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ABSTRACT

In this paper we consider a method for the numerical solution of
nonlinear systems - of equations. The method is a two-parameter generaliza-
tion of the vSOR-Newton method (vSORN). When the two parameters involved
are equal, it coincides with the vSORN method from D]-as a special case.
This method we call vAORN (''verallgemeinerte' Accelerated Overrelaxation
Newton) method.

1. INTRODUCTION

We shall consider the system of nonlinear equations
Fx = 0,
where F:S= R" r" .

For some x°e S and some g,0 € IR, w# 0, the iterates
{xk} are defined by

F (zk)
(vaorN)  xETlanfow A p, i=1,2,..0,m k=0,1,...,
di(z )
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F (xk) VF.(zk'i)
where zlf=xlf—o —I—-—E— R zi=xl.(-o 1 I 1=2,3,...,n ,
d, (x) et

k,i k k k k—T
2 [ . [zl,...,zi_l,xi,...,xnj ’

and di:s.—>IR, i=1,2,...,n.
We -assume that:

1) F is F-differentiable on an open neighborhood So cSs of
a point x*, for which Px* = 0.

2) The functions di’ i=1,2,...,n are continuous on S and
di(x) >0, i=1,2,...,n, X €S.
3F, .
3y fi = —a;: (x*) #0, i=1,2,...,n, and without any restrie-
tion of the generality we can suppose that fi >0, i=1,2,...,a .
Under these assumptions we shall prove the local convergence of
the VAORN method using the theorem of Ostrowski, [3].

In case that o=w the VAORN method reduces to the vSORN
method from [1]. In this case, if F~"(x*) is a strictly diago-
nally dominant matrix, we get the convergence interval Io forw
wider than the one from [1]. For o € I_, using Theorem lfrom [4],
. we get a narrower convergence interval for y than in [_'4] In ca-

. oF,
se that di(x) = é—x-—l— (x), 1=1,2,...,n and Fx=Ax +b, where ls‘lel?fl'r_1
i

(= set of real nxn matrices) and b ¢ R% the VAORN method is the

AOR method from [2].

Let Go ® be an ‘iteration function for (vRORN) and let
!

Fo(x*) =DF—LF-UF be the decomposition of F“(x*) into its dia-

gonal, strictly lower, and strictly upper triangular parts. Let
n,n
D=diag(d, (x*) ,d,(x*),... (d (x*)). For A= [aij] e R ' and

o e [0,1] we define for i=1,2,...,n

IFI I rfll

P,(a) = § |a,.|, Q,(n) = } |a

1 j=1 13 i 3=1
i#i j#1

Pi,a(A) = aPi(A) + (l—o.)Qi(A) .

ji
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2. THE LOCAL CONVERGENCE OF THE vAORN METHOD

Let ¥#0 and let G, be an iteration function for the
vSORN method

k+1 F,{x 'i)
(VvSORN) Xy =x;-0 ——(_fc- , i=1,2,...,n; k=0,1,...
d, (x
. k,i _ k+1 k+1 k k.T
with xt =[x ""’xi-l’xi""’xn]
=(1-2 ]
from [1]. Then Gy o= (1-F)E+3Z G,

Since G  is F-differentiable at x* (Theorem 1 from [1]),

G(J © is also F-differentiable at the same point and

(1) 0 (X*) (D—crL) (D-wDF+(w—o)LF+mUF) .

- = e -1 - *xY.- -
For o=0, Go’w(x) x-wD " (x)F(x) and Go’m(x )= E

- mD_lF‘(x*) , which is a special case of (1) for o=0. Thus,
(1) is true for g,we IR, w#0.

From now on we shall assume that the assumptions 1)-3)
from the introduction are valid.

THEOREM 1. Let a € [0,1] and let di—lclPi’a(LF) >0,
i=1,2,...,n. Then

[di—mfi|+|w—0|P (L )+|w|P (u.,)

i,o F

[ - *
p(GU’m(x )) < max

i 4, - IUIPi,a(LF)

Proof£. Let A be any eigenvalue of G& m(x*) and
r
suppose that
Idi—wfi]ﬂm—oiP (L )+]m|P1 . UF) .

!}\l > L) ’
4 - lofpy  (Lg

After some manipulations  we have
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lag; 1= I(A—l)di+wf1|E:u(|m+o(k-l)|Pi(LF)-FlwlPi(UF)) +
+ (1-a) (Jwto(r-1) lo, (L) +{wlQ, (UL)) =

=aPi(A)-+(1—a)Qi(A), i=1,2,...,n ,

where A [aij] eIR 'Y, A= (i-1)D+wD - (w+c(A-1))Lo-wU;. Then
Theorem 2.5.2. from Dﬂ shows that detA# 0. Since (D—oLF)(AE -

-G, (x*)) =A and det (D-oLp) #0, it follows det(AE-G] m(;'m),e
’ ’
#0. This contradicts the singularity of AE-—G& u)(x").

