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ABSTRACT

in this paper cyclic n-groupoids (befinition 1), i.e. cyclic n-qua-
sigroups (because every cyclic n-groupold is necessarily a cycli¢ n-quasi-
group) are considered. Different equivalent definitions of a cyclic n-gro-
upoid are given. Examples of cyclic n-quasigroupmars fisted . Circular pa-
rastrophes of an n-quasigroup,which are suitable for the study of cyclic
n-quasigroups, are defined. [t is determined which parastrophes of a cyclic
n-quasigroup are cyclic. It is shown that an n-quasigroup which is isoto-
pic to a cyclic n-quasigroup must be isotopic to all its circular parast-
rophes and conditions under which its parastrophes are isotopi¢ to gcyciic
n-quasigroup are given. Some consequences which follow from the assum-
ption that an n-quasigroup is isotopic to one of Its parastrophes are eb-
tained. Using these consequences a theorem which gives necessary and suf-
ficient conditions for an n-quasigroup to be isotoplic to a cycllc n-quasi-
group is proved.

First we give some basic definitions and notations. Ot-
her notions from the theory of n-ary quasigroups can be found
in [17 .

: n

The sequence xm'xm+1"“'xn we denote by {xi}i=m
will be considered empty. The sequence

X,X,...,%X (n times)} will be denoted by % .

or

n
X . If m>n, then 2
m m
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An n—groupoid (Q,A) is called an n-quasigroup iff the

-1
equation A(a1 ' ai+1) =b has a unique solution x for every

arll,b €Q and every i eNné{l,...,n}.
An n-quasigroup (Q,A) is isotopic to n-quasigroup (Q,B)
iff there exists a sequence T = (an+1

ch that the following identity

) of permutations of Q su-

n —
B(x,) = <>Ln+1"‘({"‘1 1i=1)
holds. T is called an isotopism, and by AT =B we denote that
A is isotopic to B by T. ! is defined by 1o {a 1}2+i ).
If (Q,A) is an n-quasigroup and o €S 417 where Sp+1 is

the symmetric group of degree n+l, then the n-quasigroup a% de-
fined by

— n —
a° (xcl) Xg(nt1) ST B = x,
is called a o-parastrophe (or simbly parastrophe) of A. If
o,T €8 n+1 then (2-\‘7)T = 2% and
—_ T.0t(n) y _
A(xdl) X5 (m+1) <7 A (xct(l) ! Xs1(n+1) °

If T= (anH) is an isotopy of A, then (AT)° = (1-\0')T ; where

o _ (ao (n+1) ).

T
ol

Anrxll—quasigroup (Q,A) is called idempotent iff for eve-
ry X€ Q A(X) = x.

An n-quasigroup (Q,A) is called totally symmetric iff
A coincides with all its parastrophes.

DEFINITION 1. An n-groupoid (Q,B) <s ecalled cyclic
Lff the following identity holds

-1

A(A(x Y, X1 ) = x

n -
A binary groupoid or quasigroup (Q,-) is called semi-sy-
mmetric iff it satisfies the identity (xy)x =y. So, cyclic n-
groupoids defined in Definition 1 are a generalization of semi-
symmetric groupolids.Semi-symmetric quasigroups were investigated
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in various directions. Some results on semi-symmetric quasi-
groups (mostly obtained by A. Sade) are used in the enumerati-
on and classification of latin squares and some classes of se-
mi-symmetric quasigroups are related to geometry of plane cur-
ves. There is . also a connection between indempotent semi-syh-
metric quasigroups and balanced incomplete block designs ([3])
and some other combinatorial designs ([2]).

The definition of a cyclic n-groupoid can be also gi-
ven in another form. The next definition is equivalent to De-
finition 1.

DEFINITION 1°. An n-groupoid (Q,A) is cyclic iff for
n+l :
all X, €Q

n n-1, _
A(xl) = Xpey T A(xn+1,x1 ) = Xn -

Using the preceding implication it is easy to obtain
the following definition equivalent to the preceding ones.

