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ABSTRACT

In the paper a new notion on a commutative semigroup with a non-
trivial subadditive and homogeneous functional - Chauchysequence condi-
tion is introduced and with it a general theorem on convergences is ob-
tained. As consequences of this theorem, some Orlicz-Pettis theorems are

obtained.
1. INTRODUCTION

The point in the proofs of many Orlicz-Pettls type
theorems ([2 ,[8],[9]) is: if Ix is weak subseries conver-

gent then the sequence (xn) has a subsequence which is nom
convergent to 0. The purpose of this paper is to prove a ge-
neral theorem - Theorem 3,3, on a commutative semigroup which
extracts this connection between convergences. Let us observe
that even in the classical case the approach is a new one.

An important tool is a generalization of the Hahn-
Banach theorem on commutative semigroups ([3],[4]) which gi-
ves us the existence of a nontrivial special additive func-

tional.
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2. SUBADDITIVE,HOMOGENEOUS AND ADDITIVE FUNCTIONALS

Let X be a canmutative semigroup. A functional f:X + R,
(R+ is the set of all nonnegative real numbers) will be
called a _gubaddjitive funttional if it satisfies the following
condition

(Fl) f(x+y) < f(x) +£(y) for all x,ye€X.

REMARK 1. H.Weber [10] has proved that for every
cammutative complete uniform semigrup there exists a family
of pseudametrics d which satisfy d(x+x1 ,y+y1) id(x,y)+d(x1,yl)

for all x,‘xl.yly1 € X and which generate its uniformity.Such a
pseudametric induces a subadditive functional f in the follo-

wing way
f(x) := d(x,0) (xe X).

We say that a functional f:X+R, if homogeneous if

(F,) f(nx)=nf(x) (xeX, neN).

2

The condition (F,) is independent from (F)). For exa-
mple, let (hk) be a Hamel basis for a vector space, then for

x= Zah eX we define p(x) = Y lakl . Obviously p(.) is a

quasi-norm, but p(nx) = v/n p(x) for all ne N and all xe X.

To each subadditive flunctional we can correspond a
harogeneous functional which is closely connected with the
original one in the following way.

PROPOSITION 2.1, Let £ be a subadditive funetional
on a commutative gsemigroup X. Then there exists a homogemneous
functional F on X such that

(1) F 18 subadditive,
(i1) F(x) < f(x) (xeX)s

Proof£. We take that

F(x)=inf{% £(nx) | neN} (xeX).
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As an easy consequence of the generalized Hahn-Banach

theorem fram [3] and [4] (also in [7]) we can obtain the fol-
lowing theorem.

THEOREM 2, 2, Let X be a commutative semigroup and
f be a homogeneous finite subadditive functional on X, If
Xq i8 an element from X such that f(xJ#O , then there exists
an additive funetional h on X such that h(xo) = f(xo) and
h(x) < £(x) for all xeX,

REMARK 2. Condition f(xo) #0 from the preceding
theorem implies nxo#xo for each neN, i.e. X, is not of a
finite order.

3. MAIN RESULTS

Let X be a commutative semigroup with a .neutral element
© and with a nontrivial hamogeneous subadditive functional f.
The following notion will be crucial in the main the-

orem 3.3 of this section. Let (y.) be a sequence of elements
from X and H be a family of additive functionals defined on

X such that h(x) < £(x) (xeX). Then a subsget x1 of X will be

called a ((yj),H) - subsemigroup if: x belongs to X, iff h(ul+

1
+...+uk) +h(x) as k+« and all heH for same sequernce (u.)
such that uy is either Ajyj (for Aj ¢ N) or O and jgllh(uj) | <
<o (heH).

X, is nonempty. Namely, O and all the members and

the finite sums of the members of the sequence (y,) belong to
o
X, Since the series jél h(uj) (h e H) are unconditionally
convergent it is easy to see that xl is really a subsemigroup
of X.
We need in the proofs of Theorem 3,3 and Theorem 3.4 '

the following theorem. We always have finite additive func-
tionals. '
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THEOREM 3.1, Let (hn) be a sequence of additive
functionals on a commutative semigroup X. Let (xn) be a se-
quence from X sich that for its every subsequence (zn) there
exist a subsequence ly ) of (zn) and arn element y from X such
that

hn(yl + ... +yk) +hn(y)

as k+« for each n ¢ N.

