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ABSTRACT

The discretisation (6) of probiem (1) is construcéed on a non-uni-
form mesh. An exponentially fitted scheme is used and the linear convergence
uniform on a small perturbation parameter is proved. In the case of a
uniform mesh, our scheme reduces to the well known scheme of |1|. Numerical

results are obtained on a special mesh, which is similar to the one in |3].

1. INTRODUCTION

In this paper we shall consider the problem

2

Leu(x) = —gu" (x) +b2(x)u(x) =f(x), xeI=[0,1],

(1) ,
u(d) = Uo’ u(l) = U1 ’

where b(x}) >8>0, xeI, 0 <e <eqgs B,E,Eo, Uo’ U1 €¢R and b,

£ eCl(I). The parameter ¢ is a small perturbation parameter.
It is well known that there exists a unique solution

u ec3 (1) to problem (1). Furthermore, we have (}1],]3]):

(2) e o)) <me™ |, xer1, 1=0,1,2,3 .

Here, and thereafter,M will denote each positive constant in-

dependent of ¢ . In section 3, M will be independent of discre-

%)  Work on this study was partly supported by the Self-Management Communit -
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tisation mesh as well. The dependence on e will always be deno-
ted by writing € as a subscript.

The solution u, has, in general, two boundary layers ne-
ar the endpoints of the interval I. Our purpose is to solve (1)
numerically by the difference method on a non-unifirm mesh. The
reason for using a non-uniform mesh is our aim to obtain more
mesh points in the region of boundary layers, those width is 0 (e) ,cf.
|]6]. We shall use an exponentially fitted scheme, which in the
case of uniform mesh reduces to the well known schemes of |1].
For such a scheme we shall prove the convergence uniform in ¢ .

2. PROPERTIES OF THE EXACT SOLUTION

A special technique was used in |[2| to obtain some dif-
ferentiability properties of the solution to the boundary value
problem with a small parameter, containing the first derivative.
We shall here use a similar technique for our problem.

THEOREM 1. For the solution u, of (1) we have
(3) ue(x) = peve(x) + ZO,E(X)' 0<x<1/2 ,
(4) ue(x) = qewe(x) + zl,e(X)' 1/2<x<1 ,
where
Ve (x) = exp(-~ be(ﬁ x) o
w(x) = exp(- iel)- (1-x)) ,
Ip.l.la | <K and
(5) ]zl(cll (x)]:M(1+el—l), k=0,1 , 1=0,1,2,3 .

Proof. Let x e [0,1]. Define .

Ye (x) =u, (x) - p.v, (x) - q.w, (x)
and take P, and g, so that ye’(O) =0, ye’(l) =0, It is easily ob-
tained that such p_, q_ exist and ]pe] +la | <M. Hence, we have

Iy ()] <m.

Then we get
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. . _ 2, . .

Ly (x) = g.x) b (x))y_ (x) =: Ge(x) .
where .
qe(x) = f(x) -pELEvE (x) - qeLewe(x) .
Now it can be easily proved that, cf. |1],

lgl(x)] <M,

which implies [G_(x)| <M. Hence, y (x) is a solution to the pro-
blem
" Lyl(x) =6 (x) , xel0,1],
y.(0) =y2(1) =0,
and because of (2), it follows:
ly(i) (x)liuel_l, i=1,2,3, xe[0,1].
Now we can take
Zo,e (X1 =¥, (x) +p w_(x), xe [o,1/21 ,
and since
]we('x)|iM, xe[0,1/2] ,
we obtain (3) and (5) for k=0. Similarly we take
zl,e(X) ye(x) + qewe(x), X € l_1/2,1:] ’

to complete the proof.

A similar result was obtained in |1]. For similar esti-
mates of the derivatives of u_ cf. [3].

3. THE SCHEME
We use the discretisation mesh
Ty i-1
where n eN, hi >0, 1i=1,2,...,n, h1+h2+...+hn=1. For simplici-

ty we take n=2m, m e N~ {1}, and xm=1/2. let hiihiﬂ' i=1,

='{xi!x =0, X; =x +hi" i=1,2,...,n} ,

[}

2,...,m1, and hi 3hi+1' i=m+1l,...,n, which is a natural assum-

ption bacause of boundary layers. Let h:= max{h_,h

m m+1} s 1/4.
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Instead of 1/4 we can take any fixed constant in (0,1/2), so

this inequality is not a real restriction.
On the mesh 'Ih we form the discretisation of the problem

(1):

uo =Uo ’
(6) Lhu r= -ezc u +b2(x Ju, =£(x,), i=1,2 n-1
e%i ¢ 1Ph%s RS il CIRERY ’
un =U1 ’
where
- 2 -
R L T VN S i o S A PO R TRt A PO R
1"7i41771i+1
i=1,2,...,n-1 ,
and
(O yee L o2 hihjy (By*hyyy)
iYoo' 2 Fo p . -p h
o i-1 o i+1
By, (e y4ng e O Mo
i=1,2,...,m-1
cri =4 1, i=m
olp )= 1,2 BiPiyr by +hy )
i**n°" 2 Fn -p. N, p.h
n i n i+l
hi+1(e ~1) +hi(e 1)
\ i=m+1,...,n-1
p; =b(x,}/e , 1=0,1,...,n.
The solution of (6) is w =[u_,u u 1T e R™?! (here
Yn A0 RARREAS

we omit the subscript e¢). Let u}; denote the restriction of u.
n+l

h - T
to the mesh I, :u_=[u_(x,),u (x;),...u (x )]" emR .

