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1. INTRODUCTION

Using the functional from |4] defined on a semigroup we
shall introduce the notions of the variation and of the semiva-
riation for semigroup valued additive set functions. We shall
prove that these notions have the usual properties.

By the Diagonal Theorem from |4| we shall prove, in qu-
ite an elementary way, two theorems on the uniform boundedness
of a family of regular additive exhaustive set functions on a
Borel algebra (i.e. on a o-algebra generated by the open sub-
sets of a compact Hausdorff topological space). Namely, if the
domain is not a o-algebra, the Nikodym boundedness theorem, in
general, is not true (see |2|). But there are known uniform
boundedness theorems in which the initial boundedness conditi-
ons are given on some subfamilies which are not og-algebras (for
example in |5]). In the stated theorems this subfamily is the fa-

mily of open sets.
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2. THE VARIATION AND SEMIVARIATION

Let X be a commutative semigroup with the neutral ele-
ment 0 endowed with a triangle functional f such that
fix+y) < £(x) + f(y),
f(x+y) > f(x) - £(y) and

£(0) =0 (see |4]).

REMARK 1.

The topology of a uniform semigroup is generated by a
family of special pseudometrics - H.Weber |7|. If follows from

this construction, that there exists a family of triangle func-

tions on every uniform semigroup - E.Pap l6].
Let I be an algebra of subsets of the set S. A set fun-
ction u defined on the algebra I with the values in X is addi-

tive if whenever E1 and E2 are disjoint members of I then

u(ElU E,) = U(E;) + U(E,) .

We suppose that there exists B € Z such that p(B) =0. It follows
from additivify, by the preceding assumption, that p(g) =0.
A set function u : I +X is said to be exhaustive (f-ex-

haustive) if 1lim f(u(En)) =0 for every sequence (En) of disjo-
n--o

int members of I.
The variation of an additive set function p:Z-+X is

the nonnegative set function |u| defined for E € I by

[ul () = sup § £(u(a))
m AEeT

where the supremum is taken over all partitions 7 of E into a
finite number of pairwise disjoint members of I.
Obviously £(u(E)) < |u|(E) for each E€ I and [u|(¢) = 0.

PROPOSITION 1. If w:Z+X is an additive set function

on an algebra L, then |u| <s also additive on E.
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Proof. Let E1 and E2 be two disjoint sets from IT.
If iu}(EllJEz) <o, then for £ > () we can choose finite systems

{A;} and {Af} of pairwise disjoint sets from I such that AiC:E

2
and Ai < E2 and

1

lul(Bp) <T £@))) + e for 1=1,2.
3
Then we have

() + i (E,) <3 £@ah) + 1 f(u(A?)) +2e <
J J
< JulEVE) + 2¢.

Since € >0 was arbitrary we obtain the finite superadditivity

of |u] , i.e.

(1) i) + Tul(Ey) < lul (B VE,)

On the other hand, we take partition {Aj} of E, UE2 in-
to a finite number of pairwise disjoint members of L. We take

A1.=E Na., and A2.=E NA.. Then we have
J 1 J 3 2 ]

1 2
% f(u(Aj))§'§ E(u(ay) + § Eu@l) < (@) + [l (Ey)

Hence
lul(E, VE,) < lul (&) +ul (&, .

By the preceding inequality and (1) we obtain the additivity of

[u!. The last inequality implies also the additivity in the case
1 = ™

!u,(EllJEz) .

REMARK 2.

lul  is superadditive in general, i.e.

lulcu ED > T |ul &) .
ieT iel
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This follows in the same way as in |3| , p.35.

An additive set function u : £-+X is said to be of boun-
ded variation if [p!(S) <=,

If 4 is of bounded variation then it is also bounded (f-
bounded ) »but in general the converse is not true (for example
X=L°°[0,1] , 2 1is a o-algebra of Lebesgue measurable subsets of
[0,1:[ and u (E) = Xg ).

The semivariation of an additive set function up:Z-+X

is the nonnegative set function || u|| defined for E €I by

Hul (E) =sup{f(u(H))|HEZ, HcE}.

Obviously:
(1) |l (@ =0 (ii) £(u(E)) < ![ul[(E) for each Eezx
(iii) lull (B) < !u] (B) for each Eez, (iv) [|ull (F) <!l ull (B)

for FE€E and F,E€ L.

PROPOSITION 2. If u:i=X 78 an additive sget func-

tion on an algebra I, then || u|| is subadditive on I, i.e.
T wlie, Ve < 1l ull ) + 1wl &)

for every E.,E, €L such that ElﬂE2=¢ .

1772

Proof. LetElandE2

Let H be an arbitrary subset of El 3] E2. Then we have

be two disjoint sets from I.

f(U(H)) =£(W(HNE,UHNE,)) <f(L(H\E;)) +

+ £(WHNE)) <l ull €& + il (E).

Hence the desired inequality follows.