Then there exist an infinite set I N and an element
X from X such that for all nel ’

) Ihn(xj) | <=  for some JcI,
je3
. 1
Ih x)]>5 |hn(xn)| .

Since hn(-) are triangular functionals (i.e. subad-
ditive and |h (x+y)|> |h (x)|-|h (y)| for x,yeX, |h (0)]=0)

the proof of Theorem 3.1 is analogous to the proof of the An~
tosik-Mikusifiski Diagonal Theorem [1],[5] and [6] (using in
the second part of the proof the assumption on sequence (xn)) .
Let H be a family of finite additive functionals h on X
with the property h(x) < f(x) (x € X). We say that X satisfies the

H~Cauchy sequence condition if for each sequence (yj) from X
such that

<«

Il hiy)| <= (h e H)
=1 ]

and each sequence (hn) fram H such that it is a Cauchy sequ-
ence on (yj) , 1.e. for each € >0 there exists noeN such that

- - . fe N
|hn(yj) hm(yj) | <e for all n,m>ng no(J )y, J €N, then (hn)
1s a Cauchy sequence on the ((yj) ,H) - subsemigroup.

It 1s easy to see that if X is a finite semigroup or
H is a finite family, then X satisfies the H-Cauchy sequence
condition.
In a specially important case we have the following pro-
position.
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PROPOSITION 3.2, Each normed space X satisfies the
B* - Cauchy sequence condition (B* ig the unit ball in the
dual X*).

Proof. We shall prxove that each sequence (hn)
of continuous linear functionals from B* which is a Cauchy

sequence on each member of the sequence (y.) is a Cauchy se-
)y genera-

quence on the whole closed linear subspace L((yj)
ted by (yj) .
Let x eL((yj)). Then for each ¢ >0 there exist },,...

...,Ako such that
A ¥, +.eatr, v, -%x|| < %
111 koko 3

Since (hn) is a Cauchy sequence on (yn) there exists noeN
such that

Ih (y.) =h_(ys)] € —=e—— (A, #0)

for each n,m > n, and each j=1,...,k°. Hence we have

thy(x)=h (x) | <2|[ Ay, + .o +rp ¥y =% +
o ©
kO
+ .| 1h .)-h
j£1 Iagl 1By ty)-hp (v ) [ <e

for each n,m> n, = no(e,x) .

We obtain as a consequence of the Hahn-Banach theorem
on normed spaces (i.e. if 5, € L(A("yj)_) (neN) and hn(sn) +h(s)
as n+« for each h e B*, then s eL((yj)) )

((yj) B*) = L{( (yj) )

We say that a family H of additive functionals on X
with the property h(x) < f(x) (x€X, he€H) satisfies the e~
condition if for arbitrary x €X, each > 0 and each additive
functional h” on X with the property h7(x) < f(x) (x €X) there
exists h € H such that h(xo)+e >h”(x). '
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If H is the family of all additive functionals with
the property h(x) < f(x) (xeX, heH) then it satisfies tri-
vially the g-condition.

E.Thomas has introduced in Theorem II,3 from [9] a
subfamily H of the dual X* of a normed space such that || x|{ =

= sup [<x,x*>| (xeX). It is easy to see that such a fa-
X*¢HNB*

mily satisfies the e-~condition.
Now we have. the main theorem,

THEOREM 3. 3. Let X be a commutative semigroup with
a neutral element 0O and with a nontrivial finite homogeneous
subadditive funetional f. Let H be a family of additive fune-
tiornale on X which satiefies the e-condition. If X satisfies
the H-Cauchy sequence condition and (Xy) <8 a sequence from
X such that for every subsequence (ypn) of (X,) there exiats
an element y e X auch that

h(y1+ . +yn) +h(y) a8 n-»=

for eaeh heH, then f(xn) +0 gg n+» ,

Proo f£f. of Theorem 3.3.

