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ABSTRACT

This paper is concernhed with discretizing the boundary value pro-
blems in ordinary differential equations. We set up atotal of 4 schemes for
a boundary value problem-x''=f(t,x) on @,1;], R x=y, (i=1,2,), with four

. : 1 :
classes of linear functionals R, on c BJ,]] on a nonuniform mesh.

1. INTRODUCTION

We shall consider a boundary value problem of the from
(1) -x"=f(t,x), teI=[0,1], Ryx=v,, i=0,1,

with fourclasses of linear functionals Ri on Cl(li). We assume
that feC(Ix®) and vy, e R, i=0,1 . Further assumptions
will come into the discussion later.
et ne N, n_>_3. With kj elR, kj >0, j=1,2,...,n we
define a nonuniform mesh

(2) I ={t, =0, ty =ty ) +hk.;; j=1,2,...,n} ,

where n

nl= ¥ k.
j=1 J
For the numerical solution of problem (1) we form a discrete
analogue to (1) with canonical form

oI
. h
(3) Ahx=Bhth+rh[:yo’yl-_I in R .
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I I
where Ah’Bh € L(IR h) (= set of all linear operators on IR h)

and where ry eIJIRz;IR h). For any of our schemes Fh is t%e non-

linear mapping to IR h into itself which assigns to xe R h the
I .

element Fp x € R h whose t-th component is given via

(FhX) (t) = £(t,x(v)) , ter, .

Any sequence of discrete problems (3) defines a (finite diffe-
rence)scheme for the boundary value problem (1).
The ji-th equation of (3) reads

n n
i,94)x. = i,3)F x. + i) .
j£° Ah(l!])xj jioBh( »J3) hx] rhEYO’Y].—J (1)
We abbreviate this as

(Ah(i,O),...,Ah(_i,i) ,...,Ah(i,n)) =

(B, (1,0) ,..0,By (4,4),...,B (i,m))+r, [y oy 1 (1),
where we shall leave out zero entries and where we shall write
the common factors of the entries of the respective matrices in
front of the parentheses, see |2].

We form the finite difference schemes for (1) by using
the second order approximation of -x" and R.x from |4]|,15]. Now
we shall describe this formula.

Let

xech(D), he®, h>0, aj e RN(0},371,2,3, oy #aj

if 1 #3, 1,3=1,2,3, and t, t+hajeI, j=1,2,3 . Then
(4) -x"(t) =h_2(ax(t+a1h) +bx (£) +cx (t+a h) +dx(t+a3h))+0(h2)

(5)  x7(t) =h™! (Bx (t+a h)+bx(t) +3x (t+a,h)) +0(h?)
where

_ 2((!.2 + 0L3.) _ =2 (.a.1.+.cx2+a3)
a = ’ b = ; ’
al(al-az) (al-a3) a; ay ag
(6) : 2(a,. +a,). .
2(a, *a,) 4= ) ,

a, (oTz-al) (az-a3) u3(a3-a1) (a3—a2)
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-0 o_+a -

A 2 N 1.2 A 1
(7) 3= = b==--——=, ¢ = —
a,la;-a, a0, a, la-a,
All the schemes described in this paper in the case
that I, is a uniform mesh with the step width h =n_1, nelN,

h
are the same as in |2|. Also properties of our matrices A, we

’
shall prove by using theé methods from J1],[2],|8],]9].
In [6],]7] is also considered the fourth order Hermi-
tian approximation of (1) and the second order approximation
of

(8) -x" + p(t)x =£(x), tel, Ryx=y,, i=0,1, , peC(I) .

Also in |3]| are given some difference schemes on a nonuniform
mesh (2) for (1) and (8). So, we have 12 different schemes on a
nonuniform mesh which, in the special case when the mesh is uni-
form, are the same as in |2].

