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ABSTRACT

The Boolean extension of an algebra ([1]) is here given as a colle-
ction of fuzzy sets. It is shown that fuzzy relations, especially fuzzy
congruence relations (]2|,[3!) are closely relaté;:l to those structures. So-
me applications of fuzzy relations in constructing new algebras and exten-

sions are given.

1. A fuzzy binary relation p on the set A, is a fuzzy subset of
A xA, with the membership function “p : AxA +»B, where B= <B,

A,V,”,0,1> is a Boolean algebra.

2. A fuzzy equivalence relation p on A is a fuzzy binary re-

lation on A, which satisfies:

a) (¥a eAd) (ﬁp(a,a) = 1) ( p 1is reflexive);
b) (¥a,b e A) (up(a,b) = up(b,a)) ( p is symmetric);
c) up(a‘,b) > v (up(a,C) Aup(c,b)), for all a,beA.

ceh ( p is transitive).

3. If A = <A,(0> 1is an algebra. then a fuzzy binary relation

8§ on A is a fuzzy congruence relation on A, iff it is a fuzzy

equivalence relatior on A, satisfying the substitution property:

If ue(ai,bi) =p,

i i=1,...,n, (pieB), then for every

n-ary operation f €0 ,

Py

(==

(f(al,...,an),f(bl,...,bn)) > .

(|2h.
v
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DEFINITION 1.|1l et A =<A,0> be an algebra, and B the
éomplete Boolean algebra. The collection A(B) of fuzzy sets X
on A 18 gaid ‘to be a Boolean extension of A ©ff for every
X-eA(B) :

1. a#b, a,bed, implies: ux(a)Akux(b) =0 , and

2. v
achA

ux(a) = 1,

A(B) = <A(B),0> 1is a new algebra, with the operations defined
in the following way:

f(xl,Xz,...,Xn)=Y where, for a €A,
Uy fa) = v (u

Y _ X

f(al,...,an)—a 1

supremum runs over all n-tuples (al,...,an), such that f(al,

(a)JA ... Ay, (a_)), and the
1 Xn n

...5a_) =a.

? It is easy to check that the operations are wall defi-
ned, i.e. that Y is‘also a fuzzy set satisfying 1) and 2). The su-
premm used in defining the operations explains why B has to be
complete (provided that A is not finite).

REMARK

If B~P(I) (as the Boolean algebra), then A(B) is iso-
morphic to the direct power AI([4]).

In the following we shall consider some special fuzzy.
relations on A(B).

PROPOSITION 1. Let A be an algebra, and B the comple-
te Boolean algebra. Let 6 be an (ordinary) congruence relation

A. Then the fuzzy relation 8, given by

uy (X, Y) = v (uy(a) Auy,(b)), X,YeaA(B),
5 (a,b)es X X

is a fuzzy congruence relation on A(B).

Proof. 6 is a fuzzy equivalence relation on A(B):
It is obvious that § is reflexive and symmetric in the sense of
a) and b) in 2. We shall here prove that it is transitive:
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(x Z) A “e(z Y) =

v (u (a)Au(c))A v (u,(c,) Au, (b)) =~
(a,c, ) €6 X Z (¢2,b)€9 272 Y

Viug@ augle)) Augley)ru y(b)i(a,ci)ee ,(c,,bles ) =

Vug(a Au g€)Auy (b); (a,c) €8, (c,b) e8) <

v Go(@aAuy,(d)) = u, (X,¥),
(a,b)s * Y 8 _

by 1), Definition 1., and since 8 is transitive.Now let g (xi'“i) =

=T, i=1,...,nand forann-ary operatlon f,ue(f(x ,...,X) f(Yl,...,Yn)) =r.Then,

n n
Axr, = A ¢ v (u, (a) Auy (b)) =
i=1 1 i=1 (a,b)es Xi ¥y
n
V( ; i=
iil (uxi(ai) AuYi(bi)).(ai,bi) €a, i=1,...,n)<
n
LA . ;
iil(uxi(al) AuYi(bi)).(f(al,...,an),f(bl,...,bn)) €0)=
o .
Y (V( A u, (a,);f re e =
(a,b)es o By (a1 ,an) a) A
n
YO A

i=1 Y3
which proves the substitution property.

