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ABSTRACT

The aim of the present paper is to study some proper-
ties of space D, where D is an almost-upper semicontinuous de-
composition of a topological space X with cuotient topology.

The notation is standard except that a(A) will be used
to denote the interior of the closure of A.

1. DEFINITIONS AND SOME KNOWN RESULTS

DEFINITION 1.1, A subget of a space is said to be
regularly open 1ff it i8 the interior of some closed set or
equivalently 1ff it is the interior of its own closure. A set
18 satd to be regularly closed iff it is the closure of some
open set or equivalently iIff it is the closure of its own in-

tertor, |11/.

A subset is regqularly open iff its complement is re-

gularly closed.

DEFINITION 1.2. A space X is said to be almost re-
gular iff for any regularly closed set F and any point x#F,
there exist disjoint open sets containing F and x fespective—
ly, |10].
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DEFINITION 1.3. A space X ig said to be almost nor-
mal 1ff for every pair of disjoint sets A and B , one of which
18 closed and the other regularly closed, there exist disjoint
open sets U and V such that AU, BEv, l12!.

DEFINITION t.4 A subset A of.aspace X is a-nearly com-
pact (N-closed) iff every X-regularly open aover of A has a

finite subcovering, |11].

DEFINITION 1.5. A space X is locally nearly compact
iff each point of X has an open neighbourhood U such that U is

a-nearly compact, |2].

DEFINITION 1.6 A space X is nearly paracompact iff
every regularly open cover of X has a locally finite open re-

finement, |12].

DEFINITION 1.7. Let X be a topological space and A
a subset of X. The set A is a—-nearly paracompact t1ff every X-
regularly open cover of A has an X-open X-locally finite re-

finement which covers &, |6].

DEFINITION 1.8. A function £ : X+Y 18 said to be
almost continuous iff for each point x € X and each open neig-
hbourhood V of f(x) in Y, there exists an open neighbourhood
U of x in X such that £(U)ea(V), |9].

A function is almost continuous iff the inverse imacge

of every regularly open set is open, [9].

DEFINITION 1.9. A function £ :X+Y {5 said to be
almost closed (almost-open) 1ff for every regularly closed
(regularly open) set F of X £(F) is closed (open) in ¥, |9].

DEFINITION 1.10. A decomposition U of a topological
space X is almost-upper semicontinuous iff for each D in D
and each regularly open set U contaitning D there exists an
open gset V such that DeoVcU and V 78 the union of members of
v, |7].
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THEOREM 1.1 A space X is almost regular iff for each
point x € X and each regularly open set V containing X, there

exists a regularly open set U such that xeuUslcv , li0].

THEOREM 1.2. Let D be a decomposition of a topologi-
cal space X and let D have 4@ quotient topology. A decomposi-
tion U 18 almost-upper semicontinuous iff the projection P of
X onto D is almost closed, |7].

THEOREM 1.3. Let X be a topological space. Let U be
an almost-upper semicontinuous decomposition of X whose mem-
bers are a-nearly compact subsets of X and let U have a quo-
tient topology. Then D ig, pespectively, Hausdorff or almost

tregular, provided X has a corresponding property, !7!.

THEOREM 1.4. If A i8 an O-nearly paracompact sub-
set of a Hausdorff space X and x a point X\ A, then there are
disjoint regularly open neighbourhoods of x and A, |5].

THEOREM 1.5. If £ 28 an almost closed and continu-
ous mapping of a normal (almost normal) space X onto a space
Y, then Y is normal (almost normal), |4].

THEOREM 1.6. Let X be a nearly paracompact almost

regular gpace. If £ :X~+Y 28 an almost continuous, almost clo-
sed surjection, such that f_l(y) 18 a-nearly compact for each

point vy €Y, then Y is nearly paracompact almost regular, |3|.

THEOREM 1.7. If £ 28 an almost closed and continu-

ous mapping of a Hausdorff paracomapet space X onto a T, spa-

1
ce Y, then Y is  paracompact regular, |4|.

THEOREM 1.8. If X 18 an almost regular topological
space, A an a-nearly paracompact subset, U a regularly open
neighbourhood of A, then there existes a regularly open neigh-
bourhood V of A such that AcvevVeu, |5].

THEOREM 1.9. If a mapping £ : X+Y Z8 almost continuous
and almost closed, then for each regularly closed (regularly
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open) set F of Y, f-l(F) 18 regularly closed (regularly open)
in X, |3].

THEOREM 1.10. A surjection mapping £ : X+Y 4is almost
closed Iff for any subset B of Y and any regularly open set
U= X containing f-l(B), there exists an open set V in Y such
that B V and £ 1(V)= U, |8].

