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ABSTRACT

In this paper was chose an adapted frame for f(2k+1,-1)-structure
and a matrix of tensors g, and ff with respect to this adapted frame. Gi-
ven is the necessary and sufficient condition for an n-dimensional manifold
M" to admit a tensor field f of the type (1,1) and the rank r such that

.54 i ‘
P22 e so, 2 ip g0 for 1<i <29, qeN.

1. Let us first observe the structure £ with satis-
2k+1

fies the condition £ -f =0.

DEFINITION 1. Let M" be a differentiable manifold of
the clase C° and let there be given a tensor field £ #0 of the
type (1,1) and of the class C such that

a1y £ g oo, M1 _g 20 for 1<ic<k

where k 18 a fixed positive integer greater than 1. Let rank
f=r be constant. We call such a structure an (2k+l,-1)-struc-

ture or an f-structure of rank r and of 2k+1 -degree.

THEOREM 1.1.  For a tensor field £, £ # 0satiafying
(1.1}, the operators

(1.2) m=1-f and L= f
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(L.l)denoting the identity operator applied to the tangent space
at a point of the manifold, are complementary projection ope-
rators.

Proo f. We have

2.

g+ m=1, 2 i, m2=m, m1=2,m=‘9

It

by virtue of (1.1) which proves the Theorem.

' Let L and M be the complementary distributions corres-
ponding to the operators £ and m, respectively. If the rank
f =r is ¢constant,then dimL. =r and dimM =n ~r.

THEOREM 1.2. For f satisfytng(llY and %, m, defined
by (1.2)we ﬂave

LEfE=fL=f, mf=Ffm=0, f2m=0.

Proof¢£. Trivial.

THEOREM 1.3. For £ satisfying (l.1) and m , defined by
(1.2) we have

1.3y m+¥2 =1, fm=me=0 .

Proof. Trivial.

THEOREM 1.4. Suppoee that there is given on MY g pro-
Jection operator m and that there exists a tengsor field £ such
that(1.3)1e satisfied, then £ satisfies (1,1).

PROPOSITION 1.7. Let an f-structure of rank r and of
the 2k+1 -degree be given on Mn, then kaR. =%, and fzkm=0. Then
fk acte on L g8 almost a product structure operator and on M as
almost a tangent structure operator.

2, We shall now introduce a local coordinate system
in the manifold and denote by fli, R.E, m?. the local components
of the tensor £,2,m, respectively. We shall also introduce a
positi\lie definite Riemannian metric g in the manifold and take
r as mutually orthogonal unit vector ug (a,b,¢c=1,2,...,r) in
L and n-r as mutualiy orthogonal upit vector ui (A,B,C=r+l,...,n)
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in M. We have

p,i_.p ,p. 1i_ p.i _ p.i_ . p
Liup =Ups Ajug =0, myu =0, miug=up .

We also have fgu; =0, If we denote by (vi,vi‘) the matrix inver-

se to (ug, ug) , then v? and v? are both components of linearly
independent covariant vectors and satisfy

p ai_.a va i A i
(2.1) viug =8, viup= =0, vyug =0
Ai_ A a.p Ap_.p
viuB—GB, Vuua +ViuA—6l R
We can easily prove that
(2.2) 2Py =v2, Py -0, mPvt -0
i'p i i'p i'p
p,A _ A
mj_vp vy o

- P A _ p,i_.P ; p_.,a,pP
From mf =0, we find f.vp—O. From ziua u_, we find Li yiua
From (2. 1) and(2.2), we also find mp-v?ug.

If we put ai:,| =vjvi +v1j\l‘1, iL , then aij is a globally po-

sitive definite Riemannian metric with respect to which (ug

P a _ i A _ i
uB) forms an orthogonal frame such that Vj aijuA and aj aijuA.
If we put 2 —Lta m =mta we find 2 =v‘-°‘va
P i3 7 73%ed iy T %1 31 - V3V1

_JAA _
m]i vJv . Consequently 231 mji aji .
We can easily verify the following relations:

. a = 2.m.a m.m =m .

t,s _ t s _ ts
jz’jl:. ts jLji’ ji%ts 0, ™15 ji

For any two vectors x,y with components xl, yi, let us put

s t st
m* (x,y) =m, XY, a(x,y) =a_ . Xy .,
2k-1 2 z
g(x,y) E (a(x,y) +( f (£f°x,£%))a +m*(x,y)) .
z=1 .
Then we have