’

THEOREM 2. Let for some a€ [0,1], £,>P, (F7(x%) ,
r
i=1,2,...,n. Then for
24,
1
- *
fi+P1,u(F (x*))

0 <w<min

and 1
-w(f,-P F (x* +2 0,wf,.—d,

rax w ( i 1,a( (x*)))+2max (0,0 i 1) .

i ZPI’Q(LF)

a(LF)-Pi’a(UF))+2min(0,di-wfi)

w(fi+Pi
<0 < min =

i zpi,G(LF)

o(G; w(x*))< 1 holds, ©i.e. the vAORN method comnverges locally.
r

Proof. We shall prove that for all i=1,2,...,n ,
the following\implication holds.

2d1
- *
fi+Pi,a(F (x*))

0<uw<

-w(fi—Pi’a(F’(x*)))+2max(0,mfi-di)

<g< =
7Pi’a(L;Y

(2)

m(fi+Pi,a(LF)-Pi,a(UF))+2m1n(0’di_wfi)

<
2Pi'a(LF)

(3) idi-wfil+|w—o]PiLa(LF)+|m|Pi'a(U )

a-TolF; (L)

F

<1l .
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Since for ¢ and w from (2
1 and (3) show that p(Gc;
r

Let us introduce
U .
o‘( F)

u.
1 i,

To prove implicat

cases. a

Case I: 0<¢.os:£:l ’
i

d,~wf twg,-ocl.+

Then i i i

=

Case II: O<wc<

s

+

Then i

di-mfi*mli—ol
a

£,
i

Case III: 0([»:

Then di—mfi+021—mli

da
Iv:

) we have di-lolpi,a(LF) > 0, Theorem

(x*)) < 1.
w

P

the following notations: zi i,a(LF)'

ions (2) => (3) we consider the next

—m(fi—zi—ui)

——TQT—(‘J:O .

wu, < di+ol

i

r 0<o<cuw.

< f

wl, <d,-0f 1 i

+
i i since zi u

i’ :
m(fi+zi-ui)

221

r W<OKL .

+mui< di—oli

24 w(fi+2

N +ui)-2d

i i

<g<0.

i
Case <@ <
s
T £y

-d + -
Then mfi d wli ali

2

1
har §
£y i

-d.+ -
wfi dl mll gl

Case V: <

Then i

a, 2
i
£

Case VI:

Then mfi—di+oli-ml

COROLLARY 2.1,

dominant matrix. Then for

N 1
°<‘"<“‘i“ TP (F (%%

1

W<E IR

W< ————
¥
fi li+u

gtu, 7

ity 2

i

+m\.11 <a

di

+u

i+05Li .

s O0<o<uw.
i1 -
+mui < di—o!,i .
4,

i

w(~-£f +5Li-ui)+2di

221

i

, W< O<

i

i+mui< di—ozi .
Let F7(x*) be a strictly diagonally

24,
and
i
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—m(fi—Pi (F " (x*)) )+2max(0,mfi—di)

max < g <
i ?Pi (LFT

“’(fi+Pi (LF) _Pi (UF) ) +2min(0,di"mfi)
2Pi(LF)

< min
i

p(Gg uu(x*)) <1l holds, i.e. the vAORN method converges locally.
14

The proof follows immediately from Theorem 2 witha=1,

COROLLARY 2.2, Let F (x*) be a strietly diagonally
dominant matrix. For the iteration function G, of the vSORN
method the following implication holds

Zdi
0 <w<min T F =) =>p(G7(x*)) <1 .
1 Py (P w

Proof. For w=0 we have G~ (x*) =G (x*). Since
w,w w
for any i=1,2,...n, —m(fi—Pi(F’(x*)))+2max(0,mfi—di) <0 and

» 2<ii e m(fi+Pi(LF)—Pi(UF))+2min(0,di-mfi) ’
fi+Pi(F (x*)) 2pi(LF) _

using Theorem 2 we complete the proof.

REMARK 1. The local convergence of the VSORN method
was proved in [1:] for we (O,q] . where g =min fi under the
same assumptions as in Corollary 2.2. Our interval for y is wi-
der.

REMARK 2. Theorem 2 enables us to consider the local
convergence of the vSORN method for a wider class of matrices

than in [1] .

REMARK 3, From Corollary 2.2. and Theorem 1 from [4]

it follows that
24

i o - *
0<mic<minm >p(Golw(x))<1-

Our Theorem 2 gives us more,
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3F,
REMARK 4. For d, = =~% , Fx=2ax+b, Ae R™'?, pe R",
i 90X 4

Theorem 2 is a special case of Theorem 3 from [5]
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REZIME
O LOKALNOJ KONVERGENCIJI VAORN POSTUPKA

U radu se posmatra postupak 2za numeridko reSavanje sis-
tema nelinearnih jedna&ina Fx=0. Taj postupak, koji je dvopara-
metarska generalizacija vSOR-Njutnovog postupka (vSORN), razma-
tranog u [1:’ , nazvali smo VAORN ("verallgemeinerte” Accelerated
Overrelaxation Newton ) postupak. Pod odredjenim pretpostavkama
za funkciju F i matricu F (x*), gde je x* reSenje sistema Fx=0,
odredjeni su intervali konvergencije za parametre ¢ i w. U spe-
cijalnom sludaju, za o=w i kada je F~(x*) strogo dijagonalno do-
minantna matrica, interval konvergencije za.y dobijen u ovom ra-
du S8iri je od odgovarajudeg iz [l] . Analogni rezultati iz ovog
rada za sludaj sistema linearnih jedna&ina dati su u [5].