’

(bi) ;f(bl,. .. ,bn)=b)=ue(f(x1,. .. ,xn) ,f(Yll.__,Yn))

If 6 is the equality on A, then the corresponding fuzzy
congruence relation on A(B can be given as follows:

COROLLARY 2, Fuzzy relation d on A(B), given by its
membership funcetion
HX,Y) = Vo x(@) Au(@)),
- a€A

i8 a fuzzy congruence relation on A (B).
* * *
In the following propositions we shall describe the use

of fuzzy congruence relations in some constructions of algebras,
based on Boolean extensions.

DEFINITION 2. Let A(B) be the Boolean extension of

A, 0 the fuzzy congruence relation on A(B) (defined in Corollary 2)
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and F any filter in B. The reduced extension A(BlF of A Zs an

algebra in which

A(B)g {O(XF) ; Xea(B)} s and

6 (X)p {Y;Y e A(B) and uc(x,y) ePF }.

The operations on these collections of fuzzy sets are defined
in the natural way:
' def
f(o(xl)F,...,—c(Xn)F) == G(E(Xl,...,xn))F ’
and it is easy to show that the resulting element does not de-
pend on the representatives, the fuzzy sets xl,...,xn.
Clearly, the following lemma holds.

LEMMA 3. If F is a principal ultrafilter in B ,
then
AB)y =K .

Proot6€E. The isomorphism is given by the mapping
h :A-+A(B)F, where h(a) =U(X)F and ux(a) =1.

Let p and g be two arbitrary elements of a Boolean al-
gebra B . Denote the Boolean expression (pva”’) A{(p”“v q) by
p @g.

PROPOSITION 4, Let A =<{a,b},0> be a two-element
algebra, and B an arbitrary Boolean algebra. Then there is a
1 -1 map of B into A(B)(p-+xp) such that if o is a fuzzy con-
gruence relation defined in Corollary 2, then for all p,q €B,
Ug(xprx_q) =p @ q.

Proof£. If XeA(B), then ux(a.)=p implies ux(b) =
= p“. Hence, every p €B uniquely determines one X, and if p #q,

then clearly xp #xq. Now, ug(xp,xq) =(uxp(a) Auxq(a))v
Ll(x (b) A]J _ - , - , - _
P xq(b)) = (PAQY}V (P "AQ”) = (pag”) A(p"aq) =p © q.

Now let pk = { P, if k
p, if k

, peB, ke{0,1} .

A converse of the preceeding proposition can be formulated as

follows.



Fuzzy congruence relations ... 451

PROPOSITION 5, ZLet A =<A,0> be an algebra, B any Bo-
olean algebra, and suppose that there i8 and 1—1 map Xn of B

onto A, and a fuzzy congruence relation g on A, with

uc(xp,xq) =p Oq . Algo let f(xpl,..., xpn) =Xg (£ €0),
where
i, i
(a) 9= V(pA.--. AP, f(xFil ,...,XFin) = XF)
A/c = <{XF, XF, },0>

F

and Xp is a class to which X; (1l e B) belongs.

Then there is a two element algebra Al > such that

IR

A, ®) A .

Proof. Let Al =A/ and denote the elements of
Al(B) by xp, if Uy (XF) = p. The map h of Al(B) onto A:
h(xp) = xp, is an Esomorphism. Really, it is 1 -1 by defini-

tion. Also,

reoee ,X = h ’ ’
h (f txpl pn) ) (xq) where

Uy (Xg) = ¥ (ux (XFi)A...Aux (X ;) 3

q Py 1 N pn FI} .
|

_ — 1 n

f(xFill---lein) = xF) = V(pl Ao.. Apn H

f(X i

F

= =f reeoy =fth(X_),...,h .
by (a), h(Xq) X (xpl xpn) ( (pl) (xpn))

1 e X i ) = XF' and thus,
F'n

We shall describe now some fuzzy properties of induced
notions, and thenwe shall use them in describing one construc-
tion of algebras. First, we repeat some definitions from |3].

i) A fuzzy function from A to A, is a fuzzy relation f

from A to Al such that

-~ for every a e A, there is exactly one X eAl, such that
uela,x) =1;

1) Op is a regular binary relation: (a,b)e op iff uc(a,b)eF (see 'b]).