We use the maximum norm [|v|| = max|v,] for any vector
0<i<n

n

v=[:vo,v1,---,vn_]'.remn+l and [[A][ = max 7} !aijl for
n+l,n+l 0<i<n j=o

any matrix A= ]_aij] € R

THEOREM 2, It ¢s valid that

ol ~u |l < Mh.
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Proof. The consistency error of the operator LI;L

is by definition:

_ .h __.2 o
r,:=Lu, (x ) - (Leue)x— l— € (UiDhue (xi) u" (xi)) ’

i=1,2,...,n-1 .

' T +1
Let r, =[0,r,ry ... _1,0]" eR™ " and £ =[U,£(x)),£(x,),

...,'f(xn_l),Ul]T e m™FL, Then (6) can be written in the form

h
At:uh_fh'

+ + . : s - :
h n+l,n+l is tridiagonal matrix. Since o, >0, i=1,

where Ae € IR
2,...,n"1, (see Lemma 1. below), At:l a8 an L-matrix, inverse mo-
notone and (cf. eg. [4],]|5])
h,-1 -2
) = |l < max,8 %)
Now we have
Aglug —wp) = £ 4wy, -1y =1,
and
h by =1
-1l < @)

To complete the proof it is sufficiant to show that

fep !l <M e lf -

”rhll <Mh
or

(7) ]ri!iMh, i=1,2,...,n-1

First we consider i=1,2,...,m-1, The fitting factor

_ o
oy ci(po) is chosen so that

hv (x) = v(_':'(xi) ’

where v, (x) is given Theorem 1. This fact and (3) imply that

2
, .D - L
®) Iry) = e"oiPpZg, ¢ (*g) —25 (xy) ] -
Since there exists a point 6, € [x, 1’x:|.+1>] such that
tho,e(xi) = zo,e(ei_) '

from (8) it follows that

2 " 2 il

lr;l <e ]1"’1”20,;:(91)!” lzg (83) —20 (xy)] <

+€2h K ’

2 |
<etl1-0, 1K, 1+1%3
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vhere

;) -
K . max ]zo'.el : 3=2,3 .

3 0<x<1/2
From Theorem 1. we have

K, <m 173, 5a2,3

Ir4l :M(ell—ci] +h) .
In Lemma 2. we shall prove that

e]l-ci[ <Mh .., -

Because of that, (7) is valid .for i=1,2,...,m-1.

In the case when i=m+l1,...,n-1 the proof of (7) is ana-

logous. We use (4) and

o1 _

Ui(pn)the (xi) = w; (xi) .
when i=m, we have

lr ) <eh  max ey,
' *m-15XXn+1

and because of Theorem 1. °

BO) 1y,
€

2 -2 -3
]rm] ig hM(l +¢c +¢ (exp(" m-1

+exp(- 2L 1oy 00 .

Since Xn-1 =1/2 —hm31/4 and X 41 =1/2 +hm+1 _<_3/4, we get

Jr_| <Mh .
m' —

Here we used e Yexp (- 4—B€- ) <M. This completes the proof of The-

orem 2.

LEMMA 1. For P >0 7t is valid that 03(p) >0, i=1,2,
«ee -1,

Proof. Let i=1,2,...,m-1 and
ph -ph

glp) := hi+l(e -1) +hi(e i+1

-1) .

We have g(0) =0 and g“(p) >0 for p >0. Now it follows that g(p)>
>0 and cr‘i)(p) >0, p>0 .
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LEMMA 2. Por 0 >0 it is valid that

(9)  J1-03(pl] <h i=1,2,...,m-1 .

1+1° 7

Proof. ILet 1i=1,2,...,m-1 and let us denote k=hi’
K=h . First we shall prove '

i+1
o
(10) o;(p) <1 +Kp.
This inequality is eguivalent with
o pJ
(11) . 37 K(k+K)R, >0 ,
3=3 J: J-
where

Ry =3 (k+K) 372k + (k+K) 371 - 541y k77 -%j (5~1)kkI"?2 .

Now we have that R, =2 +kK >0 and from Rj >0, 3 >3, it follows
that

Ryyp 2 4K (DX 435 G-1xx7%) 4 ae 7k -

- (5+2)KI —% (5+1)5kk371 &

> L kkd72((5-1) (kK1 - GHDR) + G REITY =

3G-10k%k3I72% +xx371 5 o .

