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ABSTRACT

The relation between the S-asymptotic and the mappings:
(E”) into (D"} and (D”) into (D”) is given. We proved a
theorem with the necessary and sufficient condi tions that a 11-
near partial differential equation has a solution with the gi-

ven S-asymptotic.
INTRODUCTION

There are many definitions of the asymptotiec behaviour
of a distribution at infinity; we shall cite only two [2], [3].
But we shall use here the S-asymptotic [4] inspired by notions
of L. Schwartz [6] T. II p..97 and [1] p. 44. The S-asymptotic
can be applied in many cases. We shall use it here especially
to find 'solutions of a convolution equation which have  pre-

scribed behaviour at infinity.
1. S-ASYMPTOTIC

By (D7) we shall denote the set of Sehwartz distributi-

AMS Mathematics Subject CLasaificatfbn‘(1980):46F10.

Key words and phrases: Distributdon , S—asymptotic of distri-
butions. ' \



B. Stankovié

ons, by ($°) the set of tempered distributions and by (E”)
the set of distributions with the compact support.

Let T be a cone in Rn; Z(r”’) is the set of numerical
functions which maps I'” into R in such a way that if c(h) e
e I(Tr"), then c(h) # 0, InI>8_.

DEFINITION 1. A distribution T € (D°) has the S-gsymp-
totic in the cone T = I'” related to the function c(h) e E(T7)
and with the limit U € (D7), if there exists

(1) lim < T(t+h)/c(h), ¢(t) > = < U,p >, ¢ € (D)~
her,lhll»=

In this cqse we write T(t+h) 5 c(h)U(t), h e T.

The S-asymptotic generalizes the asymptotic of numeri-
cal functions and retains some of its properties. Such an one

is the following.

PROPERTY 1, If for every r > 0, there exists B, € R,
such that the sets {t e Rn, t e (supp T - h) n B(O,r), Hh">89
h € T} are empty, then T(t+h) E c(h)-0, h € T for every c(h) €
e I(Ir"). (B(0,r) = {t e R, IItl <r}).

For some special cones we can characterize the limit
U and the numerical function c(h). Thus, if the cone TI' is the
ray {Bw,8 > 0, llwll = 1}we have the following theorem [U4]:

THEOREM A. Let T € (D”) and T(t + Buw) A c(BIUCL),
B € R,; U # 0. Then: ’
a) There exists 1im c(By + B)/c(B) = d(B,y) < =,B8, € R.
b) The 1imit U sagz;}ies the equation U(t + Bw) =
= d(B)U(t), t € R", B e R. '
e) d(B) = exp(aB),B € R, where a = d”(0).

I d) If w, # 0 for i = ky,...,k_, then U(t) = V(t) exp-
m ot i AR |

'(g ) ;i) whepe V(t) is a solution of the equation
st

i=k1
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2. S:ASYMPTOfIC AND MAPPINGS

PROPOSITION 1. Let S € (E”) and T e (D”). If T(t+h) 5

S cmU(t), h e T, then (SAT)(t+h) X c(h)(SaU(t), h e T.

PROOF. We know that 6_, #(S#T) = S#(6_, *T) ([6] Ch.
VI, Th. 7). Hence (SxT)(t+h) = S#T(t+h). The mapping (S,T) -
+ S#T which maps (E”)%(D”) into (D”) is continuous in both va-
riables ([6] Ch. VI, Th. V), which ends the proof.

CONSEQUENCES OF PROPOSITION 1. 1. If we take for
k = (kx,...,k ), Proposition 1 says: From T(t+h) 2
cmu® (), noer follows T (t+n) & cmu 4y, her.
2. For a convolution equation

g = &)
S
N

€2) S+#X=T, SeC(E), Te (D)

a necessary condition that a solution X of equation (2) has
the S-asymptotic in the cone T, related to the function
e(h) & I(T”) and the limit U € (D”), is that T has the same
S-asymptotic with the limit S # U.

