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ABSTRACT

In |3] s.Gshler introduced the notion of 2-metric space and many
fixed point theorems in such spaces are proved in |8|,|10],|11],]12],[|13],
I14],]15].

Here we shall prove a result similar to Theorem 2 |7| for bounded
and complete 2-metric spaces, Also two common fixed point theorems for a
fanily'{AJ}jeN, S and T are obtalned.

First, we shall give some definitions from [3|. Let X
be an arbitrary set and 4 a real valued function on X xX xX
satisfying the following conditions:

1. To each pair of point (x,y) eXxX with x#y there is
z eX such that d(x,y,z) #0.

2. d(x,y,z) =0 only when at least two of tree points
are equal.

3. For every x,Y,z eX:

d(x,y,z) =d(x,z,y) =d(y,z,x).

4. For every x,Y,z,u €X:

d(x,y,z) <d(x,yu) +d(x,u,z) +d(u,y,z).

Then (X,d) is said to be a 2-metric space. It is easy to see
that d is non-negative functional.

The convergence in a 2-metric space (X,d) is introdu-
ced in the following way |3
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Let {xn} be a sequence from X and x eX. We say that

neN

the sequence {xn} converges to x if and only if for every

neN

aex, r];-j;:: d(xn,x,a) =0, The sequence {xn}neN 1s a Cauchy se-
guence if 1lim d(xm,xn,a) =0, for all a ¢X. If every Cauchy
m,n-e

sequence in X tonverges to a point in X we say that (X,d) is
a complete 2-metric space. ‘

THEOREM 1, Let (X,d) be a bounded, complete 2-met-
ric space, S and T be one to one continuous mapping from X
into X , A :X +8X | TX be continuous and T and S be commutati-
ve with A, If for every X €X there exists n(x) €N so that for
every y eX and every a eX:

d(An(x)x,An(X)y,a) <q min{d(sx,Ty,a),d(Tx,Sy,a)}

where q € (0,1), then there exists one and only one element

z €X such that z =Az =Sz =Tz ,

Proof. The proof is similar to the proof of The-

orem 2 from |7|. Let x_  eX. Since AXgSXl TX we can define the

sequence {xn}neN from X in the following way:

n(x )
_ 2k=2
szk—l = A x2k_2, k eéN
n(x }
_ 2k-1
Sx‘Zk = A Kopoq1 * k eN,
Tx2k_1 ’ n =2k-1
Further let Y, =
' szk ' n =2k 2

We shall prove that for every aeX:
n-2
aly, ¥, _,:2) <a° "D(X)

for every neN\{l1},where D(X) =supd(x,y,z) . Let n=2k. Then:
X,y ,2€X )
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d(Yn:Yn_lpa) = d(sxzk'TXZk-l'a) =

n(x

) n(x ) n(x
=d( 2k=-2

)
X2k_1 A sz_zla) =d (A 2k-1 1

2k-1 - »
T TXok-1 ¢

n(x ) n(x ) ’ n(x ) n(x )
2k-2 _ 2k=1", -1 2k=-2 2k=-2"x ya)
x2k_2,a) =4 (A T "A x2k_2,A 2k-1

)
n(x
_<_C;1(Sx2k_2:A . 2k=-1 x2,a)

A

) 2k n(x

-3 2k~-1
x2k_2,a) <ese<q d(sx,,A

)

2k n(x

<q -2(51(,”1’A 2k-1

xl,a)_iqn'zb(x) .
Similarly for n =2k-1:
™Xox-2)
A(YpeYy qrd) =A(Tx, 18Xy 508) <qd(Txy 4,7 X k-3

n n(x2k_2)

<eee 2q —zd(Txl,A xl,a)_iqn_zb(x) .

Now, we shall prove that {yn}n N 18 a Cauchy sequence.

Since:
d(yn'yn-l-m'a) id(yn’yn+1'yn+m) +d(yn,yn+1,a) M

+d(y 2,a)+...+

n+1'Yn4+2 ’yn-l-m) +d (yn+l 'Yn+

+ d(yn+m_2,yn+m,1,yn+m) +d(yn+m_l,yn+m,a) <

n+m-2 k-1 nm-1
< I 4q 'pXxX)+ ]
=n k=n

qk'ID(X)

for every n,meN and g € (0,1) it follows that’{yn}neN is a Ca-

uchy sequence. So there exists z €X such that lim Yp=2 which

n-boo
means that for every a €X : lim d(y_,z,a). =0.
n+o n
Since {sxzk}keN and {Tx2k-1}keN are subsequences of the sequ-
ence {yn}neN it follows that for every a eX:
(1) lim d{(Sx z,a) = lim (Tx z,a) = 0.
oo 2k’ % o 2k=10E
Let us prove that lim Ax, = lim A2x2k =2z. As in |7]:
ke koo
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n(x
d (Ska,AXZk,a) = d(Aa

