Zbornik radova Prirodno-matematidkog fakulteta-Univeraitet u Novom Sadu
knjiga 13 (1983)
Review of Research Faculty of Seience-University of Novi Sad,Volume 13(1983)

ON BIPARTITE SCORE SETS
Vogjislav Petrovid

Prirodno-matematidki fakultet. Institut za matematiku
21000 Novi Sad, ul. dr Ilije Djuridida br.4, Jugoslavija

ABSTRACT

A necessary and sufficient condition for sets of non-negative in-
tegers A= {a} and Bz{b].bz,...,bn}, 0<b,<b,<...<b to be the score

sets of a bipartite tournament is given.

A bipartite tournament is a complete asymmetric bipar-
tite digraph. The number of edges oriented from a vertex is
called a score. Two sequences a, <a

L2y and blib S een €

1 2 2
"‘ibg , corresponding to the scores of the bipartite sets of

a bipartite tournament, are called a score sequence. The sets
A={a;|1 <1<k} and B= {bi,liii 2} of elements of the score

sequences, are called score sets.

Throughout the paper we shall denote by A= {al,az, .o

cee ,am} and B= {bl ’b2’ e ,bn} sets of non-negative integers

such that a1<a2< cee <@y and b1<b2< ...<bn where a, and

1:»1 are not both zero.
At the Fourth International Conference on Theory and

Applications of Graphs in Kalamazoo 1981, K.B.Reid raised
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the problem of determining the score sets of bipartite tourna-
ments. K.Wayland [4] found a necessary and sufficient condition
for the existence of a bipartite tournament with bipartition (X,Y)
and the score sets A and B, if |X| >b .

Since some bipartite tournaments exist only for |X| =b,

it is very unlikely that a sensible necessary sufficient condi-
tion can be giveh for general case.

We present, using a constructive method, a necessary
and sufficient condition for the existence of a bipartite tour-
nament with the score sets A= {a} and B= {bl'bz""’bn}'

THEOREM, The sets of non-negative integers A= {a}
and B= {bl’bz"
nament if and only if one of the following conditions is satis-

fied:

..,bn} are the score gets of some bipartite tour-

(a) b1+b +...+bn = (n-a-l)bn ;

2

(b) b +by+...+b  >(n-a-1) (b +1) ;

2
(c) b1+b2+. . ’+bn= (n-a—l)bn+d r 1L<d<n-a-1

and there exist positive integers YysYosreesY such that

n-1

ab =y, (b -b,) +y,(b -by) +...+y _,(b-b ) .

Proof£. Necessity. Firstly we prove the inequality

(1) b1+b +...+ b > (n—a-l)bn .

2 n-1

Let T be a bipartite tournament whose bipartite sets X
and Y have the score sequences

(a,a,...,a) and (bll---:bllbzp---,bzy.--,bn,...,bn)
N Ny e~ s
o B 8, B

respectively, where a>1 and 813 1, i=1,...,n. Denote by >

Y:I.Z""_’yisi' i=1,...,n vertices in Y having the score bi and
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ig
i
every vertex of X has a score a, the sets X,., i=1,...,n, j=

i3
—.—1,,,,,61 are a covering of X such that every vertex of X 1is
covered by precisely a insets. Thus,

by xn,xﬂ,...,x their insets, i.e. xij= {x|x *yij}. Since

|x11| [xizl—... [xiei]~|x|—bi=a—bi, i=1,...,n
and
rfl ?i Ix, 51 rfl
aa = X = B, (a~b)
1=1 3=1 g 11

hold and we have

(2) . = Blb1+r52b2+...+t3nbn ‘
Bl+82+...+8n—a

As a>b,, we get from (2)

(3)  Bb +Bby k.. B by > (B +B F.. 4B ~a)b .

From Bill' i=1,...,n~1 and 0§b1<b2< <bn (1) follows.

Now we prove that the equality

(4) b1+b +...+b 1= (n—a—l)bn+d, l<d<n-a-1

2 n

implies abn= Yl(bn—bl) + Yz(bn—bz) LAER o (bn—bn_l) for some
positive integers Yy i=l,...,n-1,

Let Yyr¥pre-er¥y be vertices in y with the scores bl’
b

2""'bn and Xl,Xz,. .

number of vertices in all other insets and by s; the cardina-

.,Xn their insets. Denote by So the total

lity of Xi' i=1l,...,n. Then the equalities

bi =a-s8; , i=l,...,n
51+52+“' +5n+so = aa
hold and imply
(5) bi= (sl+...+si_1+(l—a)si+si+l+...+sn+s°)/a, i=l,...,n.
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Substituting (5) in (4) we get
(n-a)sn + s =4d
and, since sn30 and 1 <d<n-a-1 (in particular a<n), we get
s =20
n
i.e.
b =a.
n
Hence (3) becomes an equality and hence

ab = B, (b -b ) +8,(b -b))+...+8 (b =-b )

where 8131, i=1l,...,n-1.