2. SOME CHARACTERIZATIONS OF QUOTIENT SPACES AND PARACOMPACTNESS

THEOREM 2.1. Let X be a Hausdorff space. Then for
any diejoint subsete A and B, where A 15 o-nearly paracompact
B is a-nearly compact, there exist disjoint regularly open
sets U and V such that AcU and BEV,

Proof. For each point x € B, by Theorem 1.4, the-
re exist disjoint regularly open sets Ux and Vx such that
AcUx ’ erx. The family

V= {v_:xeB}
X

is a cover of B by regularly open sets of X. Sinse B is a-ne-
arly compact, there exist a finite number of points X rXyponn
ceerXp in B such that
Bcv_ UV U...UV .
X X

1 2 Xn

Let

1

U=U_.qU.fA..-NTU and V. =V. UV. U...UV .
S Xn S T Xn

Now, we have AU, BEV, and Uﬂvl#ﬁ. Let V= a(Vl). Now, U
and V are reqgularly open subsets of X such that A€ U, Ba V

and UNv=g,

THEOREM 2.2. If £ is an almost closed continuous
mapping of a regular space X onto a space Y such that f_l(y)
18 a-nearly paracompact for each point v €Y, then Y is regu-

lar.
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Proof£. Since, in regular space, every a-nearly
paracompact subset is a-paracompact, then f-l(y) is a-paracom-
pact for each point y €Y. Let y €Y and V be an open set conta-
ining y. Then f_l(V) is an open set in X containing f_l(y).
Since X is regular and f-l(y) is a-paracompact there exists a
regularly op=sn set U in X such-that

1

£ ly) cve Te £ (v).

€ince f is almost closed, then, by Theorem 1.10, there exists
an open set W in Y such that y € W and f—l(w)<:U. Therefore,we

have
yeWcf(U) S £(U)c V.

Since f is almost closed and U is regularly closed, f(U) is

closed. Hence we have
vyeWca(W) cWeV.

We have, that for every point y e Y and every open neighbour-
hood V of y there exists an open set W such that y e W wev,

hence ¥ is regular.

COROLLARY 2.1. Regularity is preserved under perfect mappings.
THEOREM 2.3. If £ 23 an almost elosed almost continuous
mapping of an almost regular space X onto a space Y sueh

that £ ~(y) s a-nearly paracompact for each point y €Y, then

Y s almost regular.

Proof. Let ye¥Y and V be a regularly open set of
Y containing y. Then, since f is almost closed and almost co-
ntinuous, by Theorem 1.9, f—l(V) is a regularly open set in
X containing £ !(y). Since X is almost regular and £l (y) 1s
a-nearly paracompact, then, by Theorem 1.8, there exists a
reqularly open set U in ¥ such that

fliyycve e ).

Since f is almost closed, then there exists an open set W in
Y such that y e W ana fﬂl(W)c:U. Therefore, we have

yewcf(U) cf(U)c V.
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Since f is almost closed, £(U) is closed. Hence we have
Yy EWC o (WS WS V.,

Since o (W) =W, then o (W) is a regularly open set containing y
such that y ea(W)<C a(W) =V, hence, by Theorem 1.1, Y is almost

‘regular.

COROLLARY 2.2. If £ 278 an almost closed, almost con-
ttnuoue mapping of an almost regular spaces X onto a space ¥
such that f-l(y) 78 a-nearly compact for eash point yveY, then

Y ©8 almost regular, |5]|.

Proof. Every a-nearly compact is a-nearly para-
compact.

THEOREM 2.4. Let X be a topological space. Let D be
an almost-upper semicontinuous decomposition of X whose mem-
bers are a-nearly paracompact subsets of X and let D have a qu-
otient topology. If X is regular, thenthe projection P of a
space X onto a space D is closed. If X is Hausdorff (regular ,

almosgt regular), then D is T1 (regular, almost regular).

Proof£f. Let X be a reqular. Now, we have that for
every point AeD, A is an a-nearly paracompact subset in X.
Since every a-nearly paracompact subset in regular space is
a-paracompact, then A is an a-paracompact subset in X. Let U
be an open neighbourhood of A in X. Since A is a-paracompact,
there exists an open neighbourhood W of A such that

AC WS W U,

Now, a(W) is a regularly open neighbourhood of A, Since 7 is
almost-upper semicontinuous, then there exists an open set V
such that AcVco(W) and V is the union of members of 0. Now,
we have that for each A €D and each open set U containing A,
there exists an open set V such that A« VCU and V is the union
of members of P, hence D is an upper semicontinuous decomposi-

tion of X. Since D is an upper semicontinuous decomposition of
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X, the projection P of a space X onto a space D is closed. If
X is regular (almost regular) then P is, by Theorem 2.2 (Theo-
rem 2.3) regular (almost regular). )

Now, let X be a Hausdorff space. Let A be any point of
D. Then the set A is an a-nearly paracompact subset in X. By
Theorem 1.4 A is closed in X. Since a subset F of U is closed
iff P 1(F) is closed in X, then the point A€D is closed in D,

hence ? is Tl'

THEOREM 2.5. Let X be a topological spaces. Let D be
an almost-upper semicontinuous decomposition of X whose members
are a-nearly paracompact subset of X and let D have a quotient
topology. If X is a Hausdorff paracompact space, then D '‘is para-

compact regular.

