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ABSTRACT

In this paper, we define Weyl- -Otsuki spaces of the second kind and
order n (denoted SW-0 ) with a tensor P in the form P =S(x)¢ s’ where §(x)
is a non-zero and non-llnear ¢’ (r>3) function. We establlsh some relations
between the curvature tensor and the conformal curvature-like tensor in SW-

0n and analogous objects in an adjoint Riemannian space.

1. The basic objects of spaces investigated by T. 6tsuki
(|]1]) are two objects of connection, denoted by F;q and 'qu .

and a regular tensor field P of the type (1,1). Fji and "Fji

are objects of two affine connections ‘T and "T named the con-

travariant and covariant part of the reqular general connection

respectively.

The basic covariant differentiation is defined by the

following formulas

V.
V.| = z - "F
ik BuE ik s
X avi X
i _ ) ..i _s
va = g—] + Fsky
' u

The covariant differentiation with respect to the qenefal requ
lar connection is defined for an arbitrary tensor in the fol-
lowing way:
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(1.1) Tjk,l P bcIlP P .
Connections ‘T and "T are mutually dependent by relati-
on
i
1.2 . =0

where Q denotes the inverse of P.

The Weyl-Otsuki space (W-0_) is defined by A.Mo6r (‘2[,
|3]). This is an Otsuki space provided with a symmetric p051ti-
ve metric tensor gi and a recurrence vector Y+ The W-On spa-
ce satisfied the follow1ng conditions:

a) gij k =y kgij (the metric tensor is recurrent),
’

i _ i

jk kj

lar connection is symmetric),

by T 'y ( the covariant part of a general requ -

c) P

In w;on spaces, the coefficients of connection "I' have the form

wpil i is a.b a b _ ~asb
M = {yrd =3 90 (g 9805 +139,505 05 - Ys9an05%
where {jk} denote the Christoffel symbols with respect to 9y

M.Prvanovié (|4],!5|) has defined another kind of met-
ric Otsuki space with a recurrent metric tensor; these Otsuki
spacés with a regular general ceonnection satisfy the following
conditions : \

a’) gij,k = Ykmij' where mij is a symmetric tensor field,
b°) the connection T is symmetric ('r;k,= ’Fij),

')P = a_ a
c 15 = 91aP5 T 9321 T P31

The coefficients of connections "T and ‘T can be qalcu—
lated by the following formulas:

" i _llmi. 1 q p
Tk ="T3k *2 gt % (y g 0505 - vm  dBOT -y m , 0B0%)
(1.3)

1

- - 1l st _ p~1 p
the = P +3 o°F 0 Pt %! 3080 = V5T ab)
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where "Fi  anga Tt
ere ij al ij

and contravariant part of the metric general regular comnecti-

denote the coefficients of the covariant

on (gij,k=0’ Yk=0). These coefficients have the form

"m. n o Pi a_ a}P
I‘;k={jk} +\"[a k]QJ [:a lﬂQ g [ CﬂQ j
(1.4)
T my . o Lat i at. i
]k =1 k} +V(kP])Q [aPk_'|Q QtPjSL [a J]Q

Qtpkg

The Weyl-Otsuki space of the second kind is defined as
a metric Otsuki space, which satisfies the conditions a”), b~)
and c¢”) for my g _Pi]

2. In this paper we define the Weyl-Otsuki spaces of
the second kind as metric Otsuki s%aces which satisfy the con-

ditions a“), b”) and ¢) and m —P P1 ...PaTLJ Such

an Otsuki space is a Weyl-Otsuki space of the second kind and
15 =P14 it is a Weyl-Otsuki
space of the second kind and order 1. Now, we put

the order n. In particular, if m

i i
(2.1) Pj = S(x)Gj
where S(x) is a real c* (r >3) non-zero function: at least one
of thé second partial derivatives of function S(x) is ddfferent
from O.
Taking into account (1.2), we can obtain

S
UG I, | k .1 _ 3S5(x)
(2.2) rjk = ij + = sj (sk = _:;k_ ) -

We denote a Weyl-Otsuki space of the second kind and order n
with tensor P in the form (2.1) with SW-0_ .

