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ABSTRALT

Alternating symmetric (AS) n-quasigroups are defined
and considered. -An n-quasigroup (Q,f) Is caled an AS-n-quas igroup

PEF Flxg, X)) = x> Flxgpoae,x ) = xo0qy for

n+1 on

every even permutation ¢ of the set {1,...,n+1}, AS-n-quasi-
groups represent a generalization of semisymmetric quasigroups.
Several equivalent definltions of an AS-n-quasiaroup are agiven
and It Is proved that every AS-n-quasigroup, n > 3, deflnes a
family of totally symmetric (n-2)-quasigroups. Some properties
of (i,j)-assocliative AS-n-quasigroups are determined and full -
characterization of AS-n-groups is given, Autotopisms and fso-
topism of AS-n-quasigroups are considered. Necessary and suf-
ficient conditions for a principal isotope of an AS-n-quasi-
group to be an AS-n-quasigroup are given.

lO

First we give some basic definitions and notations.
Other notions from the theory of n-quasigroups can be found

in [1].
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The sequence X xm+1,...,xn we shall denote by
{xi}2=m or by xm If m > n, then x: will be considered

empty. The sequence X,X,...,x (n times) will be denoted by
n n
x. If n <0, then x will be considered empty.

An n-ary groupoid (n-qroupoid) (Q,f) 1is called an
n-quasigroup iff the equation f(at-l,x ai+1) =b has a
unigue solution x for every a?,b € Q and every
ie Nn {1,...,n}.

An n-quasigroup (Q,f) is isotopic to an n-quasigroup
n+l

(Q,g) 1ff there exists a sequence T = (a
of Q such that the following identity

) of permutations

g(x ) = a_ . f({a, x

e ECleyx 3D

holds. T 1is called an isotopism, g is an isotope of f, and
by fT g we denote that f 1is isotopic to g by T. If
o+l is the identity mapping, then g is said to be a prin-
cipal isotope of f. T 1 is defined by T ! = ({uIl}::i).

If T is an isotopism of (Q,f) to itself, that is,

fT = f, then T 1is called an autotopism of f.

By Sn we denote the symmetric group of dearee n

and by An its alternating subgroup.

If (Q,f) 1is an n-quasigroup and o € She17 then the
n-quasigroup £° defined by
— —~— n —
£ ({xci i=1) = X5 (n+1) <= £lx)) = x4

is called a o-parastrophe (or simply parastrophe) of f£.

If o,T €S, , then (£97T = £ ana

f({xci i= 1) = xo(n+1) <> f' ({xGTi i=]1 ) = xo'r(n+1) *
o
1f 7= (o]*!) 1is an isotopismof £, then (£17 = (£9)7T,
o _ n+1
where T = ({a oy 1 1)
If (Q,f) 1is an n-quasigroup and o € S such that

n+1
f = fo, then ¢ 1is called an autoparastrophism of £. The

set of all autoparastrophism of f is a subgroup of Sn+1
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which will be denoted by n(f).

An n-quasigroup (Q,f) 1is called totally symmetric
(rs) iff £° = £ for every o0 €S ...

An n-quasigroup (Q,f) is called (i,j)-associative
iff the following identity holds

2n-1

i-1
x j+n

i+n-1 2n-1
1 : )

= j=1
,f(x1 1 X 4n ) = f(x1 SE(x

j+n-1

£( 3 ).

),x

An n-quasigroup which is (i,j)-associative for all
i,j e N, is called an n-group. '

20

DEFINITION, An n-quasigroup (Q,f) 18 called alter-

nating symmetric (AS) iff for every o € An+1

£=£.

It is obvious that an n-quasigroup (Q,f) 1is an
AS-n-quasigroup iff f = £ for all o € r, where I is a
generating set of the group An+1'

From the definition it follows that every TS-n-quasi-
group is also an AS-n-quasigroup. But there are AS-n-quasi-
groups which are not TS, which follows from [2] where D.G.Hof-
fman has proved that for every m > n, p > 2, and every sub~
group G C Sn_,_1 there exists an n-quasigroup (Q,f) of order
mp such that TII(f) = G.

When n = 2 from the definition it follows that a
quasigroup (binary) (Q,") 4is AS 4iff (.) = (.)(123)

(-)(132), i.e. iff xy = z <=> yz = x <=> zx = y. These
equivalences imply that (Q,) is an AS quasigroup iff the
identities

(1) y(xy) = x , (xy)x = y
hold.