‘2. FINITE DIFFERENCE SCHEMES

In this section we describe the schemes which we are
going to be discussed. We separate four cases of boundary con-

straints (as in [2]):

I Dirichlet conditions

Rx = x(0) , Rlx = x(1)

IT The uncoupled boundary conditions involving deriva-
tives at both endpoints

Rox=g0 x(0) =x7(0), R1x=g1x(1) +x7(1) ,

goio, glio, 9o *9; >0 .
IIT The uncoupled boundary conditions involving a deri-
vative at one endpoint

1

Rox x(Q), R]x=g1x(1) +x7(1), glzo R

R X
o)

gox(O) "'X‘(O)l Rlx = x(l)r gozol

respectively.
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IV Sturm~Liouville conditions of the form
Rox =gx(0) - gox’(O) +g1x‘(1), R1x=x(0) -x(1) ,
g>0, g0>0, g1>0 .

Thus we assume Y, =0 in (1).

In the following cases L h are as in the introduction.

CASE I. Let

1<k, <k i=1,2,...,n-2 ,

—Ti—="i+1’
(9) P, _
k = § k

n j=0

n-1-3 for some p__, € {0,1,...,n-2} .

We define (with kn+1 : = kn)

(10)  a,(i) =k, , ag(i) =a,y(i) +k, o, 1=1,2,...,n-1 ,

[}

- k., ., i=1,...,n-1.
j=o *7J

(11) a, (1)
Here p _, is determinedm(9) and piev{O,l,...,i—l}, =1,2,...,n=2
we determine so that

(12) al (i) +a3(i)z ¢, i=1,2,...,n-2 .
It is shown in |4| how one can determine p,- The choice
Py =0, i=1,2,...,n=-1, and kn—l =kn also possible.
From (9) -~ (12) follows
ozl.(i) <0, 0 <a2(i) i0.5a3(i),
(13) a, (1) +ag(i) 20, i=1 ,2,...,n-1,

(14) al(n-l) + uz(n—l) =0,

ti+aj(i)h,eIh, i=1,2; i=1,2,...,n-1,
ti tag (i)h eIh—l’ i=1,2,...,n-2,
Let ai’bi’ci’di be determined by (6), as a,b,c,d respe-

ctively, with al(i) ’ az(i), 0L3(i). Then we have the following

scheme.
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Scheme I.
(1) =(0) v for t=0,1,

-2 _ . '
h (ailol"p°lolﬁlcildi) = (l) for tieIh\{o’lltn"l} ’
‘i "
-2
h (a _ IOI’°°IO b n- 1C ) =-(l)for t =+t _ .
n-1 ““p“\" 1" "n=-1 n-1

REMARK. The assumption (9) is natural. in the case
when the solution x of (1) has a boundary layer property at
t =0. If x has this property at t =1 we can use the scheme

(1)

(0) +y; for t=0,1

h™ (C I_ll 'O""lol’al) = (1) for t = tl
i
h™ (dirc rb ' ,---, ga;) = (1) for ter~fo,1,¢,},

with k1 =‘k2, k, >k, i>1, i=2,...,n-1, and ozl(i) =a2(i), a3(i),
as above.

If the solution of x has boundary layer properties at
t=0 and t=1 we define

n
, -1
kK ovi = Kpppoir =1,2,..0ym, 77 =2 ] ky
j=1
t =0, ti+i=ti +hk, ., 1=0,1,...,2n-1
1 2 .
I = {ti : i=0,1,...,n} , Ir = {ti: i=n+1,n+2,...,2n},

-a,(n) = a,(n) = L a3(n) =kn+kn__1, p,=0.

Now we use the scheme

1) =(0) +v, for t=0,1
-2 1
h “(a;,0 ,i).-,O /bysc;,d,) =(1) for t, eI \f{o0},
-2 4 _ 2
h “(d, _;.°c 2n—i’b2n- ,o,.,o a, ;) = (1) for £, e I;\{1},

i

with the coefficients a s bi' Cyr di as above.

