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ABSTRACT

The aim of this paper is to prove the nuclearity of the space
o {Hp(x,q)} under suitable conditions on the matrix {M_(x,q)}, peN, qe N,
This space is investigated in paper [5] (in this Journal), so for notations
and notions see [5].

1. In the proof of the nuclearity of the space K{Mp}in 2]
saome conditions were supposed. In this part of the paper we are
going ‘to discuss some of them. First, we shall repeat some fa-
cts from [I1].

Let’ {Mp (x))} be a sequence of continuous functions on R
such that:

(1) 0<6_<_M1(x)iM2(x)i..., xeR .

The space K{Mip} is defined as the space of smooth functions ¢
such that

ll ol 2 =SuP{Mp(X)I¢(i) (x)|; i<p, xeR} <= , peN ;

the topology in K{M_,} is given by the sequence of norms {|| le .

Moreover, let us suppose that M_, p € N, monotonically
increase as |x| >« (this means if [x > |, » ¥X,°X,>0,then
Mp(xl) > Mp(xz)) and:

(N) For every p eN there exists p~ €N such that

-(x): =MP(x)M;1—(x) er! (R) and r -(x) -0 monotonically as

r
PrP
le -

PP
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(I} For every p ¢éN and every keNo, there exist p“" eN and

Bp,k >0 such that

[ulgk) (x}| <B -(x), xeR.

p.K'p :
Under these conditions, it is proved in (2] that k{M_} is nuc-
lear. P

The supposition that Mp (x), p &N, are smooth functions
and that (I) holds, can be changed in some sense with more ge-
neral conditions. Namely, the following theorem holds.

THEOREH 1. Let Mp(x), P EN,be a continuous functions
on R such that Mp(x) monotonically increase when |x| +w . If

this sequence satisfies condition (1) and

(T) There extists ¢ >0 such that for every p €N there exi-
st p " eN and K - >0 such that
PP

F f r -
B[p (x) < l(p pj[ .(x E) [+] x >K ’

p p p P p‘ ]
Hp(x) <K M t(xle) fol‘ X < K

then the space K{Mp} i8 equal to the apace K{Np} for a suitable
sequence of smooth functions {Np.(x)} for which (1) and (I) hold.

If the sequence {M_) satisfies condition (N), the sequ-
ence'{Np} satisfies this condition as well.

Proof. For the proof we shall use the following
construction ([4]).
Let o, (x) eC:(R), Supp w, = [0,5] N (x) >0 and I{ ml(x)dx
= 1.
We define the sequence of smooth functions on the interval
[e,») by

€
Np(x) s= Mp(x) *w, (x) = ‘f) Mp(x-t)m1 (t}dt, x e [e,»), peN.
So we have

(2) Hp(x-e)ﬁﬁp(x) _<_Hp(x), xef[e,»), peN ,

(3) Np(x) f_Np+1(x), xe€le,»), peN ..
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Similarly, let w,(x) eCZ(R) ' suppwé C[—S,OJ r wy(x) >0,
£m2(x) dx= 1, and let

N (x) 2= M (x) *a, (x) ={€ M, (x-t)u, (£)dt, xe (-=,-€], peN.
This sequence satisfies the following inequalities .

(2% M (xee) iﬁp(x) <M (x), x e(-=,~<] , peN,

(3°) N (x) <

< p+1(X)' xe(—w,-€] , peN.

There exists a sequence of smooth functions {N_(x)} on
R such that: Np(x) is equal to ﬁp(x) on the interval [e,«);
Np(x) is equal to ﬁp(x) on the interval (—w,-e] ; O <e:Np(x) <
< Np+1(x) on the interval (-g,e}, p eIN.