It is easy to see that connections “T and "T in SW-On
have the same curvature tensor, named "the curvature tensor of
SW-On“.

3. If the general regular connection in SW-On is me-
tric, we cdn get, using (1.4},
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m, . . :
wpl = 1 } 1 _ 1 .
- ij {jk}+ s (de K s gjk)
: m . . .
o B i 1 1,4 o1_ G

To calculate the curvature tensor of SW—On with the metric ge-
neral regular connection, we put

m ; :

rpl _ 1 1

S S S i .
where ij is j5k A gjk and Aj stands for g - We obtain,from

the well-known formula for the coefficients of the covariant cu-
rvature tensor in SW—On
m m m

Rirki = Rirkj = Pirky =
(3.2)
= Firkd TIrk¥51 T Ir3Vki T 9i9Vkr T 9ikVir

, o <

ghere 1291 denotes Vihy -Aixk-+1/2x Ag9itk and Ay stands for
i

& Firkj

Christoffel curvature tensor, with respect to Christoffel sym-

bols.

denotes the corresponding component of the Riemann-

We can see that all wki are symmetric. Hence, we can
easily get the next relations for components of the curvature

tensor in SW-On:

m m m m m
(3.3) Rirki =7 Rirki? ™ Brijx ¥ Rirky = Bxjir
Transvecting (3.2) by gij, we obtain
m s
(3.4) Ry = K+ (=2)y oy byi97"
m m

where Rrk denotes *J and Krk is the corresponding com-

Rirkjg
ponent of the Ricci tensor with respect to Christoffel symbols.

Now, we have to calculate w..qjl. e transvect (3.4) by
rk J1
q and get

m .y
= - Jji
R K+2(n l)wjig
m
ji R ~-K

(3-3) Y3177 T Sy
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m m k

where R denotes Rrkgr and K is K_ rk

L A Substituting (3.5) in

(3.4), we get

m
rl: =K, + (n-2)y._+ g R-K
rk rk m kr ‘kr 2(n-1)
_ m
(3.6) v - Krk Rrk + K-R
* kr 2-n 2(1-n) (2-n)

Taking into account (3.6), we can express (3.2) as follows

m
Rirkj

(3.7) m
+ R (3, .0, =, a_.)

(n=1) (n=2) "7ij"kr “ik"rj

1 m m m m
+ . L} - ] 0] - 0 Il .
2-n (giJRrk glerJ grJRJ.k +grlej) *

1 .
= Kirks ¥ 70m 915%ek T9ikKry T 9riFik Y ey y)
K
=1 (n-2) '9i3%r " 9ik%rj

-+

+ )

For every SW—On space, there exists a uniquely determi-
ned Riemannian space with the same metric tensor. We call such
a Riemannian space an adjoint Riemannian space for the space

SW—On.

So, we have proved the following.

THEOREM 1. 1In the SW-0, space with the metric regular
general connection, the tensor on the left-hand side of (3.7)
i8 equal to the conformal curvature tensor of the adjoint Rie-

manntan space.

COROLLARY 1. If the adjoint Riemannian space of SW
O, ts conformally Euclidean, the tensor on the left-hand side

of (3.7) is equal to 0.

