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ABSTRACT

For an algebra A and a complete lattice L, one can consider a fuz-
zy congruence relation b (defined in CU). Here we define a quotient alge-
braA/p. Since every fuzzy congruence relation is a special union of a fa-
mily of ordinary congruences on the same algebra, it is interesting to con-
sider the relationship betweenA/p and the quotient algebra A/ by any
of the congruences of the family. We prove that there is always a homomor-
phism fromA/p to A/p, and we give the necessary and sufficent conditions
for it to be an isomorphism. We also consider the fuzzy subalgebras (defi-
ned as in [2]) of A, and A4, and assuming that these mappings preserve the
homomorphism, we prove that a fuzzy subalgebra A of A induces Ap (of A/p)
and vice versa. Using the h rphism from A/ p onto Ab, we finally de-

termine the connection between the corresponding fuzzy subalgebras.

1. Let S be an unempty set, and I= (L,A,V,0,1) a com-
plete lattice. A fuzzy set S on S (or, a fuzzy subset S of 8)
is any mapping 8:S-+L ([3]). ,

1f §1 and §2 are two fuzzy sets on 5, then the relation
S and the operations Nl and U are defined as follows ([3]):

AMS Mathematice subjeet classification (1980): 03E72
Key words and phrases: Fuzzy sets.



280
Gradimir Vojvodié and Branimir Se3elja

SIES2 iff for all xesS S1 (x)_<_82(x) ;

S NS : S NS =8 g .
s, Ns,:8>L, and (Slﬂsz) (x) =8, (x) AS,(x) ;
S1 U 82:8 +L, and (S1 U Sz)(x) =5, (x) Vv Sz(x) ;
(The operations on the right are those from L),
It is well known ([3]) that for any fuzzy set S on S
the following equality holds: :

1.1, 8= U p+(s_), where S_SS, xe S_ iff S§(x) > p,
peL P P P =

. ) - 1, if xeS
and . (Sp).S+L, (SP)(X) { P

0" 1f x¢s
‘P

{the characteristic function of Sp) . Here also
(8 = s .
(p (p))(x) pA(p)(X)

(From now on, we shall identify sp with its characteristic fun-

ction (Sp)). Clearly, if xe€ S,

8(x) = ¥V pAB_(x).
pel P
It is also known that from 1.1. it follows that for p,qel,

<q implies S _<s .
p<q imp <=5

Let A= (S,F) be an algebra. A fuzzy congruence relation

p on A is a fuzzy relation on S, i.e. (O

E:S2 +L, such that

(1) (¥xeS)(p(x,x) = 1) ;
(2) (vx,y € S) (p(x,y) = o(y,x)) ;
(3) (¥x,y,zeS) (p(x,y) > V (p(x,2) Ap(z,¥))) ;
ZES .
(4) If B(xllyl) =P]_:---: E(anyn) =Pn: feF(n)cF 1), then

_ n
p(f(xl,...,xn), f(yl,...,yn)) 311=\1 Pi.

1.2, If 5 is a fuzzy congruence relation on A, then

= Up°;_> v
peL P

fel ]

1) F(n) is a set of n-ary operations from F.
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where pp are congruenceson A, and p<q implies pqs pp. Here,
as in 1.,1,, ‘
{1 ’ if B(XIY) 3P

P(x,y) = v pAp (x,¥),p (x,y) =
L P P 0 , otherwise. ([1]).

pe
The following definitions are similar to those in [2]:
A mapping A:S~+L is a fuzzy subalgebra of A= (S,F), iff
for every fe F(n), and for Kyreo- ,xn €S

R(E(x ,ene,x )) 2AMK)) Aol AR(X)

Let A= (S,F) and B= (T,F) be two algebras from the same
similarity class. If fisahomomorphism from A to B, then f is
said to be a fuzzy homomorphism from a fuzzy subalgebra A of
A to the fuzzy subalgebra B of B iff

ASBef, i.e. iff for every xe S, A(x) < B(£(x)) .

2. Let A= (S,F) be an algebra, L= (L,A,V,0,1) a com-
plete lattice, and S a fuzzy congruence relation on A. For an
xe S, let

[x]_:s~1L, [x]a(a) = p(x,a), for all aeS .
p .
Let us make the following definition:
S/p = ([x]a ; xeS} .

If p, pel, is one of the congruences from the family
determined by E in 1.2., then let [x] Pp be a characteristic

function for |x| e€S/p_ ., 1l.e.
Pp P

1, if ae |x]|
[x], (a) ‘-’fe-f{ Pp
P 0, if .a¢|x|p

P

Then, [x] pp(a) =pp(x,a) . N6w we have:

2.1. [x]; = ps|.,|L(p-[x][_,p), XeS .