Thus we construct the sequence of smooth monotonically

increasing functions(as [x| +«) {N_}, which satisfies (1). From
(2),(2® and @) it follows that for any pe N there exists p” €N such that

oo -
(277) Hp(X)/Kp,p’<Mp"(x €) _<_Np~(x) _<_Mp,(x) for =x >Kp'p, ,
oo . (x+E N_. . -
(37) M (x)/K , (x+€) < - (x) <Mp (x) for x<«< Kp,p

Thus the spaces K{Mp} and K{Np} are the same in the topological
sense.
Condition (I) for the sequence {Np(x)} follows from

(k)

€
|n“‘) (x)|< ju (et [wy) (£) |at <M () ludF) (e) Jat <
o]

ic%(x) icup,(x-e) _<_CNP,(x) ’ xZKpp’ R

since similar inequalities hold for x <—Kp p
1 4

Let condition (N) holds for the sequence {M:p(x)}. If

P” €N corresponds. .to peN in (N) let p" and Kp’ p" correspond
r

to p~ in condition (T). For x >Kp', p" we have

N_(x) M _.(x)

..x)—-M (x-¢) —p,p M {x

P
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since a similar inequality holds for x<-K “p" ! it follows that
(N} holds for the sequence’ {Np(x)}}.

2. In paper [5] we defind the space d{Mp (x,q9)} by a
suitable matrix {cp q} and a suitable sequence of functions
r

{exp (111p (x])} where we have constructed the sequence {m_(x)} sush
that this space may be investigated by a Fourier transforma-
tion. Since in this paper a Fourier transformation is not ne-
eded, we genaralize the conditions for the matrix {Hp(x,q')}.
Namely, we suppose that

=M
Mp (x,q) p(x) cp,q

+ PEeN, quo '

where {c } is a matrix which satisfies some of conditions

€.1), (C.2}, (C.3], (C.4) from (5] (see remark about (C.1) in {51):

(C,1) for every (p,q) eNxN_ ;

<
°p,q=%p+1,q

(C.2) For every peN the sequence {cp ; quo} monotoni-

'q
cally tends to zero when q-+« ;

(C.3) For every peN there exists p"eN,p” > p, such that
for every t >0 there exists d, (e) e N with the pro-~

perty c <gC for aQ>4q, 7

P,9- P .q

(C.4) For every peN there exists p“eN, such that
sup {;2’—9'——— ; quo} <o §
P ,q+l
and (C.5) (see below}, and’ {Mp(x)} is a sequence of functions
which satisfies the conditions of Theorem 1. It is clear that
the sequence {exp (mp (x))} rom 5] satisfies these conditions.
Let us denote by E Ip,q , where I is a closed finite
interval in R, the space of smooth functions ¢ on I such that

el g, p2= suple 8P xer, geN} <= , peN,

P.q
in which the sequence of norms {| ”p 1} defines a topology.
’

If {cp } , peN, quo , are of the form
I

q

= nd
cplq—p/Nq, peN, qgeN, ,
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where {N } is a suitable sequence of positive numbers, then
this space becomes the space E P from [3].

The nuclearity of this space follows from the appropriate
condition on {Nq}((M.Z)', see [3]). So if we give an appropriate

condition on {Cp q} we shall obtain the nuclearity of EI (Cp J.
’

r4.

LEMMA 1. Let for the matriz {c
hold, where:

qu} * (Col) and (C.S)

(C.5) For every p€&€N there exists 'p‘eN, such that

!¢ c -1
qeN p,qi b g

(c
Then the space Es Prd" ie nuctear.

< o

The proof of this Lemma is similar to the proof of Pro-

position 2.4. from [3], so we have omitted it. let us only re
mark that (C.3) follows from (C.5).

{c_ )
LEMMA 2. The sequence of norms |l "p 1} on EIp'q
’

18 equivalent to the sequence of norms

o

o llpsr = A

q=0 cp;q {
Zf (C.1), (C.4) and (C.5) hold.

