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ABSTRACT

in the present paper power intra-regular and power {left, right)
regular semigroups are considered and in this way the theory of R.Croisot,
[7| is generalized.

R.Croisot considered in |{7| the semigroups which are
unions of simple semigroups (so called intra-regqular semigroups)
i.e. semigroups with the property that each element is in a sim-
ple subsemigroup. He also considered left reqular, right reqular
and regular semigroups.

Let P be one of the following properties defined below:
power intra-regqular, power left reqular, power regular, power
inverse or power orthodox. In this paper we shall consider the
semigroups with the property P.

For undefined notions and notations we refer to |6/,
|10| and |13].

1. POWER INTRA-REGULAR SEMIGROUPS

DEFINITION 1.1. A semigroup S is power intra-regular

if for every a €S there exists m eN such that am’esazms

LEMMA 1.1. § <8 power intra-regular if and only if

1
for every a €S there existe m eN such that amJam“( 2

{17 aJb<=>J{a) =J{(b)
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THEOREM 1.1, S 28 a power intra-regular semigroup i1f
and only if some power of each element of S lies in a simple
subsemigroup.

Pro of. Let S be a power intra-regular semigroup.
Then for an arbitrary a €S there exists m eN such that J@E@" =
= sa™s and it is clear that

(1) sa®s = sa®™s, (Lemma 1.1.)

Assume that b,c eJa(m). 'I‘hen cJd" and c Jazm, so by (1) we have

that ch . Similarly, be . From this it follows that
k r

(2) J{(c) = Sc's, J(b) = sb"S
for some k,r eN. Since
SckSSckS ESckS
k k,2p £ eN and s;,S, €85
Sc”s = Ssl(c ) s,S, for some p 1782

53 P 2h=~,4ck1’s.2s csc®ascKs

+ Ss 83(c )2h54ckpa S<=SckSScks

it follows that

(3) Je) = 3% .

Similarly

(4) Ib) = 3% .

From (3) and (4) we have

(5) J(c) = J(c)I(e) = J(e)I(b) = sc¥ssb's ,

(since <Jb ).
From S(c¥ssb T)2sc sc¥ssbrs = s (s (XsmHPs) s =5 (cFssb¥) 2s

we have
(6) s(c®ssbT) %s = scXssb's
By (5) and (6) it follows that

(1) scXssbTs = s(cKssbF) (cKssbF)s< sb¥cXs

(2) o 152 J-class of element a".
a
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(8) sb¥c¥s s b cX)1 %5 ... =scFsspTs .

Hence, by (7) and (8) we have

(9) scFssprs = &f ¢, S-

Now by (5) and (9) we have J(c) =J(c)J(b) =8Sb¥csc sbes =7 (be)

and since J(bc) =J(b}J(c) we have J(bc) =J(c¢). Hence, J m is a
a

subsemigroup of S. Weshallshowthat J ,, is simple. If b,dedJd p .
a a

then b, ba’beg , 2™
a

b = xbd by .

From this it follows that b =x°bd bybdly. Put u =xbd. Then b=

= xudzby . Hence bJu. Similarly we have thatdby =vJb. Therefo-

re, b = (xbd)d(dby), (xbd,dby eJam) , il.e. Jamis a simple subse-
migroup of S.
Conversely, if for an arbitrary a e S there exists meN
such that a" is in-a simple subsemigroup. POof S, then a"e Pazmp gSazmS.
A semigroup S is intra-regqular if a eSazs for every aes

16].

COROLLARY 1.1. (|6]|,|7|). 8 is intra-regular if and
only ©f S 18 a union of the simple subsemigroups of S .

THEOREM 1.2, Every principal left ideal of S 28 a sim-
ple subsemigroup of S if and only if & €%abSa for every a,b €S.

Proof. If every principal left ideal of $§ is sim-
ple and L(a) is an arbitrary principal left ideal of S, then
L(a) =L(a) xL(a) for every x eL(a). For b €S we have that
ba ¢ L(a) and L(a) =L(a)baL(a) cL(a)bL(a) cL(a), i.e. L(a) =
= L(a)bL(a) for every b €S. Hence, a =aba or a € Saba or a e abSa
or a € SabSa for every b €S. From this if follows that a e SabSa
for every a,b €S.

Conversely, if x,y eL(a), then

x=a_ , y=a=>x = gaapa 8L(a)yL(a)

x=2a , y=a=> X = oa(za)ap(za) eL(a)yL(a)

X = a, y = ua =>x = ga(ua)ga eL(a)yL(a)

x = za, y = ua => x = a(za) (ua)g(za) eL(a)yL(a).
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Hence, L(a) is a simple subsemigroup of S.