; v
m* (u,,u) =a(u,,u) =a(fu,,fu ) =a(f uA,fzua) =

2k-1 2k-1

=...= a(f uA,f

ua) =0, g(uA,ua) = 0.
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Thus L and M are orthogonal with respect to g. We also have

2k 2k
m* (u ) =0, a(e?Fa_,£2%u) =a(u, ) |

Hence
1 2k-1 2 2
g(ua,llb) it (a(ua'ub) +( I (£ ua,f ub))a) .
z=]
N L1 2k z z
g(fu_,fu ) =¢ (af z£1 (£7u,,£70))) =
2k-1
_1 Zz Z
= (a( z£1 (f ua,f ub)) +a(ua,ub).
That is

glx,y) = g(fx, fy)

for all vectors x,y in L.

We assume that fi =f£'g/L (i <2k) is not the identity
operator of L. Then fL is a linear transformation of L with mi-
2k—1 =0, (We know that f2k=1 on L). The

polynominal (xk-l) (xk+1) =0 has simple roots

nimal polynominal x

2ni 2 2ni (Zk-1) 2rd 2 2wi 4 2ri 2ri
* % * % % 2k
e ) geees® ;€ e reees®

The ®igeg vectors which correspond to these eigenvalues are e
e3,...,e2k_1, e2, e4,...,e2k, respectively. Let us denote by

L2 the vector space generazed by vectors e and by

178373k

L1 the vector space generized by vectbrs €,18 re-esCy .
k k

f=-lonL2,f=1onL.

1
For x (-:L1 and y eLz, we have

g(x,y) =g(fx,fy) =g(ka,fky) =g(x,~y) =-g(x,y) .

Hence L L., are orthogonal with respect to the metric g.

1’ 72

We assume that f:j #1 on L, j <k and fJ #-1 on Ly, j<k.
- Then £ is a linear transformation of L2
nomial xk+1 =0, with the eigenvalue k)’-i , to which correspond

L. . . . . _-1 2 k
the eigen veF:tor els 5, 8 and L, =L, +L5 +...

Lg are subspaces of L2 generized by the vectors eé .

with the minimal poly-

+ L2 where
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It is also an f linear transformation on Li with the

k . .
minimal polynomial x -1=0, with the eigenvalue k/—l, to which

correspond the eigen vectors el;+1,e];+2,. .o ,e2‘k . Now, L1 =

k+1 k+2 2k . k+1

= L1 + L1 +...+ Ll , where .Ll are subspaces of L

rized by the vectors e

, gene-

-~

k+s

Lllﬁ'p and L11c+r are orthogonal with respect to g only

if k=29, geN, which is then shown by induction. In the follo-

wing text k =2q, qeN.

Let x e Lz' Then £(x) eL We have:

2"

k+

g(x,£fx) =g(fx,f2x) =... =g(ka,f 1x) '=g'(—x,fx) =-g(x,£fx) ,

Hence L, =L, ® f(iz) and f.z and fL, are orthogonal spaces with
respect to g. .
We assume that dimlL, =d, dimff.z =s, then
dimL, =d+s =2p, dile =r-d-s =r-~2p. Let r = (q+2)2p.
In |4| the following Theorem is proved:

THEOREM. If

0o E

£ = P

-E_ 0
P

then k <p and p is divisible by k, (p=sk).

=1

In our case, there is such a state in the space L,.

(d+s =2p).

Let u;,--. ,u2p be an orthogonal basis of L, (p=s-2q-1) '

and u cesU be an orthogonal basis of Ll’ both

2p+1’u2p+2’ : r-2p
with respect to g, then UpreeerUyorloo g reeerp oy is an orth-
ogonal basis of L such that
for: L2:f(ui) =ui , ‘f(ui+2p— PE) = -u,, i=1,2,...,p
2

24
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for L.:/ f(u ) =u £i } =-u L, i=1,2,...,p
1 2p+1 2p+i +Eq_1, M4p+i B 2p+i’
2 29 i=1,2,...,p
f(u ;) =u - flu o Y= -u »i=1,2,...,p
4p+i o+ 4+ +i - 4p+i
. i=1,2,...,p
L £y ) ™o i Ty (1) pmi) = B2p (qé1) -1
i=1,2,...,p .