I¢(q)(x) |2dx)1/2’ PEN,

(e )
Proof. If gef P'Y, (c.5) implies
- <C ' where C = [ dx J -1
llell pP,I~- ”¢”P:I { qéNg qu( P rq)
From the Sobolev Lesma ( see [6], Theorem 4.1) it follows:

i}

sup{lq;(x)].; x €1} <sup{( | l¢( (x)|2dx)1/2; 1=0,1,2}
I

So we have

(q) . . {q) 2.,1/2
WP{CP'q]qs (x)]; xe1, quo} isup{cp.._q( JI' &) (2} “ax)

(g+1) 2. .1/2 Sp,
* cP",q+1( [ 1¢ (x) | “dx) Ei_.,%_— T+ +

(q+2) 1/2 .
+cp,,’q+2(J 19 () | %ax) _Eﬁ_ P geN !

p",q¥2
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where p" corresponds to p” in (C.4) and p”~ corresponds to .p
also in (C.4). From this inequality it follows that

ol p,r <2 +28)  Jlell; ; + where
c_ .c .
A=sup{EP_L‘1_—+..P_'_‘I_ ; oqeN ) .

c ’
p",qgtl p",gt+2
The constant A exists because (C.4) holds.

Let {M_(x)} satisfies the conditions of Theorem 1 and con-
dition (N); {cP q} satisfies the conditioms (C.1), (C.2), (C.3)
I

and (C.4). Let us denote by {"YPIH } the sequence of ms on Q‘{Mp(x'q)} defi-
ned by Yp,Mﬁp’PEN'm{Yp} is the sequence of norms in a{!{p(x) cp'q}
defined by

. = @ v,
yp(qs). sup{cp'qu(x) ¢ x)|; geN_, x eR} .

LEMMA 3. The gequence of norme {yp M] i8 equivalent
r
with the following two sequences of morms

(1) y!;’M;= sup{cp’q( lfz [Mp(xM(q) (x) Izdx) 1/2; q eno}.p EN

w n+l
. " .= (q) 2. ..1/2 ]
(1) Yp,n T L Vnp r{ o™ ) |“ax)™' %, pen ;
where
un'P = Np(n+1), nez = -N UNo .
Proof*£. (i) It is clear that every norm from the

sequence {YF; M} may be majorized by some norm from the sequen-
’

ce {YP:M} (see [2] p. 82).

| From (N) it follows that for any qeN,, N_(x) [ (2 (x) |40
“as |x] +e. v

Using this fact and (I), for x €R we have

X
|_Np(x)¢(q) x)}<| f (Np(tM(q) (t))-at| <
< [](Np(xm(q’ () 7ldx < [|N) (x) 6D (x) |ax+ JIN, ) 4Bk e ‘

i (q) I (q+1)
=z Bp,l _o{ Np(x)]¢ (x)]dx+_£ Np(x)]¢ (x)]dx:
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Multiplying i-.hi's inequality by ¢ from (C.4) we obtain

p.q ’
(4) Yp"N(tb) in',l*p’,N(‘” AYP N(“
where p~ corresponds to p in (C.4) and A=sup{cp'q/cp,'q+1 ’
q eNo} .

From Theorem 1, more precisely from (2°°) and (3°°) ’

t M = '
it follows that the sequence {Yp.'u}on of p(x)cp'q} a{Np(x) cp'q}

is equivalent to the sequence {Yp N}' Using this equivalence
’

for the left hand side of (4), and (2°°) and (3°°) for the ri-
ght hand side of (4) we obtain that every norm from {Yp M} may
’

be majorized by some norm fran{Yp M }.

(11) Since the sequences {y Y, Ay } and {y~ . }
p.M p,N p,N
are mutually equivalent we ought to prove that {YI; N } and
’

{YI'; N} are equivalent. This follows from: condition (I) for
’

{Np(x)}; the mbnotonicity of Np(x) if [x] += , peN; condition

(T) and
n+l
[ ]e D )%ax = [ [ N6 (x))2%ax .
rR P ngz n P )

Let us prove this assertion.

