,

ii(f(xl,...,xn))>ii(x1) A'”Aii(xn)_ ,

‘ then

AR (F(X ,00e,x)) > A (B, (x)A... AR, (X)) =
:l.eIi 1 n ier f R | i “n

AR, (X )A...A AR (x) .
jer 171 jer 1 n

Clearly, KSB, completing the proof. O

COROLLARY 1.3. (S(A), <) i8 a complete lattice.

—

Proof, S(A) is closed under arbitrary intersec-
tions, and it has the greatest element - the algebra A.

LEMMA 1.4, If BeS(A), then 'Bzecw(A).

Proof. By definition (([3]), ﬁz(x,y) =§(x)v1\l_3(y) .

Hence, -ﬁz(x,x) =B(x) »K(x), for every x€A, and thus 82 is
weakly reflexive. It is obviously symmetric, and we shall pro-
ve that it is transitive and satisfies the substitution pro-
perty: '

82 (x,2z) AB2(z,y) =B(x) AB(z) AB(z) AB(y) ,
and thus

82 (x,y) =B(x) AB(y) >B%(x,2) AB2(z,y) .

To prove the substitution property, take fé€ Fo and Xgr¥y €A,
i=1,...,n. Then,
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Ez(f(xl,...,xn),f(yl,...,yn)) =
= B(E(x;reeepx)) Al'a(f(yl,...,yn)) >

> B(x))A... AB(x) AB(y) A ... AB(y,) =
n .

We omit the proof of the following proposition, since
it is similar to the one given (for groupoids) in [2].

PROPOSITION 1.5. If pecC_(A), and if
Z-LB:A-*L, Z‘LB(x) def p (x,x), then ‘-‘595( ).

Define, now, on the lattice (Cw(A) ,<) a binary re-
rationn~ :

pnv8 iff for every xX€A p(x,x) =8(x,y).

PROPOSITION 1.6, ~ s (an ordinary) congruence re-
lation on (Cw(A) 1<)

Proof. ™ is obviously an equivalence relation
on (Cw(A), <). It satisfies the substitution property: Let
Elf\«'e'l, that is Bl(x,x) =§1(x,x), for every x€A, and

P,V 6,, that is b, (x,%) =p,(x,x), for every x€A. Then

(py A by) (X,%) = (b, p,y) (%,%) =, (%,%) A p,y(x,%) =

=5, 06,3 A8, (x,0 = (B, A8,) (x, , V)

and thus
511\52'\:611\62 .

1) We use the same symbol "A" for the infimum in all the lat-
tices we consider, which can not be confused, since the lat-

tice is -here ' determined by its elements. The same is true with
nvn. .
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Consider now another binary operations, supremum:

- o= def o = = = m——
P VP, = 0'(t; PV Py c.-.,recw(k)) .

Let
A- - :A+L, A- , - (x)=(p,UDp .
5,U%, +L, 5, U p2( ) (plu 02) (x, x)
Let
B= A= .- , i.e. . B= N(B,; A&- ,- SB,€S5(A)), and’
1Ye2 : 17 TpyUpy, T4 '
A- = :A A= = =(p, Vo .

B is a subalgebra generated by the fuzzy set T\B V5,
17 F2

and we shall prove that B =3~ vp, (to prove that A- is a
2

oy pVPy
fuzzy subalgebra as well, see [2]).

First we prove the inclusion Be€A- - .
P1Ve2
ABIUBZ(x) = (py Up,) (x,%) < (p, v ?2) (x,x) =A31v52(x) '
and KB VB is one of the relations constituing the intersec-
1vF2 :
tion in B,

The inverse inclusion, A- - €SB also holds:
Plff2 5 oo
By Lemma 1.4., the fuzzy relation [KB - 1“=B“ belongs to