CASE II. In this case all the assumptions are the same
as in case I. ‘
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Scheme II. For ter N {0,1} as in case I, and

_1 ~ ~ ~ _ _
h (-bo"'.hgo’—ao’_co) =(0) +yo for t =0,

-1 ,A 5
h™0(€,40,...,0,8 ,b +hg)) =(0) +v, for t =1,

where 30, Bo' Eo, are given by (7) with

al =-a1(1) =k11 az =az(1) -al (1) =k1 +k21 and
an'bn'cn with e, =-o:.2(n—1) =-kn, ay =-a2(n-1) +
+ a. (n-1) =-2k_. So we have
1 n
k. + 2k . +k -
(as) .a =-11<—]r:3' b = - K AT ¢ %0 TR kki
° 1°2 1.°517%2 ° 25172
~ -2 ~ 3 A 1
(16) a = —, b =-— , e = —
n kn n 2 n n 2 n
CASE - III.
Scheme III
Rox=x(0): for t=0 as in I and for t € Ih\{O}
as in II

R1x=x(1): for t=1 as in I and for tEIh\(l} as in II.

CASE IV. Let n >3, Ih

Let ki, i=1,2,...,n, be satisfied (9) by P =0. The other as-

= {£,=0, t;=ty ,+kh 3=1,2,...,n-1}.

sumptions are as .above.

Scheme IV. For te€IL \{0,t ,,t, as in I,

178021

-1 ~ ~ A~ A A ~ _
h “(-b g, +b g,+sh, -a g, -c,9,.0,...,0,¢,9,,8,9,) =
(0) + v, for t=0,

-2

h (dn-z’o""'an—z'o'p"'-’O’bn—2’cn-2) = (1)
n-2
for t=t _, and p,_,<n-3 ,
-2

h (dn—2+an-2'0"'"O'EE:Z,,'C ) = (1) for t=t _, and

n-2
Ppp = 0-3,
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-2

0,.-.,0,a ) = (1) for t=tn

(Cpoyv n-1"Pn-1 -1

3. PROPERTIES OF THE SCHEMES | - 1V

We begin with some properties of the coefficients of
schemes I-IV.
From (6] and (13) it follows that

<0' b >0, Ciio ’

aj i

[_<_0 for al(i)+a2(i) <o,

(17) d
=0 for al(i)+a2(i) >0 ,

and from (7)

A~

(0 <ay(i) <ay(i)) => (a; >0, b, <0, ¢, <0),

A~

(18) (@, (1) <0, o (i)+0,(1) >0) =>a, <0, b, >0, ¢, >0) ,

(al(i) <0L2(i) <0) => (ai>0, bl>0, ci<0) .

In case al(i) +a2(i) =0, we have

b, =0, a, =-¢, =-(2a, (1))}

i=Y%r 83=7¢ %3
(19) =2

di=0, a; =ci=—0.5bi=—a2(1) R
and for al(i) + a3(i) =0
(20) c. =0, a,=d, ==0.5k, = - (i) 2

i ' i i R 1 3

All our schemes are based on scheme I, and it seérves
as a basis for our study. The - matrix Ah from scheme I is
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[ n2
210 b, ¢ d,
251 29 B ¢ 9
"h=h.2
2,03 2,047 2,0 Pn2 G2 %2
qn-1"m-2- %p-1,m-370" 1,0 b1 cn—%
h

where for i=1,2,...,n-1, 3=0,1,2,...,i-1,

a; for i=p;

235 7Y o for  j#p;
Only the coefficients Ah (i,i+2).=di, i=1,2,...,n-2 can be

positive., If we define

T4 = {i: al(i) +a2(i) >0, i=1,2,...,n-2}

we have

. +
di>0 if 1erd.

Now from (17) if follows (with dn =0) +that

-1
{<o if d, >0 ,

ai <0, ci
< if d, >0 .
- i
We are using notations from |1],]|2| (see also !3|) and define

Ah i’ i=1,2,3,4, as a matrix from scheme I, II, III or 1IV.
r’

THEOREM 1. The matrix Ah i_,i=1,2,3,4 18 inverse mo-
r’

notone if T; #@ and If for each i(Er;

(21) ay (141) > z,

where z, ig smaller solution of the equation

22 Yoy (+1)z + ay(i+1)A = 0

with
-1 _ -1
AT (1410 +an (141) 4 an (1) (92 (1)-02 (1)) (W2 (1+1)-a2 (14
ay(i a, (i a, (1 az(l al(l )(a3(1 1) az(l 1)

oy (1+1) oy (1) (ad(i) ~o (1))
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If ‘t; =@ then Ah,l Z8 an M-matrizx.