Next, we choose in M an orthogobal basis ur+1,...,un

with respect to g. Then with respect to the orthogonal frame

3
Wyreeesu the tensors gij and fi have the components
’—0 E E '7
2p- % 2p
2 ", g + 1
~-E 0 = -
2p g Eyp
\ 2q
2.3) ] Frer
f= 0 E
-5 N+
-E 0

b

2 0 E
p

_Ep 0
E_ O
P
0 -E
i 0
L n-r |

We call such a frame an adapted frame of f(2k+1l,-1) structure.

Let ﬁl""'an be another adapted frame with respect to
which the metric tensor g and the tensor f have the same compo-

- _.3
nents as (2.3). We put uy Yiuj

form

then we can f£ind that y has the
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— -
S 2p
=)
24
S.(Az. )
-1
(2.4) e
Y = :
S
)4
(2)
A B
P P
-B A
P P
02p
On-r‘
where S(ZE ),fi=2,4,...,2‘q is a matrix of format 2p and has the
i
form
= -1
A]. A2 A3 A4 «es Ai 1
-A;, A A, Aj... A
“AjaTRy By By .. By
(2.5) g = .
(gg) :
i —A3 -A4 --A5 A2
L.—Az' -A3 -A4 cee A]. ]

where each matrix A t=1,...,1 has a format ( ;P ) x (3? ),

tl
i.e. s xs.

Let S 2 be the tangent group defined by S (32 y -
i

Then we can say that the group of the tangent bundle of the ma-
nifold can be reduced to

S . xS X.:.aX S xU_x0, xO0_ _
2B) ZEp) Ep BT T
2

THEOREM 2.1. A necessary and sufficient condition for

an n-dimensional manifold M® to admit a tensor field £ #0 of

the type (1,1) and of rank r , sueh f2.2q+"¥f =0, 28 that
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1) r=(q*l)2p, 4ii) p=s-29=5-k and iii) the group of the
tangent bundle of the manifild be reduced to the group

S . x8 , X...x § xU_x0, x0
2B 2%5’-1 &R~ P Tner o
2
REFERENCES

|1] Florence Gouli-Andreou, On a structure f of type (1,1) satisfying
£°—f=0, Tensor, N.S. Vol. 36. No 2(1962),180-184.

[2] 1.sato, On a structure similar to the almost contaet structure, Tensor
N.S. 30, (1976),219-224.

3] K.Yano, On a structure defined by a tensor field f of type (1,1) sati-

_ ofying fo+f=0, Tensor, N.S. 14, (1963),99-109.

J4]" Jin Bai Kim, Notes on f-manifolds, Tensor, N.S. Vol. 29 (1975),299-302.

5] K.Yano, C.S.Houh and B.Y.Chen, Structures defined by a tensor field
¢ of type (1,1) satisfying 6° +0°=0, Tensor, N.S. 23,

(1972) ,81-87.
Received by the editors June 8,1983.

REZIME

O STRUKTURI KOJA JE DEFINISANA TENZORSKIM

POLJEM f TIPA (1,1) KOJE ISPUNJAVA USLOV
g2 2

U radu je definisana £ (2k+1,-1) struktura, izabran
adaptiréni reper za tu strukturu, nadjene su martice za tenzore
gij i fg u odnosu na taj adaptirani reper. Dat je potreban i do-
voljan uslov da se n-dimenzionalna mnogostrukost mo¥e snabdeti
tenzorskim poljem f tipa (1,1) i ranga r da je f2'2q+l—f=0,
£21*1_£40 za 1 <1 <29, qen.

TEOREMA 2.1. Potreban i dovoljan uslov da se n-dimen-

aionalna mnogostrukost M® moZe snabdeti tenzorskim poljem £ #0

tipa (1,1) 7 ranga r, tako da je fZ-ZQ+1 -f=0 je
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i} r = (q+l)2p
1i) p =829 = sk
iii) grupa tangentnog bandla mnogostrukosti se reducira
do : _
S'(ZP_) xS.(.z, ) Xeoo X s,(?g) xU(p! xo(zp) xo(n—r)
29 T T 4
gde je 8 tangentna grupa definisana sa S 2 Ei1ji je ob-

) 2B
i1k dat formulom (2.5).



