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ABSTRACT

Using a similar method as in [7] we prove In this paper a generali-
~zation of Fisher”s fixed point theorem in quasi-uniformizable spaces. First,
we shall give some difinitions from [5] and [7].

1. Let X be an arbitrary set, {dil ieI} be a family of
mappings of XxX into ®R* and g:I-+I.

DEFINITION 1. A triplet (x’{di}iel'g) 18 gaid to be a

quastuniformizable space if for every X,y,z€X and 1€1 we have:
(a) 4, (x,y)20,4d, (x,x)=0,
(b) 4, (x,y)=d (y,x),
() di(my)sdg(i) (x,z)+dg(i)(z,y).

A quasi-uniformizable space (x'{di}iel’g) is Hausdorff if
the relation di(x,y)=0, for every i€l implies x=y. A Hausdorff
quasi-uniformizable space (x’{di}ieI'g) becomes a Hausdorff to-
pological space if the fundamental system of neighbourhoods of
xeX is given by:

B(x;e,1)={yeX : di(x,y)<g}.

A mapping t: [0,1]%+{0,1] is called a T-norm if for every
a,b,c,de[0,1]: ‘ '

1. t(0,0)=0,t(a,l)=a,

2. t(a,b)=t(b,a),
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3.t(a,b)2t(c,d) if a > cand b > d,
4.t(t(a,b),c)=t(a,t(b,c)).
Now, let X be a vector space. I be an index set, L be a fa-
mily of distribution functions and for every 1i€I, FL + X~->L.

DEFINITION 2. [5] 4 triplet (X, Fl) . ,t) io called a

probabiliatic locally convex space if t 28 a T-norm and for
every 1€I the following conditione are satisfied (Fi=1;(x)):

A. Fi(s) =1, for every s > Oe=p x=0,

B. Fi(0)=0, for every x€X,

i

C. F (s)—F (ER, for every x€X,e>0 and r e KN\{0} (XK

zs the acalar fzeld)

D. y(S +82)>t(F (s ), F (52))' for every x,y€X and

x+
every 51'52>0'

In X the (g,))~-topology is introduced in the following
way:

The fundamental system of neighbourhoods of x€X is
given by the family u={ui(e X):i€I, €>0,1€(0,1))
where U (e,))={yeX: F (€)>1 Al

In [7] it is shown that a probabilistic locally convex
space (X'{Fi}iel't)' such that 23? t(a,a)=1, is a quasiuniformi-

zable space in which the family {d is defined in the

thier
following way:
For j=(i,A)eI‘, where i€I and Xe(0,1), dj(x,y)=
=sup{s: F (s) <=1k

The construction of the mapping g:I3I"is as follows.
From sup t(a,a)=1 it follows that for every 3€(0,1)
ax<l
the exists GAdO,l) so that for every GiGA,t(l—G,l-a)zl— % .

Let g())= sup{s, : where §, is defined above } .

Then g(j)=(i,gtA)),for 3§=(i,A).
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2. Now, we shall give a generalization of a common fixed point
theorem from {1] in quasi-uniformizable spaces. This theorem
is also a generalization of Theorem 1 from [4].

THEOREM Let (X,{d;};.7-9) Pe a sequentially com-

plete Hausdorff quasi-uniformiszsable space, f:1+1,S and T be
continuous mappings from X into X,A:X +SXNTX be continuous so
that A commutes with S and T and the following conditions are
satisfied:
1. For every 1€I, there exists q: ® - [0,1], which ie a
nondecreasing function for which is I’.l‘.imq n (t)<1

or ever i€T and ever te€ R and:

d; (Ax,Ay) g (dg ) (8%,Ty))dg () (Sx,Ty)

for every i€l and every x,y €X.
2. There exists X, €X 80 that for every 1 €1:
_ +
sup dj (Axo,Axp)—KiG R
je o(i,f)peN

where O(1,£) ={i,f(i),f2(i),...}and{xp}PeN is de-

fined by:sx2n_1=Ax2n_2Iszn_l=Tx2n (n €N).
Then there exists 2€X so that Az=S8z=Tz, If, in addition, for
every 1 €T1:
(1) sup d (I'A3x 2% )=M, ¢ R
3 17 7o' T
3 €0(41i,f)
then Az i8 a common fixed point for A,8 and T. Further, let
M={w:w € X,w=Aw=Sw=Tw, there ezists {Ri}iel' so that for every
i€I: sup dj (Az,w)sRi}.Then M={Az}.
jeO(i,f)
Proof:Similarly as in [4] it is easy to prove that for every
k €N and 1 €I :
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k-2
d, (Ax., /AX ) <
192k 2k-17 = q (K, )X
s=0 fs(i) i i
k-1
d, (Ax Bx, ) < [] q (K,)K, ,
1 ¥ ok41 M2k e=0 TgS(gy 11
Since 1im ¢ (K,)<Q.<1, for every i €I, it follows that
n i i
new £0(1) :

