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ABSTRACT

In this paper semigroups whose proper (left) ideals are archime-
dean (left archimedean, t-archimedean, power joined) semigroups are con-
sidered.

In [10] T.E.Nordahl studied commutative Q-semigroups,
i.e. cammutative semigroups in which every proper ideal is
power joined. C.S.H.Nagore, [8] extended Nordahl“s results
to guasi-commutative semigroups. A.Cherubini and A.Varisco
in [6] considered Putcha’s Q-semigroups. Weakly commutative
semigroups in which every proper right ideal is power joined
are studied by the author in [1]. B.Pond&li&ek, [12] consi-
dered uniform semigroups whose proper quasi-ideals are power
joined. A characterization of Q-semigroups in the general
case is given by A.Nagy, [9].

In the present paper we shall describe semigroups in
which every proper two-sided ideal is an archimedean semigro-
up, (Theorem 1.) and in this way a generalization of the pre-
vious results is given. Theorem 1. is also a generalization
of same results of [2,3,5]. Also, we shall decribé semigroups inwhich
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every proper left ideal is an archimedean (left archimedean,
t-archimedean, power joined) semigroup, (Theorems 2,3,4,5.).
At the end we describe semigroups in which every proper sub-
semigroup is power joined, (Theorem 6.).

Throughout this paper let N denote the set of all po-
sitive integers.

‘A semigroup § is archimedean if for any a,b € S there
exists neN for which a™ e sbs, [11]. S is left archimedean
if for every a,b €S there exists neN such that aneSb, [13]
(see also [14]). S is t-archimedean if for every a,b €S there

exists neN for which a" ebsnsb, [13]. S is power joined if
for every a,b € S there exist m,n €N such that an=bn, [11].

S is special power joined if for every a,b €S there is an
neN such that a" =b", [4].

Underfined notions and terminology are as in [7] and
1].

Let I(S)(L(S)) denote the union of all proper two-
sided (left) ideals of a semigroup S.

THEOREM 1, Every proper two-sided ideal of S is an
archimedean subgemigroup of S if and only <if I(S) <8 an archi-

medean subsemigroup of S.

Proof, If all proper two-sided ideals of S are
archimedean and a,b e I(S), then there is a proper two-sided
ideal I of S with a,abae I and there exists neN such that

a" e TabaI S I(S)bI(S).

Thus I(S) is archimedean.
Conversely, let I(S) be archimedean and I be a proper
two~sided ideal of S. Then for a,beI there is an ne N such

n+2

that an=xby for some x,ye I(S). Hence a = axbya, where

ax,ya € I, and therefore I is archimedean.
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LEMMA 1, Let L be a (proper) left ideal of S . Then

L Z8 maximal <1f and only if

(1) S\L={a}, aeL

or

(11) S\LSSa for every aeS\L.

Proof. IfL is a maximal left ideal of S, then
we have the two cases: (i) There is an a € S\L such that SacsL.
In this case LU {a} =S. Hence S\L = {a}, azeL. (1i) For every
a €S\L, SagL. Then LUSa=8, Hence, S\LSSa for every ae S\L.

The converse is obvious.

LEMMA 2, Let L(S) be as in the case (ii) od Lemma 1.
then

S\L(S) = {xeS:S8=5x}

ia 8 subsemigroup of S.

Proof, For a € S\L(S) we have that S=L(S) U
U (S\L(S)) =aUsSa, so L(S) &Sa. From this and S\L(S) &Sa we
have that S=Sa for every ae S\L(S). Conversely, let S=Sa
for every ae S\L(S), then S\L(S) &Sa, ae S\L(S). Therefore
S\L(S) = {x e S:S=85x} and it is clear that S\L(S) is a subse~
migroup of S.

LEMMA 3. Every left ideal of an archimedean (left
archimedean, t-archimedean, power joined, special power joi-
ned) semigroup S ie gn archimedean (left archimedean, t-archi-

medean, power joined, special power Jeined) subgemigroup of S,

Proof, Let L be an arbitrary left ideal of an
archimedean semigroup S and a,b ¢ L, Then a:n=xb2y for some
Xx,y€S and ne N, It follows fram this that an+l=x£>5ya and
xb,yae L,
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THEOREM 2.  The following conditions are equivalent
on a semigroup S:
(1) Every proper left ideal of S ia archimedean;
(2) L(S) is archimedean;
(3) S satisfies one of the following conditions:
(1) s Z8 archimedean; '
(11) S has a maximal left ideal M whieh is an archi-
medean semigroup and MSMa for any a € S\M,

Proof., (1) =>(2). If S is left simple, then S
is archimedean. Assume that S is not left simple. If a,beL(S),
then there is a proper left ideal L of § such that a,baelL.

Hence,
a" e Lbal, &L (S)bL(S)

for same ne N and therefore L(S) is archimedean.

(2) => (3). If L(S)#S, then M=L(S) is a maximal
left ideal of S and by Lemma 1. we have that S\M= {a}, azebl
or S\M&'Sa for every ae S\M. If S\M={a}, azeH, then S is
archimedean. If S\MSSa for every ae S\M, then by Lemma 2.
T=S\M is a subsemigroup of S. From Sa=S (ae T) we have that
S=MaUTaEMéUTES, i.e. S=Mal T. Hence, H‘EMa for every
a € S\M,

(3) =>(1). If (i) holds, then by Lemma 3. every left
ideal of S is archimedean. Let (1i) holds and let L be a pro-
per left ideal of S. If LM, then L is archimedean, (Lemma 3.).
If LEM, then LN (S\M) ##, For aeLl (S\M) we have MEMac L,
which is not possible.