Proof. In case A, thg proof is given in |5].
Now we are going to prove that A :=h Ah,z is inverse monotone
i.e. that Ah,z is inverse monotone. In other cases the proof
is analogous. We are using the notations and theorems from |1]

2
|2],13]. Let a, =diag(h2,bl,...,bn_1,h y,

. d; for iety
d, = - ¢ i=1,2,...,n-2
0 for igr
d
[ o 0 0 ... 0 -&h
- 1)
d1 ~
0 4
A+ - . . 2 .
o . - . 5
0 n-2
0 0 0
_cn,rrl cn,n—2 et cno 0 0
0 -aoh .
0.5a 0 9,0, 4,4, i
2 20 O 05 49,
B = . . - : .
a2 3 an—2 .0 0 0. 5°n—2 dn—2_dn-2
qﬁ)-l,n-Z_ qa1'1-1,1 qa_n_-l,O 0 Q°5cn-l
lo 0 0 ah o
where for some g € (0,0.5)
={ 0.5 for k, <k,, a = 0.5a; for 3 =p; 4_1,2,...,n-1,
91 q- for k =k, ' j 0 for J #p, 3=0,1,...,i-1,
0 for j #p
~ ~1 .
cnj, ={ n 3=0,1,...,n-1

- c,h for J =P,-1

- + -
Iet A ='A-Ad-A o’ C=A -B, then B<0 and C <0. The
ML-criterion yields that A is inverse monotone if
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(i} A <ML, where

1

M=A,+B, L=E+A_ C,

d d

(ii) M is an M-matrix and LO:O,

(iii) there exists e >0 such that Ae >0 and M or L connects

To(Ae) with 1% (ae) .
The estimate A <ML holds if and only if

+
for iet, ,

(22) 4d 141 2%1%41 7 da

j_b

-cc’hbli—(l-—ql)aohc1 '
cnhbn-l < (l-q)ah_lanh

The estimate (22) is proved in -|3[, and the following two can
be easily proved.
with 6= (1,1,...,1,1) we have

) {0} if g°=0, g1>0 ’
TO(MG) = d if g°>0, g1>0 ,
| {n} if 9,>0, g, =0.

Since M_ =B<0 and M connects 1°(M&) with T (M&) ={0,1,...,n)
\-;o (M8) from the M-criterion it follows that M is an M-matrix.
Now we see that (ii) is satisfied since L, =A," C<0.

In case IT we have goio, g-1_>_0, 9, *+9, >0, and

1
<t (a8) ={{0,n} if g >0, g,>0,

{ {n} if 9,
In first two cases the matrix M connects the set t° (a8) = {0,1,
+ +
-++/m}NT (A8) with 1 (AS) so that for i e 1° (A8) we define

{0y it g, >0, @ =0,

=0,g1>0.

ij+1 = ij -1 - Pij’ j=0,1,...,r"1,

where iy, =n =>p,; =0,
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In the case that 9% =0, 9, >0 the matrix M connects
°(a8) = {0,1,...,n-1} with ©' (a8) = {n} so that for

io € -ro (A8) we form

i, =i, +1, 3=0,1,...,r-1

Now from the ML-criterion it follows that A is an in-
verse monotone matrix.
So, we have A;;lizo, i=1,2,3,4 and Bh =diag(0,1,...
I
-«+¢1,0) in each case I-IV. Before giving Theorem 2 we shall
introduce some notations. Let

z e (0,0.5) if k1 =k2 '
z = 0.5 if k) <k, ,
© if i-1 ¢"r;
Qi = cici-l_ b, if 1 e-r+ i=2,3,...,n-1 ,
I d

§=Db (1-2z) .

THECREM 2.  If for i€t d'(21) is satisfied then
there exists the smallest pogitive eigenvalue ] h,3 for the
14
etgenvalue problem Ah jx=)\th, 3=1,2,3,4, and the matri-
r
ces Ah . -B D , j=1,2,3,4 are inverse-monotone for any di-
+J "h'h
agonal matrizx Dh =diag(uo,u1, .o ,un) whosge diagonal elements are all

in r-&ih_z, M j)' i=1,2,...,n-1.The following table shouws
- ’ - -
a q; of this type where q =« means that ~h 2q, A j) =
14
= (-°°l Ah,j) .
Echeme I,I11 (Rox =x(0)) I1,II1I, (R1x=x(1)), v
g, = o
q; (1=2,3,...,m-2) ¢y 0,

91 Ch-1 min(s, Q)
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The proof of this Theorem is based on the inverse
monotonicity of matrices Ah 3 and it is analogous to the pro-
’ .

of of PO from |2].