A quasigroup satisfying the identities (1) is called
semisymmetric, so binary AS quasigroups are in fact semisymmet-
ric quasigroups. In [5] so-called cyclic n-quasiqroups where
introduced and such n-quasigroups are another generalization
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of semisymmetric quasigroups (an n-quasigroup (Q,f) 1is
cyclic iff the identity f(f(x?),x?-l

) = x, holds or equiva-
lently iff £ = £f°, 0 = (1,2,...,n+1)).

(o]

3

AS-n-quasigroups can be described as n-quasiqroups
satisfying certain systems of identities. If (Q,f) is an

n-quasigroup and ¢ € Sn+1’ ok = n+l1, then £ = £ iff for
all x‘l‘ e
k-1 n n _
f({xoi}i=1'f(x1)'{xoi}i=k+1) = Xi(n+1)

So we have the following theorem.

THEOREM 1. An n-quasigroup (Q,f) <8 an AS-n-quasi-

group tff for every o € I' and all x? e qQ

}k-l

f({x 1=17

f(x?),{x }

n ) = x
ol gl i=k+1 g(n+l) -’

where T 18 a set of generators of A -and k = 0-1(n+1).

+1

From Theorem 1 we get that the direct product of
AS-n-quasigroups is also an AS-n-quasigroup and a subquasigroup
of an AS-n-quasigroup is an AS—n—quasigrbup.

Now we shall give explicitly some of the systems of
identities defining AS-n-quasigroups. A well known generating
set of A is T = {(123),(124),...,(12n)}, and from Theorem
1 we get the following corollary..

COROLLARY 1, An n-quasigroup (Q,f) 18 AS iff at least
one of the following (eqivalent) systems of identities holds

i-1 .
f(xz,xi,x3 ,xl,x2+1) = f(x?), i=3,...,n,

(2)
f(xz,f(xﬁ ,xI;) = X3

r, = {(123),(124),...,(1,2,n+1) },




: 263
Alternating symmetric n-guasigroups.

[ eeed) B ) = x
£(x,, £(x]) %5 Lx,) = %,
G eR,eeD) A k) = x
|t eed ) = x
r, = {(n+1,n,1),(n+1,n,2),...,(n+l,n,n-1)},
[ £f(x ,xn-l,f(xn)) = x_,
n’"2 1 1
f(xl,xn,xg_l,f(x?)) = Xy,
4 J f(Xi,xn,xz-l,f(x?)) = x5,
L o0k 268 = x

r, = f(n,n+1,1), (n,n+1,2),...,(n,n+1,n~1)}.

If (Q,f) 1s an n-quasigroup, then (see [1]) a para-
m,

strofe f l, where 1 € Nn' 1s defined by

Ty i-1 n n
£ 706 TexpageXyy) =Xy > BO) =X, .

T
The operation £ i ig called i-th inverse operation for £,

An AS-n-quasigroup can be defined also using inverse operations
for f£.

THEOREM 2. An n-quasigroup (Q,f) s AS ZIff

for every 1i,j € Nn‘

The next theorem shows that for n > 3 every AS-n-qu-
asigroup defines a family of TS-(n-2)-quasigroups.
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THEOREM 3. Let (Q,f) be an AS-n-quasigroup, n > 3,
and a,b € Q arbitrary elements, i,j € N oy 1 # 3. The
(n-2)-quasigroup (Q,f) defined by

<=> f(xi_l,a,xz—z,b B2y -

n-2, _
g(x ) = x r79=-1 n-1

1 n=-1

18 a TS-(n-2)-quasigroup.

P r oo f. Since the alternating group An+1 is

(n-1)-fold transitive permutation group, it follows that for

each two ordered (n-1)-tuples of elements from Nn+1 there

exists a permutation from An which maps one of these

+1
(n~1)-tuples onto another. This means that the equality

i-1 j-2 b n—2)

f(x1 r@,X3 7, ,xj__1 = X

n-1 '

which has n-1 variables, remains valid if all variables are
arbitrarily permuted (where a,b remain at their places), i.e.
i-1 j-2 n—2)

_ _ i-1 j-2 n-2, _
£(x] r2,Xj ,b,xj_1 =X, _q <= f(y1 raryy ,b,yj_l) = Ypo17
where (y?_l) is an arbitrary permutation of (x?-l). Hence
n-2, _ _ n-2, _
g(x1™%) = x _, <=> a(y¥]7) = v, _;,

which means that g 1s TS.

4°
Since every cycle of odd length is an even permutation,
we have the following proposition.

PROPOSITION 1. If n <8 even, then every AS-n-quasi-

group 18 a cyeclie n-quasigroup.

From the preceding proposition and the results obtained
in [6] for (i,j)-assoclative cyclic n-quasigroups, we get the
following two theorems.