Suppose that the theorem is not true. Then for every
€ > 0 there exists a subsequence (zn) of (xn) such that f(zn)>
> 4¢ (n€N). By Theorem 2.2 there exists a sequence (hx;) of
additive functionals on X such that

hx;(x) <f(x) (xeX, neN) and hx;(zn) > 4e ,

"Since H satisfies the e-condition we have a sequence (hn)
from H such that h (z ) > 3¢ (neN). We have

hn(y1 + ... +yk) ->hn(y)
as k+« (neN) for a subsequence (yn) of (zn) and y e X. Hence
hn(y.) +0 as j+= for each ne N, Then there exists a sequence
(js) of natural numbers such that

(1) |h )| < 27179479 (g,qem),

js(yjs+q
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where q- is a fixed natural number such that 279 g,

Now by the diagonal procedure we shall construct a
subsequence of (hj )} which we denote with (qn) , such the se-
s

quence (gn(yjs)) is convergent for each fix s eN.

Since (xn) 1s a sequence fram X such that for every
subsequence (un) of (xn) there exists an element ue X such
that

00
J h(u) = h(u) for each heH
n=1
so we obtain by Riemann“s theorem on convergences ©0f series
of real numbers

Y |h(y. )| <= (heH).
s=1 Jg

X satisfies the H-~Cauchy sequence condition so (gn) is a Ca-

uchy sequence on the ((yj ) ,H) —-semigroup X
8

Now we take Iige1 ~ I3k (k e N) . Then by Theorem 3.1

1°

there exist x e xl and an infinite set I<N such that

1
lg. (x)~g, (X)]| >3 |g (y
Jx =2 "Tin

)|
Ik+1

. Y-g, (y,

Ig+1 Ix Tikn

for each ke I. By g (y. }) > 3¢ and (1) we obtain
Ix+1 "Ikl

lg . (x) -g. x)|>¢
Ik Ik

for each ke I. A contradiction with the fact that (gj ) is a
k
Cauchy sequence on X, . So f(xn) + 0.

In a'specially important case, when X is a normed
space, we obtain by Proposition 3.2 and Theorem 3.3 the clas-
sical Orlicz~Pettis Theorem and also the Orlicz-Pettis type
theorems II.3 and II.4 from [9].
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REZIME

JEDNA BELE3KA O NEKIM KONVERGENCIJAMA NAD
POLUGRUPAMA

U radu se uvodi novi pojam H-Ko3ijev nizovni uslov,
te_se pamodu njega dokazuje jedna opSta teorema o konvergen-
ciji u komutativnoj polugrupi. Neka je X kamutativna polugru-
pa sa neutralnim elementcm koja je snabdevena netrivijalnam
subaditivnam i hamnogenom funkcionelom f. Neka je H familija
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kona&nih aditivnih funkcionela h nad X sa osobinom h(x)<f(x)
(x€ X, heH). KaZemo da X zadovoljava H-Ko#ijev nizovni uslov
ako za svaki niz (yj) iz X takav da je

an
] |hiy) | <= (h € H)
=

i svaki niz (hn) iz H takav da je KoZijev niz nad (yj) , tada

1 (xex1 ako
i samo ako h(u1+---+u.k)+h(x) za k+» 1 sve h € H za neki niz (uj)

o

je (hn) Ko%ijev niz i nad ((yj),H)-polugrupom X

takav da je u, i1li A,y. (za A, €N) ili 0 i J |h(u,)| <=
3 373 3 551 3
(heH)) .,

Ako je X kona&na polugrupa ili je H kona&na familija
tada X uvek zadovoljava H-Kofijev nizovni uslov. U slu&aju
normiranog vektorskog prostora X, X zadovoljava B*-KoZijev
nizovni uslov (B* je jedini&na lopta u dualu X*)- Propozici-
ja 2.1,

'~ Za familiju H se ka¥e da zadovoljava t-uslov ako za
gsvako xoe X, svako e¢> 0 i gvaku aditivnu funkcionelu h“ nad

X saosdbinam h(x) < £(x) (x € X) postoji he H tako da je
h(xo) +e>h (xo) .

U glavnoj teoremi 3.3 se dokazuje da ako niz (xn) iz
polugrupe X, koja zadovoljava H-Ko$fijev nizovni uslov ma fa-
miliju H koja zadovoljava e-uslov, ima osobinu da za svaki
njegov podniz (yn) postoji y € X tako da je

h(y;+...ty ) »h(y) kada n+~ (heH),

tada f(xn) +0 za n+=,
Pamodu ove teoreme se dokazuju neke teoreme tipa Or-
licz-Pettisa.



