ZBORNIK RADOVA
Prirodno-matematitkog fakulteta

Univerziteta u Novom Sadu.

Serija za matematiku, 15,1 (1985)

REVIEW OF RESEARCH
Faculty of Science
University of Novi Sad
Mathematics Series, 15,1 (1985)

ON COINCIDENCE POINTS IN METRIC AND
PROBABILISTIC METRIC SPACES WITH A CONVEX STRUCTURE
Olga HadZid
Prirodno—matemq¢iéki fakultet,Institut za matematiku

21000 Novi Sad,dr Ilije Djuridida br.d4,Jugoslavija

ABSTRACT

The notion of ithe convexity in metric spaces is introduced
by Takahashi in [14] and some fixed point theorems in convex
metric spaces are proved in [8],[9],[14].

In this paper we shall prove some theorems on the existence
of a coincidence point In metric and probabilistic metric spaces

with a convex structure.

1.INTRODUCTION
In [ 2] B.Fisher proved the following generalization of
the contraction principle, N
THEOREM A Let (X,d) be a complete metric gpace and S,T
continuous mappings from X @nto X . Mappings S and T have
a.common fixed point if and only if there exists a mapping
A:X+SXNTX which commutes with § and T and :

d (Ax,Ay)< g 4 (8x,Ty) ’
where g€[0,1) .
In this paper we investigate the existence of a common
fixed point for mappings A and S if :
d (Ax,Ay)< d(Sx,Sy) ,for every Xx,y€X
where (X,d) is a convex metric space in the sense of Takahashi.

for every x,y€X

The obtained results are closely related to the well known
result of Goéhde (if 8 = 1Id [3].
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THEOREM B Let M be a star-shaped subset of a Bdnach space
and F:M M be a nonexpansive mapping with a compact attractor.
Then F has a fixed point .

We investigate also the problem of the existence of a
coincidence point for A,S and T where A is a multivalued
mapping and :

- H(Ax,Ay) < d(sx,Ty) ,for every x,y€X and
A is (a,S) or (a,T) densifying,

In part 4.of this paper we prove a common fixed point

theorem in probabilistic metric spaces with a convex structure.

2. NOTATIONS AND DEFINITIONS

In [ 14] Takahashi introduced the notion of the convexity
in metric spaces .

DEFINITION 1. Let (X,d) be a metric space . A mapping
W:XxXx{ 0,1] + X Zs said to be a convex structure if for every
(x,y,A)exxxXx{ 0,1] : ,

d(u,W(x,y,2))< Ad(u,x)+(1-2)d (u,y) ,for every u€x .

A metric space with a convex structure will be called a
convex metric space .

There are many convex metric spaces which cannot be
imbedded in any Banach space [ 14].

DEFINITION 2. A convexr metriec space X satisfies condition
II if for all (x,y,z, )eXxXxXx{0,1] :

- a(w(ix,z,)) ,Wly,z,2))< X d(x,y) ([9])

DEFINITION 3. Let X be a convex metric space,x €X and

§:X +X . The mapping S is said to be (W,xo) -convex if for
every 2€X and every 2€(0,1):
W(sz,x,,1) = S(W(z,x ,1)) .

REMARK If X is a Banach space and W(x,y,\)=Ax+(1-\)y
for every (x,y,A)€XxXx{0,1] then avery homogeneous mapping
S:X +X is (W,0)-convex.

By @ we shall denote the Kuratowski measure of noncompact -
ness ,If (X,d) is a metric space then H(A,B) is the Hausdorff
metric ,where A,BECB(X) (the family of all bounded and closed
subsets of X). By 2X we shall denote the family of all nonempty
subsets of X and if T:X+2X ,we say that T is a closed mapping if
‘from ynGTxﬁ(xnex,nelN ) and lim x, = x ,lim Yo=Y it follows

n-+o n-+o
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that y€Tx. A set McX is an attractor for a mapping F:X+ X if

for every x€X : i Fn(x)ﬂ M#@,
n=1 o
DEFINITION 4. et (X,d) be a metric space,B(X) the

family of all bounded subsets of X,KcX and A and S mappings
from X into 2x. If for every McK guch that S (M) ,A(M)EB(X)
the implication : a(S(M))< a(A(M)) = M <is compact

holds, A i3 said to be (a,S)-dengifying on K.