If neZ, ¢ec {N (x,q)c q} we have
l

, nHl (@ 2

2,p £ [¢ "= (x)|“ax ,

n+l1
j N (x)|¢(q) x) | 2ax <u

s0 yp N(4;) <Y (¢) , peN. Np(x) » p €N monotonically increase

when |x| +=», thus for a large enough [n| we have

n+l n+l
2 (q) 2 (q) 2
f Np (x)|¢ (x)|r.i.x>un_1 Py x{ 62 (x)|“dx >
2 nil (@ 2
2 Dp,ptn,p S 1677 x3]%dx
where we choose Py and D >0 such that
P.Py
N -1 D N f D ;
(5) pl(x ) > p/p, p(x) or x> .o, °
N_ (x+1) >D N (x) for x<-D R
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The existence of P, and D follows fram (T), if this

P/Py
condition is taken m-times where me >1. If the numbers P

diverge to infinity the corresponding p in (5) also diverge to infi:
nity . So for a suitable C and any ¢ ed{l\_(p (x,q)} we obtain

Yo @) 2C vy @)

Thus .the sequences {y~ .} and{y"__} are equivalent.
p,N p.N

3. Now we are ready to prove the following theorem.

THEOREM 2. LetA{Mp(x)} be the sequence of functions

from Theorem 1 for whieh (N) holde, and let {c } be a matriz
’

of positive numbers for which (C.1) — (C.5) hold. The corres-
ponding space d{Mp(x)cp'q} i8 nuclear.

Proof€£, For the proof we need to check that the
conditions from the construction of a nuclear space by a known
nuclear space, given in [2] p.p. 80, 81, are satisfied.

If we put m, néz, peN, we have

23 = unlp’

m1'1+1,p->—ml:1,p>0' neN,, peN,

because N.p (x) increases

m >0, ne-N, peN,

1.p2m
n-1,p- n,p if |x| increases;

%,pimn,pﬂ . because Np(x) _<_Np_,_1 (x), peN .

let us prove that for any p €N there exists p;eN such that

m
(6) Z BP ¢ o .
nez “‘n,p£

For large enough n e N we have

m N_(n) N_(n) N _(n)
_._E' =
m Nom = (n+1) imp,p N_ (m)
2
n.pP, Py Py Py
where P, corresponds to p in (N) and P, 'is chosen in order to
make N_ (n) <N_ (n-1) hold. The existence of P, and D fol-
P, — Py PyrP)

.lows fram (T). Namely, if (T) holds for {M_(x)} it is easy to
prove that this condition helds for {Np (x)? as well. The con-
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vergence of the series follows from (N), By the same arguments
we obtain that

I Twp ., » 80 (6) holds.
n=-1 mn,pz

Let us denote by #(E ) the space of sequences of the form ¢:=
) {c

(c )
=(¢°,¢,¢ 1900, ...), where ¢ GEEE’],‘b eEl'EgJ ’
(pql
b_1 eE[_ '0-,,..., such that

= ¢ 112 _<w , ]
l]¢llp,¢ ngz me 1Pall g, 1< peN
(1, = [n,n+1], nez).

The proof that ¢ (E ) 1s nuclear is the same as the pro-
of of the nuclearity of the space ¢ (M) given in [2] p. 81.

because the space E(cp’q) is countable Hilbert nuclear

space according to the sequence of scalar products
(q) (a)
(¢,9), = qgo °p.q | [ ¢V x)p' TP (x)ax , pen.

We embeded the space U{Np(x)cp q} into the space ¢(E ) by
r
the isometry
i:¢+'{4>II ;n=0,1,-1,... }
n
The space 4'.(or{Np(x)c:p q}) is a closed subspace of
r

¢(En) and so it 1is nuclear.
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REZIME

NUKLEARNOST PROSTORA O{Mp(x, q)}

U radu je pokazana nuklearnost prostora d{Mp(x,q)}
gde je Mp (x,q) = Mp(X)cp,q' a '{Mp(x)} i {cp,q} zadovoljavaju

odredjene uslove.