THEOREM 4, Let (Q,f) be an (i,7i)-associative
AS-n-quasigroup, n even. Then £ <8 (i+m,j+m)-associative for

every integer m (where (i+m,j+m) <8 reduced modulo n).
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THEOREM 5. Let (Q,f) be an (i,j)-associative
AS-n-quasigroup, n even, where j-1 18 relatively prime to

n, Then £ I8 an n-group.

THEOREM 6. Let (Q,f) be an (i,j)-associative
AS-n-quasigroup, n odd. Then £ <ig (i+m,j+m)-associative,
where m 18 an arbitrary integer such that 1 < i+m < n,

1 < j+m < n.

Proof. let f be (i,j)-associative. Then for
a1 x"leo
i-1
1

i+n-1
i

2n-1

j+n-1 2n-1
i+n X3 )

= i1
£0x7 0, £(x ) = £0xd7h g0 x50

), x

Let i,j <n. £ is AS, hence f = £°, where
¢ = (12...n), that is

i—l,f(xl+n_1 2n—2) = f(x J-llf(xq+n—1) 2n-2)'

Xy 1 ) eXyn 2n-1'%1 3 X4

f(xZn—l'

i.e. £ 1is (i+1,j+l)-associative. If 1 < i,j, by an analogous
procedure, using 0-1 instead of o, we get that f is
(i-1,j-1)-associative.

Hence f is (i+m,j+m)-associative, where m 1is an

arbitrary integer such that 1 < i+m <n, 1 < j+m < n.

THEQREM 7. Let (Q,f) be an n-group. Then (Q,f)
i8 AS iff there exists an Abelian group (Q,+) such that
X = -x for all x € Q, and

n —
f(xl) = X +c,

-t

where ¢ 1i8 a fizxed element from Q.

Proo f. Let (Q,f) be an AS-n-group. Then by
Hosszl theorem there exist a group (Q,-), its automorphism ©
and an element c¢ € Q such that

f(x?) = xlex262x3...9n-1xnc ’
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where Oc = ¢ and for all x €Q 6" 'x = cxc™). £ 1is as,

hence f = fo, where ¢ = (1,2,n+1), and the following identity
is wvalid )
n n, _
f(xz,f(xl),x3) = X5
that is

1 1

(5) xze(xlex292x3...en_ xnc)02x3...en- X.C = x;.
If we put in the preceding equality x; = e, i ; l1,...,n,
where e 1is the unit of (Q,-), we get that ¢” = e. Now
putting in (5) X =e, i=2,...,n it follows Bxl = X i.e.
© is the identity mapping of Q. If in (5) we put x; = e,

;1 which means that for

i=1,3,...,n, we cbtain 62x2 = x
all x€Q x = x_l. Hence (Q,-) is an Abelian group and

n —
f(xl) = X X5..-X C.

The converse part of the theorem is obvious.

Since the group (Q,-) such that x = x ' for all
x €09 is of order 2t, t € N, and for every t € N there
exists such group of order 2t, we have the following
corollary.

COROLLARY 2. There exists a nontrivial® finite AS-n-
t

group (Q,f) of order q iff q =2, t € N,
50

PROPOSITION 2, If T = (¢§+1) is an autotopism of
+
an AS-n-quasigroup (Q,f) and G €A ., then ™ = ({aai}?=i)

i8 also an autotopieam of f.

Proof. Since T is an autotopism we have fT = f,
and since f is AS it follows f£° = f. Hence £ = (£f1)° =

i ¢ o
= (£9) = f° , that is, T 1is an autotopism of f.

4
) an n-group (Q,f) is called trivial iff |Q| = 1.
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PROPOSITION 3. Let a,B be permutations of a set Q,
n > 2. (a,B,nEI) 16 an autotopism of an AS-n-quasigroup (Q,f)
iff B = a—l and for some 1i,j € Nn' 1 # 3, the identity

n

i~1 n
(6) £(x] ,axi,xiH)

j=1
= f(x% ,axj,xj+1)

holde (by € we denote the identity mapping of Q).

Proof. lLet (a,B,nEI) be an autotopism of (Q,f).
By Proposition 2 for every 1i,j € N, i # i, A3l,q, 78,8

and (JEI,a,nEJ,B) are autotopism of f. Consegquently

n

Bf(x?) = f(xi-l,axi,xi+1) = f(xi—l,ax.,xq ).

'+

Putting in the preceding identity a-lxi instead of X,
we get

n i-1 -1 j-1
f(xl) = f(x1 ,Qa xi,xz+l,axj,xg+l),

n-j+1

it _I,J_é-l,a, € ) 1is an autotopism of f, which

i.e. ("¢ ,a
implies that (a,a ,nzl) is also an autotopism of £f. Two
autotopisms which differ in only one component must be egual,
hence a = a_l.