there exists n, € N so that L (Ki)goi, for every n2n, which

i £ (1)
implies that:

n
di(Axn'Axn—l)ssj_Qi , for every i€I, n € N,

Let us prove that {Axn} is a Cauwchy sequence which means

neN
that for every 1 € I and every €>0 there exists n(i,e) € N so

that di(Aicn,Axn+p)<e, for every n>n(i,e), péN. Let m>k,i & I. From

the definition of the sequence{xn}l_1 eNand condition 1 of the

Theorem it follows that:

dy (Ax2k.Ax2m+1)s qi(df(i) (szm,Aka_l) Yoo 'quk-l (

(1)

( dek(i)(Axo 'Ax2m+1-2k) ) dfzk(i) (Ax, 'Ax2m+1—2k) )

and similarly for 2k>2m+l:

a4y (A, AXo) s qi(df(i)(szm'szk-ﬂ""qum(i)‘

(4 om+1 (rxq, Ax )a (Axo’AXZk-Zm-l))'

£ (1) 1)
Using condition 2 and the property of q; that q (t)<1 for

2k~2m~1 f21'n+1
every t € R we obtain that for every 1€I :

Ay AX R omyy )€y (Ky) oo od gy | (RyIX (m2k)
and :

a; (Ax,y ,Ax, . 1)<q, (K,).. 'qu‘“(i) (KK, (2k > 2m+1).
This implies that :

Ay g Ay, ) <qy (K)o oy (R

(1)
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for every i1 €I and for n=2k,p=2m+l or n=2k+l, p=2m+1.‘Let
p=2m and n=2k or n=2k+l, Then:

d (Ax ,Ax,,,) (Ax ,Ax ., )+d Ax ) eBx )<

Sdc_;(i) g(i) ¢ n+1+p-1

n-1 n

sl lq (K + Maq-
Q) £2 (g11)) g(1)g (1) s=0 V€% (g (1)) Kg (1)K

g(i)*

Since Tim g (K )<1 , for every 1 €I it follows
S+ g(i)

£5(g(1))

is a Cauchy sequence, Let z=1lim Axn. As in

that {Axn}n eN Ldm

(4] it follows that Az=Sz=Tz.

Further (1) implies that Az is a common fixed point for , A,S

2 - 2
and T. Indeed, from dj(A z,Az)-—rll.i.g flj (a Ax2n+1 ,AAx2n) for

every je€o(i,f) . using condition 1l,and (1) we conclude

that dj (Azz,Az)SMi, for every j € 0(i,f), since for every n €N:

1,A2x2 )sd (Aaxl ,Azxc) 5_!41, for every 1 €I,

3
a.(a’x <
3 n f2n(j)

2n+
where je€ O(4i,f).
So we have that:
2
4, (A"z,Az) Sqimi)qf(i) (Mi)'“q n

£ (1
for every 1 €I which implies that di(A z,Az)=0, for every i€¢1I,

This implies that Az is a common fixed point for A,S and T.

(Hi)ni

Let us prove that M= {Az} . Suppose that w=Aw=Tw=Sw
and for every 1€1I :

sup d.(Az,w)< R

e
jeo(i,£f)

Then :

d, (Az,w) =4, (A(Az) .Aw)sqi(df(i)(s (nz) ,Twddg () (S(A2),Tw)=
=qi(df(i) (Az,w))df(i) (Az,w)k . ‘Sqi(df(i) (Az,w))...x

(da (Az,w) .

. (Az,w))ad
£7(i) £

n+1 (1)

fn+1' (1)
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(j €e0O(i,f)) and so

From this it follows that dj (Az,w)< Ri

di(Az,w)gqi(Ri)qf(i) (Ri)...q n (Ri)Ri'
£ (1)
Since 1lim g (Ri)<l it follows that di(Az',w) =0,

nso £7(4)
for every 1 €I and so Az=w,

Remark: If there exists u €X so that for every 1 €I :

dj (Az,u) < T for every j € 0(4,f)

il
and g:Q(i{,f) » o0(i,£f), for every 1€ I , then there exists one
and only one common fixed point weX for A,S and T so that for

every 1 ¢1 ;

dj (w,u)sTi , for every j €0(4,f).

Namely, then we have :
14
dj (AZ,W)sdg(i) (Az,u) + dg(i) (u,wi<T, + T{ , for every
i€I and every j€ O(i,f) and in the Theorem is proved that
Az=w.