DEFINITION 1'%, An n-groupoid (Q,A) is cyclic iff for
every i eN and all x?+1 eQ
n, _ P n+l i-1, _
Alx)) = Xpyy <=> Ay X)) =Xy .

If (Q,A) is a cyclic n-groupoid, then for all i eN

i-1  _n+1 n
and all aj s ai+1 €Q, the equation
i-1 n _
(1) Afa] “.xsa54) =a .,

is by Definition 1" equivalent to

n+1 i-1
Alay g 2]

This means that the equation (1) has a unique solution for x,
hence the following proposition is valid.

) = x .

PROPOSITION 1. Every cyclic n-groupoid is an n-qua-

stgroup.
We now give some examples of cyclic n-quasigroups.

1. Let (Q,+) be an arbitrary Abelian group (binary),
n >2,a an arbitrary element from Q, and ¢ an automorphism of
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the group (Q,+) such that ¢a=-a, and if n is even then for

all x eqQ, ¢n+1x==-x, and if n iz odd then ¢n+1 is the identity
mapping. Then by
(2) A(x?i =¢x1 —¢2x2-+¢333 e +(-1)n+1¢nxn + a

a cyclic n4§uasiqroup (Q,A} is defined. Among cyclic n-quasi-
groups defined by (2) there are n-quasigroups which are neit-
her totally symmetric nor idempotent and which are not n-gro-
ups.

An automorphism of an arbitrary Abelian group,which
satisfies the given conditions is given by ¢ : x+=-x, and the
cyclic n-quasiqroup obtained that way for n even need not be
idempotent nor n-group, but it is always totally symmetric. If
n is odd, ¢ the identity mapping and a =0, a cyclic n-quasigro-
up which is not totally symmetric can be obtained.

In an arbitrary ring with unity (R,+,.) the ma-
pping ¢ :xi»bx,‘where_b is an invertible element, is an auto-
morphism of the additive group (R,+). If b is such that for n
p+l 1, and for n odd-bn+1 =1, then by (2) a cyclic n-
quasigroup (R,A) is defined.

even b

If R is the ring zq of integers modulo q, then, for
example, for gq=15, b=4 and an arbitrary odd n a cy-
clic n~-quasigroup of order 15 is obtained, for qe€ {4,61,122 1},
b=3, n=4 a cyclic 4-quasigroup of order g is obtained, etec.

2. let (Q,*) be an arbitrary group, ¢ an automorph-
ism of this group such that an+1 is the identity mapping, a an’

element of the cemtgr of the given group such that ca =a. Then
by
n, _ _-12-1 n_-1
A(xl) = ax; a"xy;" ... 0 x " a
a cyclic n-quasigroup is defined.
Now we shall define one kind of parastrophes which are

suitable for the study of cyclic n-quasigroups.
DEFINLTION 2. If (Q,A) iscan n-quasigroup,i eN U{oc}

i,i.=1 se-.,n+l, defined
by ci:a~+a+i (mod (n+1)]) Ze called ecircular parastrophe of the

then each of the n+l parastrophes A

n-quasigroup (Q,A).



Cyclic n-~quasigroups 411

From the definitions 17, 1" and 2 the following propo-
sitions can be obtained.

THEOREM 1. An n—quagigroup (Q,A) ©8 cyelie Tff A co-
teides with its parastrophe A ~, where oy i8 a circular para-

etrophe such that i is relatively prime to n+l.

THEOREM 2. An n-quasigroup (Q,A) is eyelic iff it
coincides with all {te circular parastrophes.