Proof. Since X is a Hausdorff paracompact space,
then X is regular. By Theorem 2.4, D is regular. Since X is a

Hausdorff space, then D is T.. Since every Hausdorff paracom—-

1
pact space is normal, X is normal. Since the projection of a

space X onto a space D is almost closed and continuous, it fo-
llows easily from Theorem 1.7, that P is a regular and paraco-

mpact space.

THEOREM 2.6. Let X be a topological spaces. Let D be
an almost-upper semicontinuous decomposition of X whoge mem-
bers are a-nearly compact gubsets of X and let D have a quoti-
ent topology. If X i8 paracompact regular, then D 18 paracom-

pact regular.

Proof. Since the members of U are a-nearly com~
pact subsets of X and the projection P of X onto U is almost
closed and continuous, then 7 is paracompact regular.

THEOREM 2.7. Let X be a topological space. Let U be
an almost-upper semicontinuous decomposition of X and let U have
a quotient topology. If X is8 normal (almost normall),then D Zsg
normal (almost normal).
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Proof¢£. Since the projection P of a space X onto
a space D is almost closed and continuous; then, by Theorem 1.5

D is normal (almost normal).

THEOREM 2.8. Let X be a topological space. Let D be
an almost-upper semicontinuous decomposition of X whose membera
are a-nearly compact subsets of X and let D have a quotient to-
pology. If X ie nearly paracompact almost regular, then D is

nearly paracompact almost regular.

Proof. Since the members of P are a-nearly com-
pact subsets of X and the projection P of X onto D is almost
closed and continuous, then, by Theorem 1.6, D is nearly para-

compact almost regular.

LEMMA 2.1. If £:X~>Y i8 an almost eclosed almost con-
tinuous mapping of a space X onto a space Y , then the image
of every a-nearly compact subset in X 18 an a~nearly compact

subset in Y.

ProofE. Let K be any a-nearly compact subset in X.
Let
U = {Ua ta€eI}

be any Y-regularly open cover of f(K). Then

-1

{f (Ua) ta €1}

is an X-regularly open cover of K. Since K is a-nearly compact,
there exists a finite subset Io of I such that

-1 .
Kc U{f (Uq) 10 € Io}.

Now, we have
£(K) <U{u : ueIo},
hence f(K) is a-nearly compact.

THEOREM 2.9. Let £ :X~>Y be an almost closed almost

continuous mapping of a space X onto a space Y such that f-l(y)

18 a-nearly compact for each point y €Y. If X i¢s a Hausdorff
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locally nearly compact space, then Y ig locally nearly compact
Hausdorff.
Proof. Y is a Hausdorff space. We shall show that

Y is locally nearly compact. Let y be any point of Y. Since X
is locally nearly compact Hausdorff, for each point xé€ f—l(y),
there exists a regularly open neighbourhood Kx such that Rx is
a-nearly compact. Now, the family

K = {Kx: X e f_l(y)}

is ‘an X-open cover of f-l(y). Since f_l(y) is o-nearly compact,

then there exist a finite number of points Xy rXypee Xy in f_l(y)
such that '
f-l(y)cU{Kx : i=1,2,...,n} .
i
Let
K =U {ix : i=1,2,...,n}.
i

f—l(y)C:Ko. Since f is almost closed, then there exists an open
set Vy containing y such that f_l(vy)<=K°. Hence, we have

erycf(Ko) c£(K) .

Since f is almost continuous and almost closed and K is a-near-
ly compact, then f£(K) is a-nearly compact. Since Y is Haus-
dorff f£(K) is closed. Therefore we have

Gycf(K).

Since, every Y-regularly closed subset of an a-nearly compact
subset is a-nearly compact, then 5& is a-nearly compact.

Now, Vy is a Y-open neighbourhood of y such that V& is
a-nearly compact, hence Y is locally nearly compact.

COROLLARY 2.3. Let £:X~Y be an almoet closed almost
continuous surjection with N-closed point inverses. If X is
locally compact Hausdorff, then Y is locally nearly compact
Hausdorff , |8].
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THEOREM 2.10. Let X be a topological space. Let D be
an almost-upper semicontinuous decomposition of X whose members
are a-nearly compact subsets of X and let D have a quotient to-
pology. If X is locally nearly compact Hausdorff, then U is
locally nearly compact Hausdorff.

Proof€£. Since the members of P are a-nearly com-
pact subsets of X and the projection P of X onto U is almost
closed and continuous, then, by Theorem 2.9, 0 is locally
nearly compact Hausdorff.
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REZIME
KOLICNIK PROSTORI I PARAKOMPAKTNOST
Cilj rada je ispitivanje osobina prostora U , gde je

¥ skoro polu-neprekidno razlaganje prostora X sa koli&nik to-

pologijom.