1}i-eI

complete Hausdorff uniformizable space, f£f:I 3 I,5 and T be

COROLLARY 1. Let (X,{d ) be a sequentially

continuous mappings from X into X,A:X - SXNTX be continuous so
that condition 1.o0f the Theorem ig satisfied and there exists

X €X and x, € X so that Sx,=Ax and for every 1€ 1I:

1

+
sup d (ax_,Ax,)=K,,K, ¢ R
neN £8(4) o' 1’71

Then there exists z€X so that Az=Sz=Tz . If, itn addition, for

every 1 €I : sup d n (A3x1'A2xo)=Mi’ M, € ]R+ then AZ 18 a

neN f£7(1) i
common fixed point for A,S and T. Further, i1f for every 1€Il:

2 2 _ +
(2) sup d (A%x_,A xo)-Ri, R, € R

neN £°(1) 1 i

then there exists one and only one element weX such that
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(3) sup d . (w,A2x )=N1,N. e g¥ rfor every iel
nEN  £7(4) ° t
and Aw = Sw = TW = w,

Proo f: Every uniformizable space (X'{di}i €I

is a quastuniformizable space, where g(i)=i, for every i€ I,

)

So we have that:

d; (Axp,Axo) sd, (Axp,Axp_1)+di(Axp_l AR o).l 4, (AX) ,AX,)

p-2
(for every 1 € I,p>2). Since for every j € 0(1,f)

p-2

M
dj (Ax_,Ax ) < 95 (Ki)K

1)< [ for every 1e€I , it
p p 1 s=0 f (J)

il

follows that :

N

p -

21 q

i

(K,))K,.

B 11

Since 1lim gq - (K1)<l there exists n
neN £ (1)

i¢-:N so that :

q (Ki)5Qi<1, for every nzn

£ (1) i

and if j € {£°(1)|s2n,}then:

by r-1
d(Axp,Axo)sZ Q; " K

for every p>2.
3 r=1

i’
Since Qf 1l it is easy to see that condition 2.0f the Theorem

is satisfied. So, there exists 2z € X such that Az is a common
fixed point for A,S and T. Prom (2) it follows that

dj(Az,Azxo)sRi, for every i €I and every j €0(i,f) and using
the Remark we conclude that there exists one and only one
element we X such that w is a common fixed point for A, S and
T and that (3) is satisfied.

Using the Theorem we obtain the following corollory
which is a generalization of the Theorem 1 from [2] .

COROLLARY 2 Let (X,{F"}ieI,t) be a sequentially

complete Hausdorff probabilistie locally convex 8pace wherg



38 .Olga Had%ié

;PP t(a,a)=1,£f:I1+> I,Sand T be continuous mappings from X into
X,A:X + SX n TX be a continuous mapping which commutes with

S and T and the following conditions are satisfied:

(1) For every ieI,there exzists q: R4 [0,1] , which
18 a nondecreasing function continuous from the
right such that for every i€I and every s € r
1im q | (s)<l and for every i €I,every x,ye€X

n-e (1)
and every s€ R :

i £(1)
FAx_Ay(qi(s)s)zFSX Ty

(s)
(1i) There exists xoeX go that for every i€l :

Tim ng _ax (8)=1, uniformly in 3€0(i,f) and peN,

8o

where{xp}peN ig defined by Sx2n_1=Ax2n_2,Tx2n=Ax2n_]

for every neN.
Then there exists 2€X go that Az=S2z=Tz, If, in addition, for
every i€I,lim F33 » (8)=1, uniformly in j €O(,f) then Az

S*® A xl—A X0
18 a common fized point for A,S and T. Further, let
Mg{w:wex,w=Aw=Sw=Tw,for every i€I, 11m ng w(s)=],uniformly in
3€0(i, £)}. Then M={Az).

Proo f: As in [7] it follows that (i) and (ii)
implies 1l,and 2.from the Theorem and that (1) is satisfied
since for every i€I, 11m FJ3 (s)=1, uniformly in jeo(i,f),

ATu, A xb
where d (x,y)=sup{s: F (s)<1 -a}, for every j=(1i,a)eI’, i€I

and ae(O,l). Since, weH implies weM, where M is from the
Theorem, it follows M'={Az}.

Remark: If AX is a probabilistic bounded subset of
SX nTX, (i) from Corollary 2 is satisfied and for every iel
there exists h(i)€I such that:

n
Fi (i)(s)_zfﬁ(i)(s), for every s>0, every x€ X and
every ne€N it is easy to see that there exists one and enly

one element x€X such that Ax is the unique common fixed point
for A,S and T.
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‘REZIME

O ZAJEDNICKOJ NEPOKRETNOJ TASKI U
KVAZI-UNIFORMIZABILNIM PROSTORIMA

U ovom radu su uopSteni rezultati rada [4].