PROBLEM 1.1. Do the following formulas

1

(Va e S) (meN) (a™ e sa™* S}, (¥a e S) (3m e N) (am € Sazms)

define the same class of semigroups?

PROBLEM 1.2. Describe the class of semigroups with the
property that each proper left ideal is a power intra-reqular
(intra-regqular, simple) semigroup.

REMARK. Semigroups in which every proper left ideal
is a completely simple semigroup are described in |4/.

Z. POWER LEFT REGULAR SEHIGROUPS‘

DEFINITION 2.17. A semigroup S i8 power left regular

if for every a €S there exists m €N such that a™ e sa™tl,

Analogously we define a power right regular semigroup.

THEOREM 2.1. The following conditions are equivalent
on a semigroup S :
(i) S 18 power left regular
(11) For every a €S there exists m €N guch that a™a™t!
(11i) Some power of each element of S lies in a left sim-
ple subsemigroup of S ;
(iv) Every prineipal left ideal of S is power left regular.

Proof. (1)<=> (ii) <=> (iv) and (1ii) => (i)
follow immediately. (i) => (iii). Let S be a power left reqular
semigroup. Then by (i) and (ii) we have that for a €S there ex-

ists m eN such that amLazm. If b,ceL_then L bch2 (since L is

a right congruence) and from cLa™ it follows that c2La2m, so

c2L.am. Hence chc. Therefore, beclc, i.e. L m is a subsemigroup
a

of S. If b,deL , ,then b,bd eLd, so b =xbd for some xesl. From
a
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this we have b =xk'bdk for every k eN. Let us put c=xb. It i$
sufficient to show that c eLb. Since § is power left regular
we have that xk =yxk+1 for some y €S and b =xbd =xkbdk =

= yxk+1bd =yxxk‘bd =yxb =yc.

Hence, b=ye, ¢=xb, i.e. ¢ eLb. Therefore, L m=Lb is
a

a left simple subsemigroup of §S.
Theorem 2.1. is a generalization of Theorem 4.2. |6].

COROLLARY 2.1. Every proper subsemigroup of S is po-
wer left regular if and only if S is periodic.

LEMMA 2.1, [§| Every proper left ideal of L is mi-
nimal (left simple) if and only if L contains exactly one mi-
nimal left ideal or S sontains exactly two minimal left ideals

L1 and L2 and .S =L1 U L2.

The following lemma is known.

LEMMA 2.2. The union of all minimal left ideals of
S {8 a(twosided) ideal of S , and i8 a kernel of S .

- LEMMA 2.3. [5]. Let I be a left (twosided) ideal of
S. If K ©s8 a left simple (simple)subsemigroup of S and KN I #4 ,
then KclI.

LEMMA 2.4, |5]. Let I be a proper twosided ideal of
S which ©i8 not contained as a proper subset in a left ideal

L#S. Then S\I 8 a left simple semigroup or S\I={a},a2 elI.

THEOREM 2.2. Every proper left ideal of a semigroup
S <& minimal iIf and only if one of the following conditions
holds:
1° S has a kernel K which is a left simple subsemigroup

of S and S~ K 28 a left simple subsemigroup of S ;

2° S has a kernel K which is a left simple semigroup an:l
. 2

S\K={al}l,,a” eK;
3° S contains exactly two minimal left ideals L, and L,

and 8 =L1 UL2.
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Proof. If all proper left ideals of S are mini-
mal, then by Lemma 2.1, we have two -"cases. Assume that S has
exactly one minimal left ideal K. Then by Lemma 2.2. K is a
twosided ideal of S and it is the kernel of S. By Lemma 2.4.
we have that S\ K is a left simple subsemigroup of S or S~ K=
= {a}, a2 € K. If S contains exactly two minimal left ideals,
then by Lemma 2.1. we have the case 3°.

Conversely, suppose that 1°Vholds. Let K be a kernel
of S and let K be left simple. If L is a proper left ideal of
S, then KNL # ¢ , so KL, If K#L, then LN (S~K) # # and
by Lemma 2.3. we have that S\ K&L. Hence, S =K1l (S\K) €L,
which is not possible. Therefore, K=L, i.e. K is the unique
proper left ideal od S. The case 2°, If L is a proper left
ideal of S and L #K, then from Kcl it follows that L =KU{a} #g
which is not possible.

A subsemigroup B of S is a bi-ideal of S if BSB =B,
16].