[T = T

Hence, (11) is valid and so is (10). Using a similar technique
we can get

(12) o3(p) > 1-pK .

The inequalities (11) and (2 ) imply (9) .

L, SOME REMARKS

The difference scheme used in (6) has quasi-constant fi-
tting factors in the sense of |5|. Namely, when the mesh is uni-
form (hi =h, i=1,2,...,n}, we get the constant fitting factors
from |1]:

cci)(po) = (poh/2)zsh—2(poh/2), c}_(pn) = ooi(pn) .
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Because of the non-uniform mesh we have proved linear conver-
gence uniform in €. In |1| it is shown that on the uniform mesh
the quadratic convergence uniform in ¢ can be obtained when

u ectm and bO) =b@) .

A similar scheme with quasi-constant fitting factor was
obtained in |5], but our scheme seems to be simpler.

It is possible to construct a scheme with variable fit-
ting factors. We can take (6) with

° :
Gi(pi) , 1=1,2,...,m-1

1 i=m

g, = '

1 .
ci(pi) , i=m+1,...,n-1

Such a scheme was also considered in |1| on the uniform mesh.

5. NUMERICAL EXAMPLE

We shall condider a simple test problem from |7],|4]:

-ezu"+u=l, xeI, u(0) =u(l) .

For the solution of this problem we have u. (1/2 +x) =u. (1/2-x),
X e D,l/zj and we shall give numerical results on [0,1/2].

Let m; be the number of mesh points x; in [0,e] and let

= m.;)i:{]ue (xi) -uil ]xi e (e,1/2]} ,

E

E; = max{|u_(x;) -u,||x, e [0,e]} .

P = max{|u_ (x;) —ui]/‘luE (x) ] |x; e (e,1/2]} -100 ,
P

p = max{|u_(x;) -u,[/]u_(x;)]|x; e [0,e]}-100 .

It is convenient to use such a mesh which changes auto-
matically when € does. This enables us to achieve the same num-
ber of mesh points in the boundary layer whatever value e takes.
A special mesh of a such type was given in |3|, where the mesh
points are determined as values of function )‘5(5) at equidistant
points (see [4]| as well). This mesh implies- a convergence uniform
in ¢ for the classical scheme
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~elnu, + b (x ), = £(x,).
Here we shall use a similar but simpler function ‘Ae (s):

be(s) ,  seD,d
A (s) = ' '
b (@) +¥ (a) (s-a) , se (a,1/2]

where y_(s) =aes/(q-s), s e [0,9). g and a are fixed constants:

ge (0,1/2) and a >0,vand (a,we(a)) is the point of contact of

a -tangent line taking the value 1/2 at s=1/2, to the curve wt(sL
We take an € <q. Then there exists unique a € [0,q) and it
be easily determined from

Vo (a) = 1/2 + ¥2(a) (a-1/2),

which reduces to a quadratic equation.

We shall take mesh Ih with

x; = X (i/n), 1i=0,1,...,m,
€ .
and test our scheme (6).

TABLE - 1. a=1, g=0.4, m=20
B

€ L 5] E] P £y
1072 9 1.19-1077 2.09:.1077 1.19-107° 3.23.107%
1004 9 5.96.1078% 1.64¢1077 8.24.107% 2.54.107%
10°% 9 1.79.1077 2.98:10"7 2,47.107° 3.12.10°¢
10719 9 1.19.1077 2.09.1077 1.65.107° 3.12-10794
TABLE 2. a=0.3, g=0.499, m=20
€ m1 E El P P1
1072 16 7.75-1077 2.04-10"% 1.10-107% 1.89.1073
1074 16 1.07.167€ 2.29-107% 1.53.107% 1.99.1073
107 16 1.07-107% 2.40-107% 1.53.107% 2.04.1073
-10 -6 -6 -4 -3
10 16 1.19-107% 2.35.107% 1.70-107% 2.10-10

With a small number of mesh points we Achieve extremely
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good results. The errors change slightly for different values
of £ . A high parcentage of mesh points in the bbundary layer
is obtained.
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REZIME

JEDNA EKSPONENCIJALNO FITOVANA 3EMA NA
NERAVNOMERNOJ MREZI

U radu se posmatra diskretizacija problema (1) na nerav-
nomernoj mrefi. Koristi se eksponencijalno fitovana Zema (6) i
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dokazuje linearna konvergencija uniformna pb malom parametru £ .
U sludaju kada je mre%a ekvidistantna posmatrana %ema svodi se
na poznatu femu iz |1] sa konstantnim faktorom fitovanja.

Numeri&ki rezultati dobijeni su na specijalno konstrui-
sanoj mre¥i, koja je formirana sli&no kao u [3]. '