In the binary case ([ 4]) all parastrophes of a cyclic
quasigroup are cyclic. But, for an n-quasigroup, n >2, this is

not the case. Let (Q,A) be a cyclic n-quasigroup and 2% its pa-

n+l

rastrophe. For all X eQ and every 1 eNn we have

-1 ° o le.n
AU(xn),=x <c==> A(xc— n) =x _ <==> A (x _ i ) =
1 n+l 1 o 1(n+1) g ldin
o~ (n+1)
= x <=>A(Xx -1 ) = % 1 <=>
-1 o " (1+1) o " (n+1+1)
g ci(n+1)
<=> Ac(xgﬁi(n)+i) )= x
o “(o(1l)+i) o “(o(n+l)+1)

where all indices are reduced modulo n+l. Hence, if ¢ is such
that for an 1 eNn and all t eNn

o l(o(t)+1) = t +1 (mod(n+1)) ,

i.e.
(3) o(t+l) = o(t) + i (mod (n+1)) ,

d
then the parastrophe A 1is cyclic:. So we have proved

THEOREM 3. Let (Q,A) be a ecyeclic n-quasigroup and
o . A
A" its parastrophe such that 0 satisfies (3). Then A% i a ey-
elie n-quasigroup.

Of course, the circular parastrophes always satisfy (3},
but there are other noncircular parastrophes which satisfy (3).
Other parastrophes of a cyclic n-quasigroup which do not sati-
sfy the condition (3) need not be cyclic. If n=2 then (3) is

satisfied for all permutations o 653.

~
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We shall now consider isotopes of cyclic n-quasigroups.

THEOREM 4. If an n-quasigroup A is igotopic to a cy-
elie n-quasigroup B, then A is isotopic to each of ite circular
qg . . .
parastrophes A 1 rhen ail parastrophes of A which satisfy (3)

are tesotopes of cyclie n-quasigroups.

Proof. Since B is a cyclic n-quasigroup, it coin-
cides with all its circular parastrophes.Corresponding parastro-
phes of isotopic n-quasigroups are isotopic, hence, the circu-
lar parastrophes of A are isotopic to the corresponding para-
strophes of B, which means that all circular parastrophes of
A are isotopic to B. Since the isotopism 1is transitive, it fo-
llows that A is isotopic to each of its circular parastrophes.

The parastrophes of the cyclic n-quasigroup B which sa-
tisfy (3) are cyclic n-quasigroups, hence, the corresponding
parastrophes of A are isotopes of cyclic n-quasigroups.

THEOREM 5. Let (Q,A) be an n-quasigroup isotopic to
n+1 T
T, A
18 an arbitrary cycle of length n+l. Then there exist

its parastrophe A® by an isotopism T = (u =a% ,» where

o eSn+1
a permutation © eSQ and an n-quasigroup (Q,B) which is isoto-
pte to A, such that B 18 isotopic to B° by the isotopiem (1,...,

-1
1,8 "o o aee Q@ 6).
+ +
n+l o (n+l) o (n+1)

Proof. Let B be an arbitrary isotope of A, B==AS,

S = (BT'I). Since AT =a%, it follows
-1 -1
(8% 157 )5 = . -
o-1 g g
S S
For every n-quasigroup (Q,C) we have (C 317 =(c” ) ; hence,

“lqp 0 -1
s "Ts .o

((B 7))
and

-1,..0

BS TS™ _ BC ,
which means that every isotope B of the n-quasigroup A is iso-
topic its parastrophe 8.

Now we show that there exists an isotope B of A, such

=B’

that there is an isotopism of B to BY which has the form des-

1 }n+1

cribed in the. theorem. Since S~ i=1

1s® = ({870 8 ), then
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-1 n+l
({B; 0By 11 )
B . = B. If we put
-1 _1 8
Bl 0.1301 = l,oo-IBn anBon = 1,
then

@18y = Byreer @pBoy = By

If we take'Bn+1 to be an arbitrary permutation from Q,
then from the i-th of the preceding equations, where i=c—1(n+1L
we get B,, then from the j-th equation, where j =0 11 =07 % (n+1),

we get B. and so on, at the end we get 8 _, - Since 0 is a
J ' o " (n+l)

cycle of length n+l we have obtained all permutations Bl,...,Bn:

8 _ =a _ B
) o~} (n+1) o™t (n+1) BFL
' 8 = a 8 =a a _ 8
672 (m+1) o 2(m+1) ot mtl) 0" 2(n+1) o (nen) MM
-n =% -n ¢ s+l R W VO R
g T (n+l) 0 T (n+l) o° (n+1) g " (n+1)

Then the (n+l)-th component of the isotopism s~17s has the
form:

.—1 '_1
B a 8 =B a B
n+l n+l1” 0 (n+l) n+l n+l” N ne1)

-1

= Bh+1%n+a1® _p
g

B
(n+1) c-n+1(n+1)

-1
=...= 8B o a _ a N B _
N+l ntl om0 1y o 2 (ne) "l (n+1) DL T
= 8-1 a a a o B
“n+l n+l o(n+l) 02(n+1) on(n+1)n+1 .