THEOREM 3. Every proper left ideal of a semigroup

.S i3 a left archimedean subsemigroup of S if and only if one
the following conditions hold:

1° s :a left archimedean;

2° s contains exactly two left ideals L, and L, whkiek are
left simple semigroup and S=L; UL, ;

3° s has a mazimal left ideal M which ta left archimedean
and MSMa for everyae S\M.
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Proof. Let all proper left ideals of S are left
archimedean. If L(S) #S, then M=L(S) is a maximal left ideal
of S which is left archimedean. By Lemma 1. we have S\M= {al,
a2 €M or S\MS Sa for every a € S\M. In the last case we have
by Theorem 2. and Lemma 2. that MSMa for every a € S\M.

If L(S) =5 and for any two proper left ideals Ll,L2

of S we have Lln L, # #, then S is left archimedean. Other-
wise, there are left ideals L,,L, of § with Lln L,#¥#. In this

case L1 u L2 =8, since r..1 u L2 is not left archimedean. More-

over, L1 and L2 are left simple semigroups and there exists
no other proper left ideal L of S than Ll and L2. Consequen-
tly, if every proper left ideal of S is left archimedean,then
we have one of the conditions 1°,2° or 3°,

The converse follows immediately.

LEMMA 4.[1] S {s t- archimedean and left simple if

and only if S is a group.

THEOREM 4. Let S not be left simple. Then every
proper left ideal of S i8 t-archimedean if and only if one of
the following conditions hold:

1° S 1is t—arcﬁhimedean,'

2° S containg exactly two left ideals G,,6, which
are groups and S=G1 UG2 H

3° S has a maximal left i{deal M which i8 a t-ar-

ehimedean semigroup and MS Ma for any a e S\M.

Proof. Let every proper lefé ideal of S be t-
archimedean. Then by Theorem 3. and Lemma 4. we have 2° or 3°
or S is left archimedean. Assume that S is left archimedean.
If L(S) #S, then L{(S) is a maximal left ideal of S and it is
t-archimedean. By Lemmasl. and 2. we have that S\L(S) = {a},
a2€ L(S) or S\L(S) is a subsemigroup of S. The last case is
not possible and in the first case S is t-archimedean. If

L(S) =S, then we can prove that S is of the type 1°.
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The converse follows immediately.
The following theorem will be given without proof.

THEOQOREM 5. . Let S nont be left gimple. Then every
proper left ideal of S is8 power joined if and only if one of
the following conditions hold:

o . . .

1 S 78 power joined;

o

2
riodic groups and S=G]_UG2 ;

S contains exactly two left ideals Gl,G2 which are pe-

3° s hae a maximal left ideal M which fs power joined
and MS Ma for any a € S\M.

THEQREM 6. Every proper subsemigroup of S ig power
joined if and only |S| =2 or S s power joined.

Proof. Let S be not left simple., If any proper
subsemigroup of S is power joined, then also any proper left
ideal of S is power joined. Hence, by Theorem 5. weé have one
of the cases 1°,2° or 3° of this theorem, But, the cases 2°
and 3° are possible only if |S| = 2. Indeed, let s=G, UG, ,
where and G2 are the disjoint left ideals of S which are peri-
odic groups. If e and f are the units of G1 and Gz, respecti-
vely, then it is clear that S =<e,f>. Moreover, efeG2 and
fe eG1 and there exist m,ne¢ N such that f= (ef)m and e = (fe)n,
so ef = f, fe=e. Therefore S=<e,f>={e,f}, i.e. |S|=2. 1If
we have 30, then M=L(S), so S\M={aeS:Sa=S} is a subsemi-
group of S (Lemma 2.). From Sa=S (a € T=S\M) we have S=Mal
UTa. If Ma=M, then we have Ta=T, Assume that T is not left
simple. Then there is an element a'e T with Ta$ T. But, in this
case MgMa, hence, Ma=S. Let a=xa for some x e M. Then

(ax)2=a(xa)x=azx,...,(ax)n=anx€M (neN)
and thus

{ax,azx,...,anX,...} u {a,az,...,an,...}
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is a subsemigroup of S. Since this subsemigroup is not power
joined it is equal to S and thus

M={ax,a2x,...} , T={a,a2,...} .

Consequently, x=akx for some k e N. But then

a=xa-= ak(xa) = ak+l

and T is a group. This is a contradiction. Therefore, T is a
left simple semigroup and by Lemma 4, T is a subgroup of S.
Let e be the unity of T. Then by 3° we have MSMe and thus
for any x € M there is same yeM with x =ye. Hence, xe=ye2=
= ye =x. For such an element x ¢ M we have (ex)"=ex" eM

(n € N)and {exz,ex3,...} U {e} is a subsemigroup of S, This
subsemigroup is not power joined, and thus it is equal to S.
Consequently, M= {e_xz,exa,...}, T={e}. But in this case

ex = exX = (e.x)k for some k>1 and M= {ex,exz,...} is a group.

For the unity (ex)* ! - ¥ of this group we have the sub-
semigroup {exk-l,e} of S which is not power joined. Hence,

k-1

S={ex e }, i.e. |S|=2.

Now, let S be left simple. Then we have two cases:
(1) s is right simple. In this case S is a periodic group.
(ii) If S is not right simple, then using the dual of Theo-
rem 5. we have, as in the case that S is not left simple,
that S is power joined or |S| = 2.

The converse is obvious.

COROLLARY 1. [3] Every proper subsemigroup of a
semigroup S is special power joined if and only if |S|=2

or S i8 special powver Joined.
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REZIME

PODGRUPE U KOJIMA SU SVI PRAVI 1DEALI
ARHIMEDOVSKE POLUGRUPE

U ovom radu razmatraju se polugrupe u kojima su svi
pravi (levi) ideali arhimedovske (levo arhimedovske, t-~arhi-

medovske, stepeno vezane) polugrupe.