3. Let us suppose that T has Property 1. If X has
an S-asymptotiq with the limit U,. then U is the solution of the
equation S * U = 0. ‘

PROPOSITION 2. Let us suppose that the mapping L which
mape (E°) into (D”) has the following properties: It is linear,
continuous and keeps the transldtfon ((LE)(t+h) = Lf(t+h)). 4
necegsary and suffieient condition that L maps (E°) into the
set {T e (D7), T{(t+h) % c(h)UT(t), h e T} ie that there exiats
Ve (D) such that

S

) - (L& (t+h) =2 ce(h)V(t), h eI
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In this case for S € (E”) (LS)(t+h) % c(h)(S#V)(t), h e T.

PROOF. The condition is necessary. We know that L... =
= fox ..., where £, € (D”) ([7], p. 81). As & €(E”), then
(L&)(t+h) R c(h)Ug(t), h & T. And this is our condition (3).
Condition (3) is sufficient. LS = fo # S and L§ =
= £, % 8= f,. Hence, condition (3) says that f¢(t+h) % c(h)vV(t),
h e I'. Now (LS)(t+h) = (f£4#S)(t+h) = Sxfo.(t+h). By Proposition

1 we have the statement of Proposition 2.

PROPOSITION 3. Let us supposé that the mapping M which
maps (D”) into (D”) has the following properties: It ig linear,

continuous and keeps the translation. If T(t+h) % c(h)u(t),

h e T, then (MT)(t+h) & c(h)(M&)aU, h e T.

PROOF. We know that M ... = g¢ *# ..., where go € (E7).
(MT) (t+h) = goaT(t+h) = (MS8)#T(t+h). There remains only to use
our Proposition 1.

3. S-ASYMPTOTIC OF THE SOLUTIONS OF A LINEAR PARTIAL
DIFFERENTIAL EQUATION

In this third part we shall consider the S-asymptotic
in (87). (S” is the set of tempered distributions). In this
case T(t+h) ﬁlc(h)U(t), h € T means that the limit

. - lim  T(t+h)/c(h) = U(t)
heT, ihil +o

exists in (S7).
For the occasions the S-asymptotiec in (S7) follows from
the S-asymptotic in (D) see [5]. The following theorem concerns
_A.the behaviour of tempered distributions at infinity as elements
- of (D).
T v
PROPOSITION &. If lim Hth/c(h) = 0 for every
heRB, hli +e :
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k 6 N, then for every T e (S°), T(t+h) 5 c(h)-0, h € T <n (D”).

PROOF. Let us suppose that T € (S”). Then there exists
k > 0 such that the set (T(t#h)/(1 + InIX’2, Inil > 8o}  is
bounded in (D”) ([6] T.II, p. 95). Now for ¢ e (D):

lim < T(t+h)/c(h), ¢(t) >
heT,llh{»=

k/2

(1+lhll 2) T(t+h)

Rz e 2

= lim

<
heT. |l +e c(h) (1+|Ih}
b .

= < U(t), o(t) >,

which gives that U = 0.
In the following we shall denote by F and F~' the Fou-
rier transform and its inverse.

PROPOSITION 5. Let g € (S”) and £ = Flgl. A necessary
and suffictent eondition that there exists

(%) lim g(t+h)/c(h) = U(t) Zn (S7)
heT, [h|l+=

18 the existence of the limit

1

(5) lim exp(-i<t,h>»)f(t) = V(t) in (S7),
c(h)

hel,lIhll +o
and in this case U(t) = FTI[VI(t).

PROOF. If g(x) = F~ '[£](x), then g(x+h) = F~ *exp(-is
«<t,h>)E(tN (x)  and

1

(6) < glx+h)/c(h), ¢(t) > = < F~'[exp(-ict,h>).

c(h)

C £CE1(x), ¢(x) >.
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1 . . -
If ETHT~exp(-1<t,h>)f(t) converges in (S7) to V(t)
when Ithl] + «, h € T, because of the continuity of the Fourier

transform, it follows that

lim < g(x+h)/c(h),¢(x) > = <TF7IV](x),p{x) >,
heT,lIh|l += ’

Let us suppose now that limit (4) exists in (S”) then
there exists the limit
. 1
1lim S
heTl, | hll +=

F-lexp(-i<t,h>)f(t)](x) in (S7).