4., If Yk is different from zero and if SW-On is of

the order t, we obtain, using (1.3)
m, ot=2

wnd  _apd g i _ i_ i
Py =Ty ¥ =2 (g5 =785~ 738 )
(4.1) . m, t-2 . . .
- P § ) i - 1_ i
ij-+——7— (v 93k Ykéj dek )

l —_
ij =
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The connection "T is semi-symmetric, but ‘I' is symme-
tric and these two connections have the same curvature tensor.
Thus, we have

i My i
= T: + H
Tik = Tik * Hyk
1,1 i
L W
£-2
Ay =73 Yk ¢

It is easy to prove this relation for the curvature tensor
m m m
Rl .=t v i, - VK HSH S
rkj rkj k'rj rk sk - rk s3

m
where V denotes the classical covatriant dtjﬁfferentiation with

respect to the coefficients olg con.nection ‘I . The metric ten-

sor i.gsrecurrent respect to V (ngij _Hkg:l.j' where Hk stands
k .
for —S-— ).

For the covariant components of the curvature tensor,

we get
m m

Ryrkj =Rirks * 9 P it ~ Al *+ Vi

P e R R i ¢

m ' m
+ gik'()‘r)‘j +V/jlr) —grk-()‘ikj AN, 49,2

i3 3 i)
(4.2) m m m
9350 *Tihy) -y (Thy ~ ) +
+ ATA (g, 954 - 9Ty

For the sum Rirky +Rr:l.jk' we can easily get
m m

(4.3) Ryrpd *Reggk “Rirkj " Reigk Y9501k T 913%k *9ix8rg T IrkOy;
where m
Byy = Dghy - ATy +20 -25h gy

If Yk#o, the components of t.he curvature tensor do not sati-
sfy the relations analogous to (3.3).
Then, we transvect (4.3) by g‘i'J and we obtain
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m
- - ij
(4.4) Ark Ark-+(2 n)erk grkeijg

B

. m
13

where Ark’ Ark stand for (Rirkj.+Rrijk)g and (Rirkj +

m

+ Rrijk)glJ : respectively. Next, we transvect (4.4) by grk
and we get

m rk
(4.5) B=B + 2(n-1)erkg

m m
where B, B stand for Arkgrk, Arkgr , respectively. Hence, from
(4.5) we obtain .

m
rk _ B-B

(4.6) . erkg = 3(i-n)

and, substituting (4.6) in (4.4),

m

A -2 B
_ Tk rk B-B
(4.7) %k =3 - Y Tm-Dy@=27 Irk °

Substituting (4.7) into (4.3) , we obtain

1
Rirkj *Reijk * 7on 935Prk " 91kPri T 9riPik Y IrkPiy)

B
(4.8) *E D @2 9139k T I1k9r3)
nm nm 1 m m m m
= Rirks YReisk Y3n9i5Prk TI1kPrs TIriPik Y IkcPey)

m
‘B

* @ e 9139k T 91Ty’

Taking into account {(3.3), we obtain the following relations

m m Cm m m m
Rirkj = Rrijk A 2Rrk' B = 2R .

We can see that the tensor on the right-hand side of (4.8) is

equal to 2Cirkj vhere Cirkj denotes the corresponding compo-

nent of Weyl s conformal curvature tensor of the adjoint Rie-
mannian space.

We have proved
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THEOREM 2. In SW—On'with yk-¢o s the tensor on the
left-hand side of (4.8) 18 equal to zcirkj'

COROLLARY 2. If the adjoint Riemannian space is
conformally Euclidean, the tengor on the left-hand side of
(4.8) in Sw-0, i8 equal to O.
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REZIME

WEYL-OTSUKI-JEVI PROSTORI DRUGE VRSTE SA
SPECIJALNIM TENZOROM P

U ovom radu, definisani su Weyl-Otsuki-ijevi prostori dru-
ge vrste ;eda n {(u oznaci SW—On) sa specijalnim tenzorom P oblika
P; =S(x)6; gde Jje S(x) ct funkcija (nenula i nelinearna). Ovo je
prvi stepen uopitenja od Rimanovih prostora ka metri¥kim Otsuki~
jevim prostorima sa regularnom opftom koneksijom. Ovde su uspos-
tavljene veze izmedju tenzora krivine i tenzora konforne krivine
u pridrufenom Rimanovom prostoru i odgovarajuéih objekata u S¥-

-0 .
- n