=

3. COMMON FIXED POINT THEOREMS [N METRIC SPACES

THEOREM 1. Let (X,d) be a convex,complete metric space
which satisfies condition II,S,A:X*X continuous,commutative
mappings such that AXSSX ,AX a bounded set,xbex,s (W,xo)
-convex and 4d(AX,Ay) < d(Sx,Sy) ,for every x,y€ X .

If M 28 a nonempty subsgt of X such that SM <8 an attractor
for the mapping A and A is (a¢,8) -densifying on M then
there exists x€X sguch that Ax = Sx .

Proof : Let {kn}ne n Pe 2 sequence of real numbers
from the interval (0,1) such that lim kn = 1 and for every
n-+oo

nE N let AXx = W(Ax,xo,kn) ,for every x€ X . We shall prove
that all the conditions of the Theorem from [ 2} are satisfied
for An(nGIN),S and Tx = Sx ,for every x€ X .Thus,let us show
that for every n€ IN,Aan;SX and AnSx = SAnx ,for every x€ X
and for every x,v€X :

d(Anx,Any)< knd(Sx,Sy) .
For every X,y€X and every n€E N we obtain from condition II
that :
d(Anx,Any) = d(W(Ax,xo,kn),W(Ay,xo,kn))< knd(Ax,Ay)< knd(Sx,Sy).
Since AX g SX for every x€ X there exists zxe X such that
Ax = Szx and so from (W,xo)-convexity of the mapping S we obtain
that:

Anx = W(Ax,xo,kn) = W(Szx,xo,kn) = S(w(zx,xo,kn)) € SX

for every n€E IN . Furthermore,An and S commute for every n€ IN

since:
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AnSx =W(ASx,x°,kn) =W(SAx,xo,kn) =8 (W (Ax,xo,kn)) = SAnx

for every x€X. From the Theorem proved in [2] it follows that

for every n€ IN there exists X € X such that X, = Anxn = an.

Since the gset AX is bounded there exists D& IR such that

D = sup d(Ax,xo). Then for every n€ IN we have that:
x€X

d (xnlen) =d(w (Axn,xorkn) len) < knd (Axnlen) +

+ (1-kn)d(Axn,xo) <D(1-kn) .

Since SM 1is an attractor for the mapping A it follows

that:
—

(1) u Am(xn) NsM# ¢ , for every neIN,
m=1

From (1) we conclude that for every n € IN there exists
Y, €M such that:

L. -]
™
(2) Sy, e U A (x) .
n- o1 n
Relation (2) implies that for every n€ IN there exists m, € IN
such that:

(3) d(Syn.Amnxn) <l-k .
Then we have:
mn mn mn+1
d(Syn.Ayn) <d(Syn,A xn) +d(a 'xn,A - xn) +
m _+1 m

n n
+ da(a xn,Ayn) < (1-kn) + D(l-kn) +d(a xn,Syn) < (l-kn) (D+2)

since:

(4) d(Akxn,Akax'I) <d(xn,Axn) ;, for every n€ N and k€ IN .

The relation (4) can be proved by induction. For k=1
and every n €N we have:
2
d(Axn,A xn) <d(an,Axn) = d(xn.hxn)
and let us suppose that for some k€@ IN and every n€ IN:

k k+1
d(a xn,A xn) <d (xn'_Axn) .
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Then we have:

k+1x 'Ak+2xn) <d(S(Akxn) ,S(Ak+1xn)) -

da(a n

k

k+1 _ k +1
(sx )) =d(a™x ,A xn) Sd(x ,Ax ) .

k
= d(A (an) A

From 1lim kn=1 we obtain that lim d(Syn,Ayn) =0, Let

n-+w n-+w

C= {Ynl n€ W}. Then for every € > 0 there exists no(s) € N such
that:
sty | n>n_(eyh) € U .L(y,e)
yEAC

and so [9]:

a(sC) =a(s({y,| n>n_(e)})) <a(AC) +2¢e .