COROLLARY 2.2. :Every proper bi-ideal of S is minimal
if and only if one the following condition holds:

1° S has a kernel G whieh is a group and S\G <8 a group;
20 S has a kernel G which ig a group and S\G ={a},a2 €G ;
3° S <8 a left group IxG (|1(=2) or S is a right gro-

up G xJ (|If =2).

REMARK. The semigroups described in Corollary 2.2
are, in fact, the F-semigroups considered by Schwarz, |17].

A senmigroup S is a band Y of left (right) ideals Li
(iey) if

s=U L,, L NL, =g, ci#3), {3} .
iey 3
PROPOSITION 2.1. |8]. S <8 a left (right) zero band

of semigroups from the clase K if and only if S Zs a band of

right (left) ideals from K.
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THEOREM 2.3. The following conditions are equivalent
on a semigroup S :
(i) Every principal left ideal of S is a left simple sub~
semigroup of S ;
(i) s 78 a right zero band of left simple semigroups:
(iii) a eSba for every a,besS.

Proof. (i) => (ii). If all principal left ideals
of S are left simple, then the principal left ideals are mini-
mal, so the principal left ideals are disjoint. From this and
Proposition 2.1. it follows that S is a right zero band of left
simple semigroups.

(ii) => (iii). If S is a right zero band Y of left si-
mple semigroups Sa (a0 €Y), then for a esa’ b eSB we have

ba GSBSaEsBaESa , SO a e Sybac Sba .

(iii) => (i). Let condition (iii) hold. Assume a €S
and x,y ¢L(a). Then we have: -

(a) x=a, Yy =a. Then x = ae SaacL(a)y. Hence,

(*) L(a) = L(a)y for every vy elL(a)

(b) x = za, Yy = a. Then x = za €zSaac L{a)y, i.e.
condition (*) nolds.

(c) x = a, Yy =vua. Then x = aéS(au)ac L(a)uac L(a)y
i.e. (*) holds.

(d) Xx = za, ¥ = ua. Then x = za € zS(ay Jag L(a)ua = L(a)y
i.e. (*) holds. By (a),(b),(c) and (d) we have that L(a) is
left simple.

3. POWER REGULAR SEMIGROUPS
DEFINITION 3.1. S 78 power regular if for every a €S
there exists m €N such that a" ea'sa" .

PROPOSITION 3.1. An element a €S 1s power regular

if and only if there exigts m €N and an idempotent e €S such
that '

(1Y a"s! = es
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Proof. If aes is power reqular, then a™ =aMxa™

for some meN and x €S and e =a™x is an idempotent such that
ea™ =a™. Therefore, (1) holds.

Conversely, if (1) holds, then a™ =ex for some x eSl,
so ea™ =e2x =ex =a" and e =amy for some y eS. It follows from
this that am=eam=am}(am. Hence, a is power regular.

A semigroup S is regular if a eaSa for every aeS |6

COROLLARY 3.1. |61. Amelement a eS s regular if

and only if there exists an idempotent e €S such that asl =eS.

DEFINITION 3.2. S <8 power completely regular Zf for

every a €S there exists m €N and x € S such that a™ =a"xa™ ’

m
a x =xam.

PROPOSITION 3.2. The following conditions are equi-

valent on a semigroup S :

(1) S 18 power completely regular ;

(ii) For every a €S there’H_ej:cists meN such that
., +1 . m
a™ eamSam+1; (Equivalently a €a sa’)

(1ii) Every left ideal of S ig power reguiar.

Proof€£. (1) => (ii). This implication follows im-
mediately. (ii) => (i). If for every a €S there exdsts meN
and x €S such that am=amxam+1, then a™ eSam+1, so a© e Sazm .
This and Theorem 4.3. |6] imply that a™ lies in a subgroup of
S. ‘'Therefore, S is a power completely reqular semigroup.
(ii) => (iii). This implication follows immediately.
(iii) => (ii). For any a es we have that a™ eamI.(am)am =a

amSa2m . Hence, condition (ii) holds.

3mU

Following Drazin |8| we say that an element x of a se-
migroup S is pseudo-invertible in S iff there is an element
X € S such that

(i) XX = XX
(ii) = xn+1 x for some neN
(111) % = x%x .