—_— up
¢ (A). Then 1772
w
- - -2 - - =2
PV Py € B, since Py U Py € B” . Thus

- - - 52 3
ABIVBZ(X) = (p, V py) (x,%) <B"(x,x) = B(x), that is

A= - €
P1Ve2

Let now 61"‘31’ and 52"'62’ ‘Then, for x€A

ABIUB?(x_) ={p,V p2) (x,%) = (8,0 62{ (x,x) =A§1u§2(X) v arﬂ
thus A31V32=A§1V§2' since [ABIUBZI =[A§1052] . Hence,



On the lattice of weak fuzzy ... 205

P.Vop,(x,x) =2 (x) =Ax = (X)=8.Vvo,(x,x), i.e.
1 P2 01Vp2 Blve2 17 2

p1Vp2'\:61V62 . 0O

PROPOSITION 1. 7 (C(A), <) i8 a sublattice of
(C (A), <) and C(M =[A ] .

Proof£. Directly by the definition of congruehce
relation on A, and by the previous proposition. O

PROPOSITION 1.8 (cwﬂ) /v, <)z (8(A),<) .

Proof. Congider the mapping h : Cw(A)/'\a-vs(A)-Tn_Jch
that h([ pla) =}-\B. h is well defined, i.e. it does not depend

on the representative, which can be proved directly. h is onto:

Indeed ,for every Bes(A), define the fuzzy relation p on A,
such that

[o7]
]

_ £ B(x), 1if x=y
px,y) == {
0 , otherwise.

BGCW(A) . Indeed ©p is weakly reflexive and symmetric by de-
finition.

It 1is transitive:

If x=y, then for every z, obviously

p(x,y)>p(x,2) Ap(z,¥). (1)

If x#y, then p(x,y) =0, and. (1) holds again.
To prove the substitution property, we also consider two ca-
ses: . _
_ If for some 1€ {1,...,n}, x, #yi, then /E(xi,yi) =0,
and thus

n
D(f(xll---:xn),f(yll---,yn))>i:1 p'(xilyi) =0,

If for every i€ {1,...,n},x‘i=yi. then
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E(f(xl,..-,xn),f(yl,...,yn) -E(f(xl,...,xn)) -

n
B(x,) = A p(x,,y,) .
1 i 1=1 17271

N>

i

—

Hence, Eecw(r\), and h(l pl+) =1_\-5=1—3 (since I_\E(x) =0 (x,x) =

= B(x)).
his "1 - 1": If [Pl # [8ln, then B (x,x) #8 (x,x) for at least
one xX€A, .

1f hd pla) =A- and h{ 8l4) =§5 , then

p

ia(x) =P (x,x) #0 (x,x) =1-\5(x,x), i.e. ia#ie- .
h preserves the ordering: If [pl~ [ §)a then p N6~ p , and
thus pnr6(x,x) =p(x,x), 1.e.

p(x,%x) AF(x,x) = p(x,x) ,

which means that ib-(x) A Rg (%) =F\5(x) , and hence I_\E si-a .
n~! preserves the ordering: Let BcD, and h™1(B) =[ 5Jn . Then
p(x,x) =B(x), and § (x,x) =D(x). Hence,

p(x,x) AB(x,x) = p(x,x) , 1.e.

508 (x,x) = p(x,x), and thus pné~§ .

Finally we have [pN 8]ln =[Pl N6 =[Pl , and

[pl, €6l . O
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RE ZI ME

O MREZI SLABIH RASPLINUTIH KONGRUENCIJA

NA ALGEBRAMA

Razmatra se skup slabih L-rasplinutih kongruencija
date algebre, gde je 1 kompletna mreXa. Pokazuje se da je
taj skup, u odnosu na uobifajeni poredak rasplinutih sku-
pova, kompletna mreZa. Jednu njenu podmre¥u obrazuju sve
rasplinute kongruencije date algebre. Pored toga, mreZa
rasplinutih podalgebri iste algebre je homomorfna slika
mrefe slabih kongruencija (u radu navedenom pod [il, ter-
min "slab" korisden je u smislu "rasplinut").