REMARK. If we take in (11) pi=0, i=1,2,...,n~1

and
{1 for 3=1,2,...,p-1
k3= k for J=p,s..,n l<p<n,

then we have

- > 1f 1 +#0p,
- { ,

: if i=p.
2k2 (k2-1)

Now, we shall consider the nonlinear system (3) with
the assumption:

(23) aqlv-w) <f(t,v) -£(t,w) <p(v-w), Vv,welR, w<v

for some o,y € IR, where
(24) -h-z- <y <A
Q=M =2y

Ah is the smallest eigenvalue to Ahx =Ath,

q = min{q; : i=1,2,...,n-1} .
Finally, we shall let h >0 be so small that

2

(25) -h"%g<p, + = 0.50 +q).

Let the mapping Th =Ah -BhFh b‘e defined by the sche-

mes of cases I-IV.

THEQREM 3. Let for i e'r; (21) be satisfied and
let (23),(24),(25) be satisfied. Then T1—11 te (A -uBh)—l -~
bounded and for any diagonal matriz Dy =diaq(do,dl,...,dn)
with d;e [—h—zai,ph), i=1,2,...,n-1, the parallel chord me-
thod T

xoeIR h

k+1 _ _ k .
’ (Ah-BhDh)x —Bh(Fh Dh)x +rh, keN
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converges for any initial approximation to the only solution
of the system Tx'=rh.

Ve have, using the second order approximation of -x":
if 1<k, <k, ., <k, 1=1,2,...,n-1, for some fixed k_eIR, then
h+0 if n +w=, Now we shall prove that we have the implication

(26) x ec4_(I) => !{xh—xh!]m = O(hz),

where x is thﬁ solution of the continuous problem (1), the
vector Xy, € D stands for the restriction of x to the mech

Ih’ and xh is the solution of (3) in each case I-TV.

THECREM 4. Let the assumptions of Theorem 3 be sati-

sfied, then (26) is true for each case I-V.

Froo€£. Let X be the smallest positive eigenvalue
of the eigenvalue problem

-x" = Ax an I, Rix =0, 1i=0,1

The discrete eigenvalues >‘h tend to A as h+0 (i.e. as n +=),

So from (24) it follows that y <X, for h sufficiently small,
Using the technigue from |2| we okbtain that H(Ah-

- uBh)—IH.,, is uniformly bounded, i.e. there exists ¢ >0 in-

dependent of h such that [|(A - Bh)—lH“ <o for h sufficien-
tly small. Hence we have
I

Hx-y [|, <ollTyx-Ty!l ~ for x,yem h
if h is small enonch.

Now with x =X, Y =xh we have

h -1
|2, x| < (A -uB) [Ty, ~xp | o

i.e. h[

2
1%, x|, <const-h” .
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REZIME
NEKE DIFERENCNE ZEME ZA KONTURNE PROBLEME

U radu se daju 4 diferencne Zeme na neekvidistantnoj
mreZi (2) za numeridko refavanje problema (l). U ekvidistant-
‘nom slufaju one se svode na dobro poznate feme, videti na pri-
mer |2|. Za matrice Ay diskretnih analogona (3) formiranih po-
modu ovih Zema dokazano je da su inverzno mcnotone. Na osnovu toga
kao i u |2| za ekvidistantan sludaj, dati su uslovi pod ko-
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jima postupak paralelne sefice {(teorema 3) za re§a§anje dis-
kretnog analogona konvergira i numerifko reZenje te¥i konti-
nualnom kada broj tafaka mreZe tefi beskonalnosti.

U radu su kori%dene oznake i teoreme iz 2|, koje se

mogu naéiiv (3! iz ove knjige Zbornika.