2
82. Gradimir Vojvodié and Branimir Ze3elja

Proof. [x]=(a) = p(x,y) = ( U p-p_)(x,a) =
b per. P
= V (prp )(x,a) = V (p-p_(x,a)) =
peL P per P

YV (p-[x]p. (@)) = V (pr[x]p ) (a)
L pp peL L]pp

(U (p-[xp))(a) .
peL ’p

For every f ¢ F(n), define an operation f on S/p : If

xl,...,xnes

= def
B[] se.enx 1) = U (pef([x]5 s, ),
1p n-p peL l]"p np,

where, as we noted, we use the characteristic function [x] op
instead of a class lxlpp, and thus

E([%, ]y reeee®x ], ) = [Elx.,.00,x )] .
1 Dp npp 1 n pp

Now we can prove the following statement:
2.2, vor all x reeesX €5,

Flx] 5oeeniTidy) = [Bxp,eee 'xn)]zs .

E(lxy]5e - )3

Proof.

U (p-f([x,] . ,seeore[®x ] 1)) =
peL ep " Pp

= U (P [E(Xyreeerx }] ) = [E(x,eee,x )= .
peL 1 n pp 1 ns p

We can thus define a new algebra :
A/p = (S/p,F), where F={f; feF} .

The following two propositions deal with some proper-
ties of fuzzy equivalence relations, and they will be used in
considering the connection between A/p and the usual factor

algebra A/pp .
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2.3. Let '5 be a fuzzy eguivalence relation on S. Let
a,b€es, a#b, Then for every x€85,

b(a,x) = p(b,x) 1iff p(a,b) = 1.

Proof. Let p(a,b) =1, a#b. Then, because of (3),

B(a,x) _>_;—)(a,b) AE(b,x), and fhus
(5) p(a,x) _>_B(b,x) .
Exactly in the same way, using (2) and (3), we get
(6) p(b,x) 3B(a,x) .
From (5) and (6), it follows that p(a,x) = p(b,x).

Let now pla,x) = p(b,x), a#b. Then for x=a

1 = pla,a) =p(b,a), i.e. p(a,b) = 1.

2.4. Let 5 be a fuzzy equivalence relation on S, and
a,beS. Then

[a]5 = [b]5 iff [a]"l = [b] o,

Proof. Let [a]a# [b]a . Suppose that there is an
x €S, such that p(a,x) =p(b,x) =1. Using (3), we get that
pla,b) =1. But then for every x€¢5S, by 2.3., pfa,x) =p(b,x) ,
i.e. [3]5 = [bJB , which is a contradiction.

if [a]a = [b]a , then for every peL, [a] op = [b] op
d h =|b .
and hence [a] 0, [ ]pl

Consider now the above defined factor algebra A/p =
= (S/E,F) , for a given algebra A, by a fuzzy congruence rela-
tion ;_), and a factor algebra A/pp= (S/pp,F) , where pp, p € L,is

any of the congruences fram the collection defined in 1.2,

2.5. The mapping h:S/B»S/pp , defined with
h([:a]a) = [a]pp , aes ,

is a homomorphism from A/p onto A/pp .
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Proof. Since for every aeS, and ['_a]p es/pp

there is an original in S/p, namely [a]; , h 1s onto. We also

have

h(f([xl]s ,...,[xn]‘—)))=h([f(x1,...,xn)]5 ) = |
= f([xl]p ,...,[xn]p )=f(h([xl:];),...,h(l:xn]a)) '
P P
proving that h 1s a homomorphism.
2.6. A/p = A/pl, lelL .

P rooft. We have to prove that h {defined in 2.5.)
is 1-1. By 2.4. we have
[al; # bls  iff  [ale, # [blp, »
proving that h satisfiles this property.

A fuzzy relation B:SZ-»L is strongly reflexive, if the
following is satisfied:

p(x,y) =1 1iff x =y.

2,7. A/po 2 A iff p is a strongly reflexive fuzzy con-

gruence relation on A.

Proof. IfA/p=A, thenby 2.6. A/p, = A, i.e.
Py is a diagonal.

On the other hand, if p is strongly reflexive, then N
is a daigonal, and thus ]a|pl=a. Now, by 2.4., a#¥b implies

[a]-‘-) # [b]; i.e. the mapping h (h([a];) =a) is an isomorphism.

3. Consider now the algebras A= (S,F), A/p=(S/p,F),
and for every pelL, A/p_= (S/p_.,F), where p= U p-p_ 1s a fuz-
P P L P

zy congruence relation on A, pp (pel) is an ordinary congru-
ence relation (as in 1.2.), and L= (L,A,V,0,1) 18 a complete
lattice. For each of these algebras one can define the corres-
ponding fuzzy subalgebras, as in 1.3. Here we shall discuss
the relationship between these fuzzy structures.
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3.1. Let A:S+L be a fuzzy subalgebra of A. Let also
p be an ordinary congruence relation on A. Define the mapping
A/p:S/p+L, so that R/p([x]p) def y  R(y). Now, if L is dis-
tributive, then ye [x:]p

a) A/p is a fuzzy subalgebra of A/p, and

b) fp=kerp is a fuzzy homomorphism from A/p onto A/p.
Proof. a) Let fg F(n), xl,...,xnes. Then
Ao (E([x,] seeen )Y = i/p([f(xl....,xn)]p) =

VAY): ye [fxo.000x)] ) >
VA(E(Y reeery )i ¥ € [xljp,...,yne [xn]p ) >
VAY) A ... AR(y ) ¥, € [xl]p,....yne [xn]p) =
V(A(y,) A .. p VA(Y)
Y€ Exll p yne [xn-J p ’
where we use the definition of a fuzzy subalgebra, and the fact
that [ is distributive.
b) Let xe€S, and £ =kerp . Then
R/p(fp(x)) = R/p([x:]p) = V. A(x)>A(x) , i.e.
o ve[x]
Ac Iﬂs/po:Ep .
The following corollary shows that, in the family of
all fuzzy subalgebras of A/p, the one defined in 3.1. (and pro-

vided that [ is distributive) is the smallest one - as a fuzzy

set - satisfying 3.1. (b).