Now let the identity (6) holds for some i,j € Nn’
i # j. Putting in (6) a.'lxi instead of x,, we get similarly
as in the preceding part of the proof, that (a,a_l,ngl) is
" an autotopism of f.

REMARK. It is easy to see that if the identity (6)
holds for some 1i,j € N/ i # j, then it holds for every
such 1,j.

let (Q,f) be an n-quasigroup, i € Nn‘ A permutation
a of Q 1s said to be i-inverse regqular for f iff

(*31,a,P5Y,07Y) is an autotopism of f. A permutation which
is i-inverse regqular for f for every 1 € Nn is called
inverse regular for f. The set of all inverse regular permu-

tations for f will be denoted by V(f) (see [1]).
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If (Q,f) 1is an AS-n-quasigroup, n > 2, then it is
easy to see that 1if a is for some 1 € Nn i-inverse regular
for £, then a 1is inverse reqular for ¢£.

Now we have the following corollary from Proposition 3.

COROLLARY 3. If (a,B8,"€)) <e an autotopiem of an
AS-n-quasigroup (Q,f), n > 2, then a and B are inverse
regular permutations for £.

PROPOSITION k. Let T = (a?+l

an AS-n-quasigroup (Q,f).
If n > 2, then for any i,j,k € N 1#£j#%kx #1,

) be an autotopism of

- - -1 -2 -1 -1 -1 n-2 .
(ailaj,aj;ak,ak ai,ne ) or (aj O # @y aj,ak a;r € ) s
an autotopiam of £.

If n > 3 then for all 1,j € Nn+1' i#3,

-1 -1

LAYLY ai,“El) 18 an autotopism of £f.

a
¢ 3]

Proof. If T = (a2+1) is an autotopism of f,
n > 2, then ! and T¢, ¢ = (i,3,k), 1,3,k € Nn+l'
i #3+#%k # i, are also autotopisms of f. Then

- - -1 j=i-1 -1 k-3j-1 -1 n-k+1

T 1T¢ = (iel,ai “j' € '“j o » g T PR )
is also an autotopism of f.

If o= (3k)(25)(11) and T = (12)(3k)(2j)(1i), then
one of these two permutations is even. If ¢ 1is even, then
(T-1T¢)O is an autotopism of f, and if 1 1is even then
(T 17%)T i3 an autotopism of £, hence the first part of
the proposition is proved.

_ o, -1 -1 -1 n-=2

Now let n > 3 and let 8 = (ai aj'“j L N )
be an autotopism of f (the proof is analogous if

-1 -1 -1 n-2
(aj o 0y “j'"k a,r € ) 1s an autotopism). Applying to S
the first part of this proposition, taking the first and any
two of the last n-3 components of S, we get that

(aIlaj,agldi,nEl) is an autotopism of f.
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PROPOSITION §. Let n > 3. If T = (a?+1

topism of an AS-n-quasigroup (0,f), then for every o € Sn

o _ n+1
T = (ag o)

) e an auto-

+1
) <8 also an autotopism of f.

P r oo f. By the preceding proposition, for every
. . -1 -1
llj e Nn+1' i # JI S = (ai aj'aj
of f£. Proposition 2 implies that

ai,nEl) is an autotopism

s . > - - TR - n_'+1
g (23) (11) (34) 23y (1) _ (1e1,ailaj,3 L l,aj1a1, e

=S

is an autotopism of f£. Multiplying this autotopism by T
from the left, we get that

i-1 n+1

j-1 (i3)
(a1 'aj'a1+1'“i'aj+1)

=T
is an autotopism of £. We have obtained that for every tran-
sposition (ij) T(ij) is an autotopism of £, the set of

all transpositions generates S hence T° 1is an autotopism

“n+1’
for every o € Sn+1'
For n > 3 some properties of AS-n-quasigroups are
very close to the corresponding properties of TS-n-quasigroups.
Now we shall give several propositions describinc¢ such proper-
ties, but we shall omit the proofs since they can be given on
the basis of the proved theorems and propositions analogously

to the corresponding proofs for TS-n-quasigroups (see [1],[4]).

PROPOSITION 6. If Ai(f) denotee the group of i-th
componentg of all autotopisms of an AS-n—quasigroup (Q,f),
then Ai(f) coincides with Aj(f) for all 1i,j € Nn+1'
Thie group we ghall denote by Ao(f).