452 Branimir SeSelja

- every p €B, p #0, appears once at most as a value of
ug(a,x), X eAl.
ii1) A fuzzy function h from the algebra A, =<A ,0> to the
algebra A2 =<A2,0> is said to be a fuzzy homomorphism from
Al to Az, if from

uh(ai,bi) =pyr 3 eAl,bi eAz, i=l,...,n, it follows that

n
A p)*, fe0 .

uE(f(al,...,an),f(bl,...,bn)) e([i_l

LEMMA 6. Let X €A(B), peB, and 0 the fuszzy con-
gruence relation defined in Corollary 2. Then there is
Y €eA(B) such that w_(X,Y) = p.

Proof. let a and b be two arbitrary elements
from algebra A, and let u}i(a) =Py’ u}_((b) =p,- Define Y € A(B)
as follows:

ug(a) = (PApV V. (p”Ap), (xed), uy(b) =

= (pApb) V(p‘l(pa) , and

u,(x) = php , x#a, x#b.

Now it is easy to show that Y€ A(B), and that

\10_()_(_,!) = p.

Now, starting with A(B), we can construct a new al-
gebra A , by means of the fuzzy congruence relation g (ge-
neralizing the notion of a quotient algebra). Let

A = U A(B
o™ Uy A )

The operations are defined as in |[3]:

*) [p) is a principal filter in B, generated by p.
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f(O’(a) )I"'lc(an)[p)) =0(a)n

1']p
! LA pp
i=1

r

a=f(a1,...,an), fel,

The fact that p runs over all elements of B, is
the consequence of Lemma 6.

PROPOSITION 7. Algebra A, is a homomorphic image

of A(B).

Proof. The fuzzy relation h from A(B) to AL
defined as ' =

rv(Pil 0(_)_(_)[p ) = X) , if X EX
i

Hy (x,X) =
= o, otherwise,
L
is the required fuzzy homomorphism, as in |3|, and by Lemma
6.

If A(B) is the extension of a two-element algebra
A, then by Lemma 6, and by Proposition 4, every p €B appe-
ars exactly ones as a value u_(a,x), for an a eA(B). Con-

g
sider now the fuzzy relation g from A to A(B):

ug_(a,ﬁ) = u (B,X) , where P €A(B), and ug(a) = 1.

PROPOSITION 8. A fuzazy relation g e a fuzzy homo-

morphism from a two-element algebra A to A(B).

Pr oo £. By construction g is a fuzzy function.
It satisfies the supstitution property:

Clearly, ui(a,ﬁ) =u§(a). Thus,

nyla X ) =u

(ai), i=1,...,n , and

X
-1

Ug(f(alr---lan)1f(§11---l§n)) = Ug(f(alliiilan))l
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Z = f(gl,...,gn). Now, since Z is from A(B),

uE(f(al,...,an)) = V(uﬁl(bl) Ao Au (bn)), for all

Xn

bl""'bn such that f(al,...,an)v= f(bl,...,bn), and this
obviously is not less than uzl(al) A... Auzn(an) .

We finally give one example of the fuzzy mappings
from the Propositions 7. and 8., using an arbitrary Boole-

an algebra B:

A = <{alb}l* > B = {Olllplp’:q:q':--- }

*la b
_ ab , _ ab,_ ab _
ala b A(B) = {( 10 —%1, (g 1)=Xgr ( P p') =
b|b a F TP IS a b y .
P POq(poq”
X X X . X ... X X X X - X ...
2 % %1 Zp Tpr g €02 % % X X
X, |1 0 P P q” . a 0 1 P p’ qg ...
51 ] 1 P o g ... b 1 0 P’ P g ...
Kp p- P 1 0 p9%gq ...
Kp’ P p- O 1 p’eg ...
Xq g g pog pegq 1 ...
E {_x_o} {51} {5&} {-)EO'EP"'.°}{§1'§p'“}“'{—)EO'?EP'“}{EI'EP }
go 1 0 0 ... o) 0 e P 0 N
X 0 1 0 ... 0 P P ¢ P° ...
ﬁp 0 ] 1 ... 0 p .. p° 0 N
ip' 0 0 0 ... P 0 .. O P~ ...
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REZIME

RASPLINUTE KONGRUENCIJE I KONSTRUKCIJE
ALGEBRI

U radu se pokazuje da se koncept rasplinutih skupova
moZe prodiriti i na Bulove ekstenzije algebri i da se na nji-
ma mogu posmatrati rasplinute relacije. Opisana je jedna kla-
sa rasplinutih relacija, kongruencija na tim algebrama i poka-
zano je da se one mogu koristiti za konstruisanje i opisivanje

nekih konstrukcija algebri.