3.2. Let A/p be as in 3.1. If I-\l/p:S/p +L is any fu-
zzy subalgebra of A/p satisfying 3.1. (b), then

A/o Sk /o .

Proof£f. By the definition of fuzzy homomorphism,
if x €s, z:xl/p([x]p)

A /ol [y]p)

Al/p([>f]p)

>A(x). But then for every y € [x]p,
31-\(y) , and hence

> ¥V _A(y) = A/o([x] ) .
ye [x] P
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If we start with a fuzzy su_balgebra of A/p, then it
induces a fuzzy subalgebra of A in the following way.

3.3. Leit p be a congruence relation on A, and A/p :

S/p +L an arxrbitrary fuzzy subalgeba of A/p. If 2 is a mapping

from S to L, such that for xe§ A{x) def R/p([x]p), then:

a) is a fuzzy subalgebra of A,

A
and _ _
b) fp=ker pis a fuzzy homomorphism from A onto A/p .
Proof. a) For xl,.._.,xneS, feF(n) ,

Z(f(xl,...,xn)} = i/p([f(xl,...,xn)]p) =
A/pCE(ey] veeen Brpd ) >
I-\/p([:xl]p) A... Ai/p([xn]p) = ix'(xl) Ao AR(x)

since A/p is a fuzzy subalgebra of A/p, by assumption.
b) For every xe€ S,

A(x) <A/p(f (X)), since the equality holds by defini-
- [
tion.

3.4. Let A be as in 3.3. If A :S+L is any fuzzy
subalgebra of A satisfying 3.3, (b), then RIE’.

Proof, By the definition of a fuzzy homomorphism,
for any I_\l and x €5

Z\l(x)ii/p([x]p) = A(x), i.e. K =A.

As a direct consequenceof the definition of fuzzy ho-
momorphism, we have the following two lemmas.

3.5. If f is an isamorphism from algebra A to Al,
and £ and f-l are both fuzzy homomorphism relative tc the sub-
algebras A and E‘l of A and A1 respectively, then for every x€ S
A(x) =3 (£(x)).
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3.6. If p and 0 are two congruencés on A= (s,F) and
pS o, and if the homomorphism h:S/p +S/0 is also a fuzzy ho -
momorphism from a fuzzy subalgebra T\/p of A/p to the fuzzy
subalgebra B/g of A/g, then for every xe€ S,l-\/p([x]p) :ﬁ/p([x]c).

Consider now an arbitrary fuzzy congruence relation
p= U pp_ om A= (S,F). In part 2 we have proved that there
peL P
is a homomorphism from A/p to A/pp, for every pe L, and that
A/p = A/pl' If we considered the fuzzy subalgebras of these
structures, we get the following consecquences ©of the preceding

propositions. /

3.7. Let A/p be a fuzzy subalgebra of A/p, and for
every peL, take a fuzzy subalgebra 1'3./9p of A/pp, such that
the homomorphism h:A/E-rA/pp is preserved under the formation

of fuzzy subalgebras (i.e. h is the corresponding fuzzy homo-
morphism), then for every X € S, E/E([x:la )_{i/pp([x] pp) , and

A/p( [x}-a) = E/pl([x]pl) .

Proof. By 2.5., 2.,6., 3.5., and 3.6.
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REZIME

O RASPLINUTIM FAKTOR ALGEERAMA

U vezi sa algebrom A i kompletnom mreZom L, posmatraju
se rasplinute kongruencije (definiéane u [1]). Uvodi se pojam
faktor algebre po rasplinutoj kongruenciji: A/p. Kako je svaka
rasplinuta kongruencija poseBna unija familije obi&nih kongru-
encija na istoj algebri, od interesa je posmatrati odnos izme-
dju A/p 1 A/p, za proizvoljnu kongruenciju p familije. Dokazano
je da uvek postoji homomorfizam izmedju A/p i A/p i dati su po-
trebni i dovoljni uslovi za koje je to izomorfizam. Razmatraju
se 1 rasplinute podalgebre (definisane sli¥no kao u [2]) alge-
bri A 1 A/p i prétpostavljajuéi da ta preslikavanja o&uvavaju
homomorfizam, dati su uslovi pod kojima jedno od njih indukuje
drugo i obrnuto. Takodje je opisana veza izmedju rasplinutih
podalgebri od A/p 1 A/p.