Setting Yy < g i=1l,...,n, we prove the statement.

i’
Sufficiency. The structure of a bipartite tournament
with the given bipartite sets X and Y is determined by the out-
sets of all the vertices of Y. We shall just construct these
outsets,
According to the theorem we have to consider three

cases.

(a) b1+b +...+Db = (n-a—l)bn .

2 n-1

Let T be the bipartite tournament with the bipartite sets X =
= {1,2,...,bn} and Y=={y1,y2,...,yn} and the dominance struc-

" ture

y; > (by+b+.. .4b

2 T R R

+...+b +b.}, i=1,...,n.

2 i-1' 74

Summarizing is modulo b - Clearly the score of y,, i=1,...
«u.,n 18 s(yi)==bi. From the construction and the fact that
n n

J sly,) = § b, = (n~a)b_ ,
e B - I n

it follows that every vertex of X is dominated by precisely
(n-a) vertices of Y. As |Y¥|=n, the scores of all the vertices
of X are a, and T is requifed tournament.
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() bi+b,+...4b _, = (n-a-1) (b +1) +d, a1 .

Set X=={1,2,...,bn+l} and Y=={yl,yz,...,yn_l,zl,zz,...,zd 1,

and construct the bipartite tournament T with the bipartite
sets X and Y as follows:

y1->{b1+b2+...+b1_1+1,...,b1+b2+...+b1_1+bi}

for i=1,...,n-1 and

zy* (b1+. -«+b _,+(3-1)b +1,... /byt b +b )

1 n-1
for j=1,...,d. Summarizing is modulo bn+1.

Now S(Yi)=b1’ i=1,...,n-1 and s(zj)=bn j=1,...,d.
The aquality

n-1 d n-1

1£1 s(y,) + jEls(zj) = 1£11>i+<iu>n= (n-a-1+d) (b +1)
implies that every vertex x of X is dominated by exactly n-a-1+d

vertices of Y and, therefore, has the score

s(x) = [¥Y| - (n-a-1+d)
(n-1+d) - (n-a-1+d) = a

This proves the construction,

() by+b,+...+b _, = (n-a-1)b +d, 1<d<n-a-l

and.

ab_= yl(bn-bl)-+yz(bn-b2)+.,.+y

n (bp=byyde vy 21

n-1

i=1, es o=l
In this case let x=={1,2,...,bn},

y_ }

Y= {Yn,,.,,lel,yzl,...,y2Y2,...,yn_1'1:---:Yn_l'Yn_lr n

and
Yy [ylb1+. . '+Y1—1bi-1+(j_l)bi+1' aee ,Y1b1+. . '+Y1-1b1-1+jbi}
for i=1,...,n-1, j=1,...,y1

Vo> Dby bee ety By g threieiy Pytectyy, by ¥R,
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Summarizing is modulo bn’ Similarly as, in (a) and (b), we
obtain that s(yij) =bi, i=1,...sn-1, s(yn) =bn and s(x) = a
for every x € X.

This proves the theorem.

CORROLARY. (Wayland [4]). Any finite nonempty set of
non-negative integers, except {0}, may be the union of the sco-

re gsete of some bipartite tournament.

Proof. Let ays8greceedy be a set of nonnegative

inregers such that Oia1 <a,<...c<a. Set A= a, s and B= {al,

az,...,an_l}. Since aizi—l, i=1,...,n, particularly ani n-1 ,

the f ollowing inequality

a,+a,+...+a _, >((n-1)-a -1)(a _,+1)

holds.

According to the case (b), there exists a bipartite
tournament with bipartite sets X and Y whose score sets are
{an} and {al,az,...,an_ll, respectively.
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REZIME

O SKUPOVIMA SKOROVA EIPARTITNOG TURNIRA

U ovaom radu daje se potreban i dovoljan uslov za sku-
pove nenegativnih celih brojeva, A= {a} i B= {bl'bz""'bn }

0 <b1 <b2 < eee <bn’ da budu skupovi skorova nekog bipartitnog

turnira.