PROPOSITION 7. If n >3 and T= (a)7)) ie an

autotopism of an AS-n-quasigroup (Q,f), then aIlaj ie
inverge regular for £ for every i,j € Nn+1'

PROPOSITION 8. FEvery autotopism T = (aq+1) of an

AS-n-quasigroup (Q,£), n > 3, can be represented in the form



~

270 Zoran Stojakovidé

T = a(Xl,...,kn,e) '

where kl""'kn € v(f).

PROPOSITION 9. If a component of an autotopism of an
AS-n-quagigroup (Q,f) then all other componets
of that autotopism are inverse regular permutations for

18 an AS-n-quasigroup,

i8 €, n > 3,
f.

PROPOSITION 10. If (Q,f)
n > 3, then the set V(f) of all inverse regular permutations
for £ 18 an Abelian group.
11. Let (Q,f) be an AS-n-quasigroup,
i8 inverse re-

* PROPOSITION
n > 3. If a component of an autotopism of £
gular for £, then all components of that autotopism are
inver%e regular for £
be an AS-n-quasigroup,
there exists exactly

18 an autotopism

PROPOSITION. 12. Let (Q,f)
a e Ao(f)

n > 3, For every permutation

¢ € V(£), such that (0,ad)

one permutation
of ¢£.
+ . .
n 1) 18 an autotopism of

If T = (a1
Ll o y(g), then

PROPOSITION 13.
such that oy

an AS-n-quasigroup (Q,f)
@ 0,..00 = € .
THEOREM 8, A principal Zsotope (Q,9) of an
(Qlf)l n > 3, fT =qg , T= (a?,e), i8 an
are inverse regular

AS-n-quasigroup
AS-n-quasigroup iff all componenta of T

(Q,9), g = fT, be an AS-n-quasigroup.

for £,
Proof. Let
Then
n
(7) g(xz.g(x?),x3) = X

which gives
n n _
£loyxy oy fllogx by rfogx og) = %
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and, since f as also AS-n-quasigroup, it follows
n n
f(xl,alxz,{aixi i=1) = azf({aixi}i=1) .
Hence
n, _ -1 n
f(xl) = azf(ulxl,uzul x2,x3) ’
s -1 n=2
i.e. (al,aza1 ;s E ,uz) is an autotopism of f.

By Proposition 9 oy and a, are inverse reqular
for f. Using instead of (7) other identities which are satis-~
fied by every AS-n-quasigroup, we get by an analogous procedure
that Ogs-ee,0, are also inverse regular for f.

Conversely, let now an n-quasigroup (0Q,f) be isotopic
to an AS-n-quasigroup (Q,f), fT =g, T = (u?,e), where all
components of T are inverse regular permutations for f.

Then

n-i _
Velogx oo x)) =

a0 g(a(x) x5 %)) = o Fla E({oyx }]L

_ n n;l _ n, n-1 = —
= (£ (x oy Xy o) loy X Yoorx) = E(£(Y )y, ") =y, = o X,

where we have used that % and a are inverse regular for

1
f, that f 1is an AS-n~quasigroup and we have put Yl = xl,
Y; = aixi, i=2,...,n.

Hence we have obtained the identity

n n-1

g(g(x)),x, .xl) =x .

One can prove analogously that g satisfies all other iden-~
tities from (3), so (Q,9) 1is an AS-n-quasigroup.

REMARK. Since the second part of the proof of the
preceding theorem is valid for every n > 2, it follows that
for every such n a principal isotope ©of an AS-n-quasigroup
(Q,f) 1is an AS-n-quasigroup if all components of the isotopy
are inverse regqular for f.
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REZIME

ALTERNATIVNO SIMETRIENE n-KVAZIGRUPE

U radu su definisane i razmatrane alternativno simet-
ri&ne (AS) n-kvazigrupe. n-kvazigrupa (Q,f) se naziva AS-n-
-kvazigrupa ako i samo ako za svaku parnu permutaciju o skupa

{1,...,n+1} wvaZi f(xl,...,xn) <=> f(xol,...,x ) =

= x
n+l on
AS-n~kvazigrupe predstavljaju jednu generalizaciju

= x .
polﬂégg;%riénih kvazigrupa. Date su neke ekvivalentne defini-
cije As-n-kvazigrupa i dokazano da svaka AS~-n-kvazigrupa,

n > 3, defini¥e familiju totalno simetri&nih (n-2)-kvazigrupa.
Odredjene su neke osobine (i,j)-asocijativnih AS-n¥kvazigrupa
i data potpuna karakterizacija AS-n-grupa. Zatim su razmatrane
autotopije i izotopije AS-n-kvazigrupa. Datl su potrebni i do-
voljni uslovi da glavni izotop AS-n~kvazigrupa bude AS-n-kva-

zigrupa.