Since £ is an arbitrary positive number we have that
a(SC) < a(AC). The mapping A is (a,S)-densifying and so it fol-
lows that the set C is relatively compact. Suppose that

lim y_ =y. Since A and S are continuous from lim d(Sy ,Ay_ ) =0
k+w nk n-+wo n n,

we obtain that Sy =Ay.
In [4] we proved the following coincidence theorem.

THEOREM C Let (X,d) be a complete metric space,S and
T continuous mappings from X into X ,A:X+CB(SXN TX) a elosed

mapping such that the following conditions are satisfied:

1. H(Ax,Ay)< g d(Sx,Ty) ,for every x,y€X
where g€ [0,1).

2. For every xeX,ATx = UTu and ASx= | Sv,
' uEAx VvEAX

Then there exists a sequence {x } from X such that
n ne N

a) 8Xyn+1€ Ax, 'TXZnG AXyo 1 v
for every nEN and z = 1lim TXyn ™ lim 8%, -

n-+o n-+oo

b) Tzeaz, Szeaz .

THEOREM 2. Let (X,d) be a complete convex metrie

space, xOGx, S and T continuous (W,x,o)" convexr mappings fromX

into X, A: )(-*2?‘n X (the family of nonempty,closed subsets.

of SXNTX) a elosed mapping such that BX is compact and W
satisfy ocondition II . Further ,let
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U sz = asx, U Tv = ATx, for every xe€X.
2EAx vEeAX

If for every x,yé€X:
H(Ax,Ay) < d(Sx, Ty}

and A 28 (a,S) or {(a,T) densifying on X then there exists z€X
such. that Sz € Az and Tz ¢ Az.

Pr oo f. Let us prove that all the conditions of the
Theorem C are satisfied for A ,S and T ,for every 'n€ WN,where

lim k_=1 (k_€ (0,1), heN) and A x= U WwW(z,x ,k.) (x€X).
e D n n ZE€AX o’''™n

We have that:
A Sx=UW(z,x ,k.) =UWwW(z,x_,k_)
nT zeasx  ©' M zesax O B
= {W(Sy,xo,kn) |y € ax} = {S(w(y.xo,kn))ly € Ax} = SA x

and similarly AnTx =TA X (n€ IN) for every x € X.

Further, if u€A x then there exists y € Ax such that
u=W(y,x°,kn). Since AxC SXN TX it follows that there exists

zyex so that y=Szy which implies that:

u=W(y’x°rkn) =W(SZy'xo'kn) = S(W(zy,xo,kn)) .

Thus we have that Amxssxn TX, for every m€ IN. Since Ax is
closed and AX is compact, from the continuity of the mapping
W in the first variable we have that A x is compact (for every
n€ N) and so A xe€ CB(SXx 1 TX). Let us prove that the mapping A,
is closed for every n€ IN. Let yneAmxn (nemwW), lim x_=x and

n-b@
lim Yo=Y From Amxn = U W(z,xo,km) it follows that yn=W(zn'
n-+o zGM:n -

xgrk ), where z €Ax , n€ . Since AX is compact it follows

that there exists a convergent subsequence {zn } and let

k kelN
lim z, =2z. From the closedness of the mapping A we obtain. that
k+o Tk

y=W(z,xo,km) ;where z€Ax. Hence yeAmx which means that the

H;pping':Am is ' closed. From

H(A x,Ay)=H(U W(z,x ,k), U Wz, x ,k ))
m 'Tm 2EAX o'™m ’z'GAy o' m

<ka(Ax,Ay) <kmd(Sx,Ty) , for every x,y€X
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it follows that all the conditionslof the Theorem C are satisfied.
and so, for every m€ IN there exists mex such that SxmeAmxm

and Txme Amxm. Let Sxm=ym=w(um,x°‘,km) ’ Txm= zm=W(vm,x°,km) ’

where . € Axm and Vo € Axm.
Then:

a(sx ,u ) = dWla,x kp),u )< (1-k )du, x)

and since {um|mG N} SAX we obtain that lim d(sx ,u ) =0.

m+co

Similarly we can prove that 1lim d(Tx_,v_) =0 and let
e m’ m
L= {x, jIn€e N }. Suppose that A is (a,S)-densifying. From

1lim d(Sxm,um) =0 it follows that:

m+m
(5) a(SL)<a({um|mGIN})

and since {umlmGIN}EAL, using (5) we conclude that:

(6) o(SL) < o(AL) .
The relation (6) implies that the set {xn]ne N} is re-

latively compact, since the mapping A is (a,S)-densifying.