)
2k-1 -1 _
Xy .1 tAS TSx, ,8) =

nix

n(x )
=d(a Zk=1

Xk-1+B5 A Xok-12) 2@ (Txyy ) 1AXgy_y02)

n(x ) n(x )
2k=-2 -1 _ 2k=2
=qd (A ka_Z,AT Tx2k-1 2) =qd (A x2k_2:

2k-1)

n(x.i_,)
1 2k=-2 2
Xop-pt1d) Q7 A8y _osBXyy osa) <

<aes :qanld(Txl ,Axl,a) iqZk_lD(X)

d(Aka,z,a-) id(Aka,z,Ska) +d(Ax2k,Sx2k,a) +d(Sx2k,z,a) <

i2q2k-lD(X) +d(Sx2k,z,a) .

Using (1) we conclude that lim d(Ax k,z ,2) =0, Fur-

koo
ther:
n(x )
- 2k-1 2,-1
a(sx,, A ka,a) a(a Xopop A8 T8x,..2) <
2 2k-1 2

2 qd(Txgy /A X, 1) <.e.<q d(Tx,,A"%,,a)
< qZk-lD(x)

which implies that lim d(A X k,z,a) =0,

koo
Then from:
d(az,sz,a) :d(Az,Sz,ASka) +d(Az,ASx2k,a) +d(ASx2k,Sz,a) =

= d(Az,ASka,Sz) +d(Az,ASx2k,a) +d(SAx., ,Sz,a)

2k

since A andls are continuous, it follows that:

d(nz,Sz,a) = 0, for every ae€X,
Using 1. we conclude that Az =Sz. Similarly we can prove that
Az =Tz, From the continuity of A it is easy to obtain that
Az =z, The uniqueness of the common fixed point z follows as

in
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REMARK, From the proof of the Theorem it is easy to
see that we can suppose instead of boundedness of the space

X that for every a eX: sup d(Ta,y,z) <M,,Op(@ ={a"a, neNU{0}}

yeo, (a)
zZe

The following theorem is a common fixed point theorem

for {A.}.
or {25} ¢

N ! S and T.

THEOREM 2. Let (X,d) be a complete 2-mptric: space ,S,T s %X
d be continuous functional , Aj : X +SXNTX (3 €N),S and T be
eontinuous mapping, Aj commutes with S and T (j eN) and for
every i, j eN (i #3):

d(Aix,Ajy,a) <qgd(sx,Ty,a) for every x,y,a €X

where q € [0,1) . Then there exists a unique common fized point

for the family {Aj} Sand T.

jen ?

Proof¢£, It is easy to see that there exists a

sequence {xn}nEN in X such that:
Ton+1 = Pon+1¥2n + nenld to}
szn = A2nx2n—1 ’ n eN.

Tx.2k+l' for n =2k+1
Let Y, = . We shall prove that the

Sx for n=2k

2k !

sequence {Yn}neN is a Cauchy sequence. Since for n =2k

dly,_yr¥pea) =d(Txy ) ,8x5,a) =d(Ay Xy orAy Xy 1s3) <

29d(Sx g o0 TXyp 128) =qd By oXoy 30Bop 1 ¥ok_203) <

n

2 -2 n-2
‘f_q d(TXZk_3,Sx2k_2,a)i...‘ iq d(Sx Z,Txl,a) =g d(Y2lyl'a)

and similarly for n =2k+1 :
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-2
aly,_ 1Y, ra) :qn d(y,sy,sa) , for every a€Xx

it is easy to prove that {yn} is a Cauchy sequence.

neN
Namely, by standard arguments we have for every
that:
(2) d(yl,yz,ym) =0 .

This can be easily provedby induction. Further:
m=1
(Y41 YY) 29 Ty ey ay))
for every m,n €N and so from (2) it follows that:

d (Ym+1 Iym

,Yn) =0, for every m,n €éN. It is well known that

this implies lim d(y ,y (a) =0, From the completness of the

M, nHe

space X it follows that there exists z €X such that:

z= lim Y, Then 1lim TXyn1 = lim SXon = 2o Further:
n-o N+ n-oo
d(Tz'TAZnXZn—l'a) =d(Tz,A2nTx2n_l,a) =d4(Tz,A, A

tends to zero when n-+« since T is continuous. So Tz =

= lim A Pon-1%¥on-1 and similarly Sz =1lim A
n-- n-+o

Then from the inequality :

d( ),T(Tx2n

AnPon-1¥2n-2'Pon+1Pon¥on-112) 294 (8(Sx,

and continuity of S,T and d it follows that:

2n+1A2nx2n-—l

-1

) ,a

2nt2n-1¥2n-212)

)

d(Tz,5z,a) <qd(Sz,Tz,a), for every a eX, This implies that

Tz =Sz. Further from (2m #n):

d(TSXZm,Anz,a) =d(A (szm 1

) ,Anz,a) <qd (S(szm_

1) /12,3

wvhen m »>~ we conclude that Tz =A z =52z, for every n eéN. Let us

prove that A z -A A nZ’ for every n eN. Ve have:
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d(Anz,AnAnz,a) id(Anz’AnAnz'Azmezm-l) +
+ d(Anz,AZm‘I‘xzm_l,a) +d(A2me2m_l,AnAnz,a) <
< d(Anz’AnAnz'T(AZmXZm-l)) +d(Anz,T(A2mx2m_l) a) +

+ qd(S(Tmerl)'TAnz’a)
and when m >~ we obtain:
d(Anz,AnAnz,a) id(Anz,AnAnz,Tz) +d(Anz,Tz,a) +
+ qd(Sz,TAnz,a) = qd(Anz,AnAnz,a) .

From this we conclude that A z=A A z, for every neN and so
A z =Tz =Sz is the common fixed point for the family {An}neN
S and T.

Let w e X be such that Anw=Tw=Sw and u =Tz =5z =A_ z.

Then for i #3j we have:

d(w,u,a) =d(Aiw,Aju,a) <q d(Sw,T™ua,a) =d(w,u,a) .

This implies that u =w.

Now, we shall prove a fixed point theorem in 2-Banach
spaces. Let L be a linear space of dimension greater than one
and || .,.]| a real function on L xL which satisfies the follo-

wing conditions:

1. |l a,b||] =0 if and only if a and b are linearly depen-
dent.
2. ||a,bl| =||b,all, for every a,b in L.
3. || ta,b]| =|t]||a,b]|, for every a,b in L and real nu-
mber t.
4. |la+b,cl|| <|la,cl|+|Ib,c]||, for every a,b,c in L.
Then ||, || is called a 2-norm on L and (L,]],||) is called a

2-normed space.



14 Olga HadZié

Every 2-normed space is a 2-metric space with 2-metric
d defined by d(a,b,c) = || b-a,c-al|.

In |3| a natural topology in 2-metric space-and so in
2-normed space is introduced. For a 2-normed space (L,|[|,][[)

this isalocally convex T.~ topology in which the fundamental

2
system of neighbourhoods of zero in L is given by the family:

W. (0) ={a,a €L, ||a,ajl| <ej, for every j e{1,2,...,m}}

where
I = {(al,el),...,(am,em)}(aj eL, je{1,2,...,m}, g >0,

je{l,2,...,m}) .

A subset M of L is bounded if and only if every semi-
norm (b eL) uy defined by u, (a) =]l a,b||] (a eL} is bounded on
M. Every 2-normed space (L,||,|[) is uniformisable since it is
a topological vector space. For the base of this uniformity we
take the family:

{(a,b) |b-a eWz(O)} v = {(ase)) e lapie)])

(aj eL,gj >0 for every je{l,2,...,m}).

So a Moore-Smith sequence {bi} from L is Cauchy

ieI
sequence if and only if for every b el and every £ >0 there

exists a j eI so that |Ib1'bf'b|| <¢ for every i, 161 so

that i, 17>]j.

A 2-normed space (L,||,]||) is complete if every Cau-
chy sequence is convergent and such 2-normed space is called
a 2-Banach space.

From the uniforme structure point of view the class of
Banach space of dimension greater than 1 coincide with the
class of strong locally bounded 2-Banach spaces|4| .

THEOREM 3, Let (X,]||,l|) be 2-Banack space, S and
T linear continuous mappings from X into X, for every j €N ,
Aj : X +*SX NTX continuous mapping, Aj commutes with S and T
and for every j €N, ij be bounded. Further, assume that the

following conditionse are satisfied:
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1. For every 1,j €N (1 #3j),every x,y €X and every a €X :
I 2% -ayyv,all <[l sx -Ty,al|

2. There exist jo eN, my eN and ko eéN go that the set
m
o >
Ay M is relatively sequentially compdet where:

M= [0,1] agx.
Then there exists x €X so that

x=ij=Sx=Tx s for every j eN .,

Proof. Let {rn}neN be a sequence of real numbers

from (0,1) so that lim r_ =1 and A, x=r A.x, xeX, (j,n)eNxN,
o D BIP2 S

’;‘hen:
¥ Aj'nx —Ak,ny'a” =rn|| ij -Alcy'all :;n” Sx -Ty,al|
for j #k, every neN and every (x,y,a) eX xX xX; It is obvi-

ous that Aj n is commutative with S and T and so for every
14
n e N there exists X, e X so that:

X, =Aj,nxn =an =Txn, for every neN every j &N.:

Let us prove that 1lim || xn—ijn,all =0, for every aeX,j eN.
n-o

Since ij is bounded for every j e N there exists M(j,a) so

that || ijn,a|| <M(j,a), for every n e¢N. So we have that:

Hx, -ijn,a” = || ThBy%n -ijn,aH

= (rn-1)ijn,a|| 2lr -1] M(3,a)

and since lim r =1 it follows that lim 1 X, ~RyX

n-+eo n--oo

n,a|| =0,

Further, let us prove that for every (j,i,n,k) eNxNxNxN
(J #1):

k+1 k .
(3) || Al xn-Aixn,aH: ||A.xn-xn,a|] for every a eX.

J
The proof will be given by induction. For k =1 we have:
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2
I Agx, -Aixn,aHf_H S(ijn)-Txn,aH =] Aj(an)-Txn,aH =
||ijn-xn,a|| .
Suppose that ||Akx -k 1y all <|| ax_ -x_,a|| for ever
pp i'n i Tl = n “n’ b4

(i,j,n) eNxNxN (1 #3j). Then (3) follows from:

k-1

k+1 k
HAj x —Ayx ,a|[<||S(ij )=T(A] "x ),a[] =
k k-1 k k-1
_—.||Aijn-Ai Txn,all = ”ijn-Ai xn,aHi Hijn—xn,all
and so:
m, Iotm
(4) HAj xn-xn,aHi }' HAsxn x_,all
o s=],
m
From (4) it follows that limHAjoxn-x ,al| =0. Fur-

n+ o]
ther, for every n €N, X, =T A.k X, and so X, eM for every n €N.

Since the set AJ M is sequentlally compact it follows that

o)
there exists x €X so that for some subsequence {xnk}keN of
{xn}neN we have:

m
(5) lim ||Aj° X -x,all = 0.

k4o o k
The relation (5) implies that 1lim||x_ -x,a||] = 0. From this
k- Ok

it is easy to prove that x is such that:

x=AJ.,x=Sx=Tx, for every J €N.
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REZIME
TEOREME O ZAJEDNICKOJ NEPOKRETNOJ
TACKI U 2-METRTERIM PROSTORIMA

U ovom radu je dokazana ‘tedrema o zajednickoj nepok-
retnoj tadki preslikavanja A,S5 i T u 2-metri¥kim prostorima.

TEOREMA }. Neka je (X,d) ograniden, kompletan 2-metridki
prostor, S i T obostrano jednoaznadna i neprekidna preslikava-
nja X u X, A X+ SXNTX neprekidno preslikavanje a T £ S ko-
mutativna sa A . Ako za svako x €X postoji n{x)€ N tako da je

3a svako y €X 1 svako a eX:
d(An(X)x,An(X)y,a) < gmin{d(sx,Ty,a) ,d(Tx,Sy,a)}

gde je q €(0,1) tada postoji jedan i samo jedan elemenat z €X
takav da Je =z =Az =Sz =Tgz.

Takodje je dokazana slededa teorema:

TEOREMA 2. Neka je (X,d) kompletan 2-metridki pros-
tor sa neprekidnom funkeitonelom A ,A. :X+SXN TX (j €N) gde su
S,T : X +X neprekidna preslikavanja komutativna sa A i za svako
i,j eN(4i 9‘8)

d Aix,Ajy,a) <qd(sx,Ty,a) za svako X,y,a €X
gde je qe (0,1) . Tada postoji jedinstvena zajednidka nepok-
retna tadka familije {Aj}jeN' S iT.

Primenom Teoreme 2 dokazana je sledeéa teorema.

TEOREMA 3. Neka je (X,]||.,||) 2-Banachov prostor, S <
T linearna neprekidna preslikavanja X u X, za svako j eN je
A. : X +SXN TX neprekidno preslikavanje, Aj Je komutativno pre-
glikavanje sa S ¢ T © sa svako j eN je A.X ograniden skup.
Pretpostavimo, dalje, da su zadoveoljeni slededi uslovi:
1. Za svako i,j éN(i#3j) , za svako X,y eX 7 za svako a€X

” Aix ‘AjY:aHﬁ ” Sx "TYIa”
m
2. Postoje ip €Ny m, €N 7 ko eN tako da je Ang relativno

kompaktan gde je M = [O,IJAkOX.
Tada postoji x eX tako da je: x=ij =8x =Tx ga svako j €N.



