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ABSTRACT

It is now well known [4] that the Banach principle for probabili-
stic contractions is valid in complete Menger spaces under a continuous
t-norms whose iterations are equicontinuous .at x=1. The aim if this note
is to give a chatacterization of this class of t-norms and to show that
the above mentioned principle can be obtained from the classical. Thus
we obtain an improvement of our similar result in [6] where the Min case
was considered.

The teminology and the notations are as in |:2,10].

DEFINITION. We shall say that the continuoues t-norm
T is an h-t-norm if the family T, defined on [0, 1] by

T, (x) =x, Tl (x) =T(Tm(X) X)),

18 equicontinuous 4t x =1,

Examples of h-t-norms are given in [3,4]. Our follo-
wing result shows that the h-t-norms have a very simple structure:
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LEMMA 1. The following statementfé are equivalent

A. T 8 an h-t-norm;
B. T is continuous and ¥a >0, 3b >a such that
T(b,b) =b <1,

Proof. Suppose that A. holds and let a >0 be
given. Then there exists ¢ >0 such that Tm(x) >a, ¥ >¢,
¥m >1. Since clearly {Tm(c)} is nonincreasing, then it is
convergent to some limit b >a. As

sz(c) = T(Tm(c)’ Tm(c))

then b =T(b,b) and we obtain that A. implies B.
Conversely, it is obvious that B. implies A. and the
lemma is proved. ’

REMARK 1. In the proof of A.=>B. only the left -
equicontinuity at 1 of Tm and the right continuity of T1 is
used. Clearly, the continuity plays no role in B: =>A.

REMARK 2. The h-t-norms were considered by 0.HadZié¢
who also constructed an example different from Min [3,4].

The following lemma shows how t& construct generali-
zed metrics on a Menger space under an h-t-norm:

LEMMA 2. Let T be an h-t-norm. For 0 <a1 <a, < pens

o <ay e, 0 <b1 <b2 <... <bn->1, T(bn’bn) =bn let us set

1
b, if xe (an,an_,_l:], n=1,2,...

0 if x <a:
F(x) ={ -

Consider a Menger 8pace (S,F,T) and define
d(p,q) =inf{a >0, qu(ax) >F(x)vx eR}

Then (1) A4 <8 a generalized metric on S;
(11) If S 18 F-complete then S is d-complete;
(1i1) The d-topology is not weaker than the F-topology.
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Proof. (i) We prove only the triangle inequality.

‘Ifd(p,q) <a” <a;d(q,r) <b” <b and x € (a_,a 1] then

n’ n+

Fpr(a‘x+b’x) 3T(qu(a’x) F(bx)) >

> T,(F(x)) =T(b_,b ) =b_=F(x) .

Therefore d(p,q) <a“+b” <a+b, and we obtain the triangle ine-
quality.

(ii) and (iii): Let {pn} be a d-Cauchy sequence
and fix a >0. By the definition of d, there exists n, >1 such
that

Fpnpnm(ax) >F(x), ¥n >n,¥m >1, ¥x eR.

If € >0 and A € (0,1) are given, then let a >0 and z, €R such
that F(zo) >1-X and az  <€.

If n>n,, m >1 then F (e) >1-X, which shows that

PnPrem

p, is F-Cauchy. If we suppose that S is F-complete then {pn}
is F-convergent to same limit p. Therefore
F(x) < 1lim F (az) = F (az,
~m~ PpPpim PpP
for each real z and all n>n,, that is d(pn,p) <a,¥n>n_.

Thus {pn} is d-convergent and the lemma is proved.

REMARK. For given P,y in S we can take a, in the

lemma such that qu(an) an and the metric d is nontrivial in
this case.
The following result was proved in [4]:

THEOREM A. If (8,F,T) i8 a complete Menger space
under an h-t-norm then each probabilistic contraction on S
has a unique fized point which ie the limit of the succesive

approximations.
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REMARK 3. As it is well known [7,8,1,2] the Banach
contraction principle is a consequence of the above Theorem
A, We will prove the following.

THEOREM B. The Banach fixed point principle implies
Theorem A.

Proof. Let (S;F,T) and f be as in Theorem A, If
Py is given in S then let a, and bn be as in Lemma 2 and

such that F (an) _>_bn. Consider the generalized metric d

pofpo
as in Lemma 2. It is each to see that d(po.fpo)<°° and there-

fore [5] s o ={q° €S, d(po,qo) <w} is a complete metric space
and £ is a contraction in So° Therefore P, =fnpo d-converges

to the (evidently unique) fixed point of f and the theorem
follows.

REFERENCES

[1] A.T.Bharucha-Reid: Fized point theorems in probabilistic analysis,
Bull.Amer.Math.Soc. 82 (1976), 641-657.

[2] ¢ch.Constantin,l. Istr¥tescu: Elemente de Analiza Probabilista ai
Aplicatit, Ed.Acad. R.S.R., 1981.

[4] 0.HadZié: 4 gemeralization of the contraction principle tn PM-gpaces,
b. rad. Prir.-matem. fak., Novi Sad, 10 (1980),
13-21.

[§) K.Margolis: On some fizmed point theorems in generalized camplete
metric spaces, Bull.Amer.Math.Soc. 74 (1968),275-182.

[6] V.Radu: 4 remark on contractions in Menger spaces. Seminarul de
Teoria Probabilitatilor at Aplicatii,Nr. 64 1983, Univ.
Timigoara; and the 7?-th Congress of Balkan Mathamz'ti- ‘
etane, 19~23 december 1983, Athens, Greece.

[7] v.m. Sehgal, A.T.Bharucha-Reid: Fiwed points of contraction mappings
on PM-gpaces Math.Syst. Theory 6 (1972), 97-100.

t



On the t-nomms of the Had%ié type ... 85

- [8] H.Sherwood: Camplete probabilistic metric spaces. Z.Wahr. verw.Geb.
20 (1971), -117-128.

[9] B8.Schweizer,A.Sklar: Statistical metric spaces, Facific J. Math.
10 (1960}, 313-334.

Received by the editors December 18, 1983.

REZIME

O t~-NORMAMA HADZIC TIPA I NEPOKRETNE TACKE
U VEROVATNOSNIM METRICKIM PROSTORIMA

Dat je nov dokaz rezultata iz [4) i [6) 1 1spitana
struktura h-t-normi.