So, we have obtained that for an arbitrary

b 1 eSQ the isotope B of A by the isotopism S =(8?+1), whe-
re Bi' i=l,...,n are given by (4), B =AS, is an n-quasigroup

which is isotopic to its parastrophe B° by the isotopism ( 1,
-1
)

""'1'8n+1“n+1°o(n+1)'"“Un(n+1)8n+1
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REMARK. A special case of this theorem, when n=2, is
a generalization of a theorem from [3], where the correspondi-
ng proposition is proved for only one parastrophe AU, g eS3.

THEOREM 6. An n-quasigroup (Q,A) is isotopiec to a Y
eliec n-quasigroup iff there exists a cirecular parastrophe A 1 R
where 1i is relatively prime to n+l, such that A is isotopictold 1

n+l

1 ) where o

by an tsotopism T = (a cesll =1,

-0?(n+1)

o
Proof. If theére is a parastrophe A i which sati-

sfies the conditions given in the theorem, then by the prece-
ding theorem A is 1sotop1c to an n-quasigroup B which coinci-
des with its parastrophe B l. If B coincides with B i, then by
Theorem 1 B is cyclic, hence, A is isotopic to a cyclic n-qua-
sigroup.

Conversely, let A be 1sotopic to a cyclic n-quasigroup
n+l

n+1“ci(n+1)

B, aS =B, S -(B ). Let A be a circular parastrophe such

that i is relatively prime to n+l. Then oy is a cycle of len-
[o]
i ¢ o

Oig 1 . i s
ght n+l and (A ) =B .Since B is cyclic B=B ~. From A" =B,
o
O; s i
(A ™) = B, it follows
o
i -1 (o]
AS(S ) =a i ,
U1 -1 Oy
so, S(S is an lSOtOpiSm of A to A 7, If we denote this
—1 n+1 i
isotopism by T = S(S = ), we shall have S Log =1 =

=(1,...,1), 1i.e.
Bk kBUik = 1, 'k=1,-.-,n+1 -

.From these equalities, analogously as it is done in the proof
of the preceding theorem, we get

-1

Bn+1°‘n+1°‘ci(n+1)

eeae O B =1,
U?(n+1) n+l

ceal = 1.

o o
n+1foy (mh1) Tt Eon )
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REZIME

CIKLICKE n-KVAZIGRUPE

U ovom radu razmotreni su cikli&ki n-grupoidi (defini-
cija 1), odnosno n-kvazigrupe (jer je svaki cikli¢ki n-grupoid
n-kvazigrupa). Date su razliZite ekvivalentne definicije cikli-
¢kih n-kvazigrupa. Navedeni su primeri cikliékiﬁ n-kvazigrupa,
medju njima i primeri n-kvazigrupa koje nisu idempotentne, ni
totalho simetri&ne. Definisani su kruZni parastrofi koji su po-
godni za izudavanje cikli&kih n-kvazigrupa. Utvrdjeno je koji
parastrofi cikli&ke n-kvazigrupe moraju biti ciklidki. Pokaza-
no je da je n-kvazigrupa koja je izotopna cikli&koj n~kvazigru-
pi izotopna svim svojim kruZnim parastrofima i navedeni su us-
lovi pod kojima su njeni parastrofi izotopni cikliékim n-kva-
zigrupama. Iz pretpostavke da je n-kvazigrupa izotopna svom
parastrofu odredjenog tipa izvedene su razne posledice. Na os-
novu tih posledica dokazana je teorema kojé daje potrebne i
dovoljne uslove pod kojima je n-kvazigrupa izotopna cikliZkoj

n-kvazigrupi.