Suppose that lim X, =x. Then from the continuity of the map-
ks k
ping S we obtain that lim up, =Sx . Since u_,Z €Ax (ke W)
k+o K ko Px
and the mapping A is closed we conclude that Sx € Ax. Similarly,

from lim v_ =Tx and v. €Ax (ke ) it follows that Tx € Ax. (*.)
ke Py Ny Ny
3. A COMMON FIXED POINT THEOREM IN PROBABILISTIC METRIC
SPACES WITH A CONVEX STRUCTURE

First,let us give some notations and definitions from
the theory of probabi%}stié metric spaces.Some fixed point theorems
in probabilistic metric spaces are proved in [5 1, [6 ]and [12] .

A triplet (S,fF,t) is a Menger space if and only if S is
a nonempty set, F:SxS »A , where A denotes the set of all distri-
bution functions F ,and t is a T-norm [11] so that the following

conditions are satisfied(F(p,q) , for every p,q€S):

= F
pP.g

(¥)From the proof it is obvious that in the case of a normed
space X it is enough to suppose that for every x€X ,Ax is
a closed and bounded subset of SX NTX ,instead of the compact-

e e me RV
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1. F (x) = 1, for every x€R" if and only if p=gq.

P/«
2. F (0) =0, for every p,q€S.
p:q )
3. Fp,q=Fq,p , for every p,q€s.

4. Fp,r (ut+v) > t(Fp,q(u) ,Fq,r(v) ), for every p,q,r€Ss

and every u,ve€ JR+ .

The (g,))-topology is introduced by the (¢,))-neighbo-
urhoods of v€S:

Uv(e,k)={uluGS,Fu’v(e)>1—A}, €>0, »€ (0,1)

DEFINITION 5. Let (S,F,t) be a Menger space . A mapping

W:SxSx 0,11 +S i8 said to be a convex etructure if for every
(u,x,y,r)esxsxsx(0,1) :

[ €
Fu,W(x,y,l) (2¢)> t(Fu,x(T) -'Fu,y('l_-T)) N for every

em+ and W(x,y,0) =y ,W(ix,y,1) = x .,

It is well known that a Menger space is a probabilistic metric

space. Every random normed space [ 13] is a probabilistic metric
space with a convex structure W(x,y,\) =ix+ (1-1)y since for
every £ > 0z

F (2¢) =

yy (26) =F (2¢) =

u,Wix,y, u-Ax-(1-A)y Frut (1-2) u-ax-(1-1)y

Fy (u-x)+(1-1) (u-y) (2€) > t(F

€ €
tF ¢ () Fyy (y=x)) , for every 1€ (0,1) .

Atu-x) €0 F1oa) (uey) (€))

The following definition is a generalization of Defini-
tion 2.

DEFINITION 6. A probabilistic metric space (S,F,t)
with a convex structure W satisfies condition PII 1if for all

/X, ¥,2,1)ESXSxSx(0,1) :

+
Fwx,z,0) ,Wiy,z,2) B&)Z Fy () > for every ec€ R.

It is easy to see that every random normed space satis-
fies condition PII .
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If (s,F,t) 1s a Menger space with a convex structure W
and xoe S, we say that T:5~+S is (W,xo) - convex if, as in Defi-

nition 3, W(Tz,xo,k) =T(w(z,x°,l)) for every ) € (0,1) and every
2€S.In the next Theorem we suppose that condition PII is satisfied.