We know that

exp(=-i<t,h>)f(t) = T [F [ exp(-icy,h3)f(y)]1(x)] ().

Because of the continuity of operation F~!, there fol-
lows the statement of Proposition 5.

Now we can pass on to the partial differential equati-
ons. First, we shall introduce the following notations:

Let P(y), y e R" be a polynomial. By reg 1/P(y) we de-
note a solution, belonging to (S°), of the equation P(y)+X = 1.
It is well known that L. Hdrmander proved that the last equati-
on can always be solved in (S7) if P(y) £ 0.

PROPOSITION 6. A necessary and sufficient condition
that there exists a solution to the equation

m

(7) L(D)E =6, L(D) = 5 aaDu, a, eR, aeNi.
| |20 ’

such that

(8) E(t+h) % c(h)U(t), h e I in (S°)

18 that there exists
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1
(9) lim ET%T exp(-ict,h>) reg —— = F[U](t)

in (8%).

PROOF. We know that E e (S°) is a fundamental soluti-
on of operator L(D) if and only if F[E] is a solution to equa-
tion L(-ix) FI[E] = 1 (see [8], p. 192). There remains only to
apply our Proposition 5.

THEOREM. A necessary and sufficient condition that

there extsts a solutiton X to the equation

(10) L(D)X =G, G e (ET)
such that X(t+h) ﬁ c(h) (G = U)(t), h e T in (S”) <s that there
extsts Llimit (9).

PROOF. The existence of limit (9) is sufficient.

From Proposition 6 it follows that limit (9) is necessary and
sufficient for E(t+h) & c(h)U(t), h e I in (S”) where E is a
solution of equation (10). To find the S-asymptotic of X we
have only to apply Proposition 1.

Limit (9) is necessary. Let us suppose that there
exists a solution X of equation (10) such that X(t+h) 5 c(h) -
« (G % U)(t), h 6 T . We know that every solution X of equation
(10) has the form X = G # E, where E is a solution of equation
(7) ([8] p. 19u) and FIE] = regl[1/L(-ix)] . By Proposition 6
there exists the limit :

lin gy exp(-i<t,h>) FlGl-FIEl= Fl€]-Flul,

heTl,llhil +
hence follows relation (9).
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REZIME

PRIMENA S-ASIMPTOTIKA

ObeleZimo sa (D”) prostor distribucija L. Schwartz-a,
a sa (S7) 1 (E7) prostore distribucija sporoga rasta, odnosno
prostor distribucija sa kompaktnim nosaZem. I'“ je konus u rR®,
a IZ(T”) je skup numeridkih funkecija koje preslikavaju T'“ u R,
takvih da je za c(h) € Z(T") c(h) # 0, lhll > 8_.

Koristimo se sledeéom definicijom S-asimptotike [U4]:

DEFINICIJA. Distrtbucija T € (D”) ima S-asimptotiku

u konusu T = T° u odnosu na funkeiju c(h) e I(TI'”") i granicu
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U € (D°) ako postojt

(1) 1im < T(t+h)/c(h), ¢(t) > = <U, p >, pe(D).
heT,[lhll +

To demo skradeno pisati: T(t+h) 2 c(h)u(t), h e T .

U prvom delu ukazano je na veé poznate karakteristine
osobine S-asimptotike. U drugom delu pokazan je odnos izmedju
S-asimptotike i : konvolucija kada ona preslikava (E”) x (D7)
u (D?), linearnog preslikavanja koje preslikava (E”) u (D™
kao 1 linearnog preslikavanja koje preslikava (D7) u (D7).

U treéem delu, prvo dajemo karakteristiku elemenata iz
(S”) kao podskupa (D”) pomofu S-asimptotike. Zatim pokazujemo
odnos S-asimptotike i Fourierove transformacije. Najzad, doka~

zujemo teoremu za parcijalne diferencijalne jednadine:

TEOREMA. Potreban 1 decvoljan uslov da postoji redenje
X jednadine (10) koje ima S-astimptotiku u (S°):

X(t+h) 5 c(h)(G*UX(t), h e T

je da postoji granica data u relaciji (9).