Following Munn [12]| an element a eS is said to be pse-
udo-invertible iff some power of a lies in a subgroup of S.
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By Proposition 3.2.,Theorem 2.1. and its dual and by
the results of Munn we have the following:

THEOREM 3.1. The following eonditions are equivalent
on a semigroup S :
(1) S is power completely regular;
(ii) For every ae S there exists meN such that ameamSam+1;
(iii) Every left ideal of S <& power regular;
(iv) Every element of S is pseudo-invertible;
(v) Some power of each element of S lies in a subgroup of

S‘

REMARK. Power completely regular semigfoups are tre-
ated also in |11,14,16] . '

COROLLARY. 3.2, |1|. Every proper subsemigroup of S
18 regular if and only if S 18 a monogenic semigroup of the in-

dex 2 or 8 is a union of periodie groups.

COROLLARY 3.3. The following conditions are equiva-
lent on a semigroup S :

(1) S 8 a union of groups;

(ii) Every left ideal of S i8 regilar;

(iii) Every principal left ideal of £ is regular.

L, POWER INVERSE SEMIGROUPS

A semigroup S in inverse if for every a e S there ex-
ists a unique x e S such that a = axa, x = xax, |6].

DEFINITION 4.1, ]9] A gzemigroup S i8 power inverse
if for every a €S there exists m €N and a unique X €5 such that

m m__m ; m
a =a xa and x=xa x .

THEOREM 4.1, The following conditions are equiva-
lent on a gsemigroup S :
(i) S 78 power regular and for every two tdempotents e
and £ from S there exists n eN such that (ef)" = (fe)?

(ii) For every a €S there exists meN such that Slam'

and

amS1 eontain a unique idempotent generator;
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(111) S 78 power inverse.

Proof. () => (ii). By Proposition 3.1. there ex-
ists an idempotent e such that amS1 =eS, If there exists an
idempotent f €S such that a"s' =£5, then eS =fS, so efe =f
and fe =e, Since (ef)" = (fe)n, for some n eéN we have that e =F.

(i1) = (iii). By Proposition 3.1. S is power regular.
We have to prove the uniquenessof the inverse element of a® .
Iet b and ¢ be the inverses of am. Then a"bS = ams = amcs, Sba™=

= sa™ = sca™ and since the idempotent is unique we have a™p =
= amc, ba™ = cam, so b = ba™ = ba™c = ca™c = c.

(iii) = (i). This implication follows by Theorem 4.6.
fol.

DEFINITION 4,2, S <8 a strongly power inverée semi—

group tf S 18 power regular and the idempotent elements commu-
te.

THEOREM 4.2. S <8 a strongly power inverse semigro-
up <f and only if S 18 power inverse and the product of any

two idempotents of S is an idempotent,

Proof. By Theorem 4.1.

5. POWER ORTHODOX SEMIGROUPS

DEFINITION 5.1, A semigroup S 18 power orthodox if S
18 a power regular in which idempotents form a subsemigroup.

The following theorem analogous to the theorem of Rei-
1ly and Scheiblich, |1%| (see also |10]).

THEOREM 5.1. If S i8 a power regular semigroup, then
the following statements are equivalent:
(i) S £s power orthodox:
(ii) If for any a,b €S there exist m,n €N and x,y €S such
that am=amxam, X =xamx, o =bnybn, Yy =beny then yx is an inv-

erge of a"p".

Proof. (i) => (ii). Similarly as (A) => (B) in
Theorem IV 1.1, |10

« (ii) => (i). If e and f are idempotents
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of S, then each is an inverse of itself and by (ii) we have
that ef =effeef = (ef)z.

COROLLARY 5. 1, If S i8 power orthodox, then every

inverse of an idempotent is an idempotent.

ProofE. Iet e be an idempotent and x its inverse,

i.,e. e = exe, x = xex. Then xe and ex are idempotents and so

each is an inverse itself, By Theorem 5.1. we have that xex is

2 2
an inverse of ex“e. Hence, x = x(ex“e)x = Xex xex = x°,

2

PROBLEM 5.1. Describe the power  regular semigroups

in which the inverse element of each idempotents is also idem-

potent.

PROBLEM 5.2, A more general approach than that of po-

wer orthodox semigroups is as follows: Let S have nonempty

set R of reqular elements. S is called an R-semigroup if R is

a (regular) subsemigroup of S.

Examples are provided by: (1) A semigroup in which the

identity axébyb = abzab holds is a power reqgular R-semigroup;

(2) A commutative power regular semigroup is an R-semigroup.

The power regular R-semigroups remain to be described in the

general case,
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REZTIME
STEPENO REGULARNE POLUGRUPE

U ovom radu razmatraju se polugrupe sa svojstvom P:
stepeno intra-reqularna, stepeno levo (desno) regqularna,
stepeno reqgularna, stepeno inverzna, stepeno = ortodo-
ksna.



