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ABSTRACT
Let H(W) be a Hilbert space of the square integrable functions
-of the Yiener proces k’(T),tzO. It is shown that there exists a process

n(t) =T{¥(u), 0<u<t}, t>0 which has any given spectral type.

Let {E., t>t_} be a resolution of the identity in a
separable Hilbert space H. According to the well-known Stone
theorem the spectral type

(1) Ry (t) >Ry(t) > ... >Rylt), t>tg

{the spectral multiplicity N may be +=) of {Et} is the comp-
lete system of the unitary invariants of {Et}.

The Stone theorem is applied to a time_—domain analysis
of stochastic processes in a classical paper |1 in the follo-
wing way: Let the second order process {£(t), t>ts} be con-
e o)) be
a Hilbert space ~ the linear closure over g(t), t->_to (¢ (w),
t, Suc<t). The scalar product is (51,52) =E£1£2,£i eH(‘U(ﬁ) .
E is the expectation. So the family {P

n
tinuous and purely nondeterministic. Let it (£) (

£ tito} of the projec-

tion operators P, onto H(é) (£) is the resolution of the identi yy.
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Then there exist N and the mutually orthogonal wide sense mar-
tingals {Cn(t) ' tito}' n=1,N such that

N
(1) - (1)
(2) 1. He ' (g) = n_Z__l @ H' (%), t>t_ .,

2. The measure ng with the distribution function
n

Fy (t) =1z (&) ] 2, t>t,, belongs to the class of the equiva-
n

lent measure Ri(t) . The spectral type of {£(t)}
13

R5(8) >R5(6) >... >RE(8), t>t,

is the spectral type of {Pt}.

The main result of |1]| is that for the arbitrary spec-
tral type (1) there exists a continuous process {£(t), t>t )}
with this spectral type.

Let {W(v), tz_to} be a Wiener process and £(t) = L{W(u),
0_<_uit} be a linear nonanticipative transformation of {W(t)}
1.e. the process

t
£(t) = [ g(t,u)aW(u), t>0 , gel,(dt),
0

In |8] it is noted that there exists L such that the
process has any spectral type (1) for t >¢ where ¢ >0 is arbi-
trary but fixed. The idea of the proof of this statement in |4|
is to in space Hé'l) (W) the mutually orthogonal wide-sense mar-

tingals {z;n(t), tzto}, n=1,N, such that (2) holds. We do not
see the way to remove the restriction t>e¢ >0.

Now let H (W) (Ht(W)) be Hilbert space of all random
variables n , En2 <+, En =0, measurable with respect to the
o-algebra F(F,) generated by {W(u); u>0}({W(w), 0 <uc<t}h. It
is well-known that, {W(t)} beingaGaussian process:

1. the conditional expectation E(. IFt) is the projection
¢ onto H (W), - |
2. the subspace H € (W), of Ht(W) reduces {Et} to {Pt}.
In this way, {E ., t>0 } is the resolution of the identity and

operator E

. 1
it has its spectral type. The "part" {Pt} of {Et} in H( )(W)
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has the spectral type R; to which all measures equivalent to
the measure d [|W(t) || 2_ at belong.

In this lﬁaper we shall show . that it is possible to re-
move the restriction t>e >0 in |8 if we extend the space H(1) (W)

to H(W). We find the justification for this ektension in the

fact that H(l) (W) reduces {Et} to {Pt}.

THEOREM 1. There extets a comtinuous second order
process {n(t),t >0} in H(W) such that:

1. nlt) <s the nonanticipative tranaformation of
{W(u), 0 <u<tl}i.e. n(t) =T{W(u), 0<u<t} th(W) and

2. the spectral type of {n(t)} <& any given spectral ty-
pe (1).

Proof. For the Sake of simplicity, it is not the
restriction if we suppose that the spectral types Rn(t) ,en=1,N
.are equivalent to an cordinary Lebesgue measure dt.

The existence of the process {n(t)} essentially depends

on the existence of the mutually orthogonal martingals {i;n(t) ’
t>2}, n=1,N for which cn(t) th(W) and d.F,;n(t) =fn(t)dt,
fn(t) >0, a.e. .For the construction of the martingals {Cn(t)}, '
=1,N , we shall use the Hermite polynomials of the Gaussian
process. The explicit formulae for these polynominals and some

of their properties are given in |5|. We consider the Hermite
polynomial of degree n of the random variable W(t):

2]
: -2 ,
@) Hwe) =W © (DK (2k-1) 11 () £ W 2K (g

It is proved in |5| that EH (W(t)) =H (W(s)), s <t. It follows
from this relation that {Hn(W(t)), t>0 } is the martingal and

that the subspace H(l) (H,) reduces {Es}. As H_ (W(t)) and H (W(s))
are orthogonal for m #n we conclude that the space

N
H= 7] ® H(l) (H_) is the subspace of H(W) and that
n=1

=]

(4) E_H=

(1)
s eHs (Hn),szo.

e~

n=1
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Now we can find, following the construction in |1!, the con-

tinuous process {n(t), t> 0} for which Hs(I ) (n) = Esf’, s 20,
There remains to show that the spectral type of {n(t)} is the
given type (1) . From

(1)
s

e H

(1)
Hoo (m)

It~

(H), s>0,

n=1

it follows that the spectral multiplicity of {n(t)} is N. We

have F, (t) = EHi(W(t)) = n1t", t>0. It means that the spec-

Hy

tral type of {Hn(W(t)), t>0} , is equivalent to dt.

COROLLARY 1. There exosts a second order continuous
N-ple Markov process (in the sense of |2|) {n(t), t >0} such
that:
1. n(t) Ze the random varialle measurable with respect
to the o-algebra generated by W(t) Z.e. n(t) =Tt(W(t)) for
each t >0 and

2. {n(v)} has the finite spectral multiplieity N .

We may take

N

n(t) =H (W(£)) @ ¢(DIH,(W(t) @ ...8¢" ' (t)H (W(t))

where ¢ is a continuous function not absolutely continuous in
any interval (l3],!7],]|6]).
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REZ IME

O SPEKTRALNOM TIPU NELINEARNE I
NEANTICIPIRAJUCE TRANSFORMACIJE VINEROVOG
PROCESA

Neka je H(W) Hilbertov prostor kvadrat integrabilnih
funkcionela Vinerovog procesa W(t), t >0. U radu se pokazuje

da postoji proces
n{t) = T{W{w), C<u<t}, t>0

koji ima unapred zadani proizvolini spektralni tip.-