THEOREM 3. Let (X,F,t) be a probabilistic metric spa-
ce with a convex structure W and continuous T norm t ,A and S
continuous,commutative mappings from X into X such that AX ia

probabilistiec bounded subsgset of SX ;xoex and S (w,xo) -convex
so that:

+
FAX,_AY(E)> FSx,Sy(E) sfor every x,y€X  and every c€ R

If there exists a compact set MgX 3Juch that SM isg an
attractor for A ,then there exists 2€X 8uch that Az = Sz

Proof. Let knG(O,l) (ne W) , lim kn=1 and for
n-oo :

every x€X, Anx=W(Ax,xo,kn) (ne IN). Similarly as in Theorem 1

it follows that all the conditions of Theorem 2 from [ 5] are
satisfied for AWS and Ix='1‘ and so there exists an_x such

that X =Anxn =an, for every n€ W. Further, we have for every

n€ N and every ¢> 0 that:

F (e) =F

(e) =F (e) >
xn,Axn Anxn’Axn W(Axn'xopkn) ,Axn

¥ _E__ € -~ = € =
> t(FAxn,Axn ( 2k )'FAxn,xo ( 2Tk 7 )) t“'FAxn,xo ( Z(T-E) )

=F (e ) .
AX_ /X 2(1-knj'

Since U A‘“‘(xn),ns# Pfor every n€ IN, it follows that
meIN

there exists Y, €M (n€e N) such that sy, € U Am(xn) . Let us
neIN

prove that for every ¢> 0: lim F (e) =1. Let ¢>0 and -
‘ . nsw S¥p 1 A¥y
A€ (0,1). we have to prove that there exists n{e,)) € IN so that

Fsyn’Ayn(E) >1~) , for every n3n(e,)) .

As in [5] it can be proved that for every n and every k from IN:

F (e)>F (e), for every e>0.
\ Akxﬁ ,Ak+1xn X, ,Axn
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Since t is continuous there exists n€(0,1) so that
X,¥,2 »n = t(x,t(y,z))> 1-) .
Furthez,for every ¢ >0 and every ke N

€ ) €
FSyn,AYn(€)> t(FSyn,Akxn(i)’t(FAkxh,Ak+1xh(§)’
€
F ) >
rEpk+ 1xn Ay 5)

> e €
> t(Fgy ke 308 Py x G Take sy, 5 -
Since Syne U Aiﬁx

,for every n€ N there exists
me N
mne IN such that :
F m (%) >n ,for every neé N .
Syn,A xn

Further,the set AX is probabilistic bounded,which
means that sup DAx(x) = 1 ,where :
x

DAX(x) = gsup inf Fp,q(t) =1 .
t< x p,gEAX
Let us prove that there exists n, (e ,n)€ W such that
£
(7) FAxn'xo(g-z—l:ET—)> n ,for every n>n°(£ M)
For every

F

zZz€X we have that

and since lim k

: (rre—y) >t (F (375 ), F [ ))
Ax_,x_ '6(1-k_) Ax ,Az ‘12({1-k_)'’'"Az,x ‘'12(1I-k))
n’"o n n n "o n

n - 1

and' AX is probabilistic bpounded it
N>o

follows that there existsg ng (e ,n)€ N so that (7) holds . Then

from :

£
Fsyn,Ayn(e)> t(FSy A () e (Fpy
n'

€
X rx’xo(E rl"]En}) '
n
F m (%))> t(n,t(n,n)) ,for every n> n_(c,n)
A x1’1'Syn
we obtain that :

F_.
SYnIAYn
and so :

(¢)> 1-) , for every n ;no(e,n)
lim F (g) =1 for every > 0 .
N>w Syn’Ayn !
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Since {yn} ne N © M and the set M is compact there

exists a convergent subsequence {yn } and let 1lim Y, = Z.
k k€ IN k+= Tk
We shall prove that Az = Sz . This follows from the inequality:

F ()2t (F <) ,t(F &) ,F ).
Az,Sz ot Az,Ay. '3 '~ Ay ,sy_  3''""By. ,Sz'3
iy BTy ny

(k€ N ,e > 0) since A and S are continuous and t(1,t(1,1)) = 1.
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REZ 1 ME

0 TATKAMA KOINCIDENCIJE U METRICKIM
| VEROVATNOSNIM METRITKIM PROSTORIMA SA KONVEKSNOM
STRUKTUROM

Pojam konveksnosti u metri&kim prostorima je uveo
Takahashi u [14] i neke teoreme o nepokretnoj ta¥ki u
konveksnim metri¥kim prostorima su dokazane u [ 8] ,{ 91,
(141 .

U ovom radu su dokazane teoreme o postojanju tacke

koincidencije u metri&kim i verovatnosnim metrikim prostorima
sa konveksnom strukturom.