An additive set function p: I +X is said to be of boun-
ded semivariation if || ul[{S) <. By the definition we obtain
directly that the semivariation of the additive set function
p:XZ~+X is bounded iff p is bounded.
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REMARK 3.

The semivariation is usually defined for a Banach space
valued additive set function as

sup{ |x*ul (E) |x* e x* , |[ x*]|| <1}

where |x*u| is the variation of x*u (see |{2|), or, equivalently
as

sup{llA;;ﬂcnu(An)ll}

where the supremum is taken over all partitions v of E into fi-
nitely many disjoint members of I and over all finite collecti-
ons {e_} satisfyngfenl_il (]3], p.51 ot Proposition 11l.a. from
|2], p.4. Our definition of the semivariation, in the case of
Banach space valued additive set functions, is equivalent, 1in
the sense of the norm, to the usual one (Proposition 11.b. p.4.
from }2]).

PROPOSITION 3. An additive set funetion u:I~>X <s
exhaustive iff lim [Iu!HEn)=O for every sequence (E ) of dis-

Jjoint members of L..

Proof. Let pu be an exhaustive additive set func-
tion. Suppose that || ul| does not satisfy the proposition. Then
there exist § >0, a seguence (En) of disjoint members of I for
which

ull (B ) > 8

holds. For each n and E such that § > ¢ >0 there is Hn € ¥ such
that HH: En and

full B < £GuH) + €.

Then the sequence (Hn) consists of disjoint members of I such
that
f(“(Hn))_35 -e>0
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holds for each n, which contradict the exhaustivity of u. The

converse implication follows from the inequality

f(u(E)) < [l (E) for each Ee=.

THEOREM 1. An exhaustive additive set function p:i+X

on an algebra I of subsets of S ©Zs of bounded semivariation.

Proof. Let us suppose that the theorem is not true.

Then there exists H1 € I such that

(2) f(u(Hl)) >1+2£(p(s))
Since

£(u(H,)) - f£(u(S\NH))) <f(u(H,)) +u(S\H1)) = £u(s)) ,

we obtain
£(u(S\H)) >1

Since

b ¢s) < Al wlla)y + [T ufl (SN\H)) o

either || u|[(H)) or || ujl(s\H,) is infinite. If H is with un-
bounded semivariation we put E1==H1,
we have that El has the unbounded gemivariation and f(U(El)).il-

otherwise we take E1:=S\H1

Now we take E. instead of S and repeat the preceding procedure.

1
We obtain E2 €L and E2C E1 such that the semivariation
of E2 is unbounded and f(u(Ez)) > 2. By iterating we -comstruct a

nonincreasing segquence (En) from I such that the semivariation
of E, is unbounded for each n and

(3) £((E)) >n .

Let Fn:=Eﬁ\ En+1' Since “(Eﬁ‘En+1) +u(En+1) =u(En) we obtain

E(u(F)) > £(u(E V) —E(u(ED) .

n+1l
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Then, by (3), it follows that f(“(Fn)),Zl for some disjoint sub-
sequence of (Fn) from ¥, which contradicts the exhaustive of u.

3. UNIFORM BOUNDEDNESS ON BOREL SETS

In this section ¥ is a o~algebra of subsets of a set S.
An additive set function u : B+ X defined on the collection B of
Borel sets of a compact Hausdorff topological space T is regular
on a Borel set B if for every £ >0 there exists a compact set
KecB and an open set O 2B such that

il ull(eNK) <

A set function u : I +X is f-superadditive if for every

seguence (En) of disjoint members of a o-algebra I

n [~
lim f(u( U E))) <fm( U E;))
n+« i=1 i=1
holds.We shall use the following.
DIAGONAL THEOREM. (14)). If Xj5€X (i,5 eN) and
lim f(x..) =0 i=1,2,... ,
311: (xlj) for i '

then there exist an infinite set I of positive integers and a

subset J (finite or infinite) of I such that, for all ie€I, we

have
jeg £x53) <=
1
£O ) x..)>5 féx..) .

jeg I -2 i1

(where J ig infinite) “n
def ..
£ 7 x;4) = lim f( ¥ X;5 )
jed J n->co s=1 J

(js) is the increasing sequence of all elements of J.

THEOREM 2. Let (ua)aeA be a family of X-valued re-

gular additive and f-superadditive set functions defined on the

Borel subsets of a compact Hausdorff topological space T. If
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{n, (9 |a eal

18 bounded on every open set O, then the family (ua)aeA 18 unt-
formly bounded, i.e.
sup{£(u (B))|a € A, BeB} <w
Proof. Since the general case can be reduced to

the proof for the sequence, we take a sequence (un) instead of
the family. ‘
To prove the uniform boundedeness of (un) , i1t suffices

to prove that every point in T belongs to an open set O on which

sup {f(un(A)), neN, A0} <o
na

Suppose that this is not true. Then there exists x € T such that

sup [|u || (O) is not bounded for every open set O such that x e0.
neN

Let 0 be .an open set which contains x. Then there exists a Bo-
rel set BSO and n, eN such that

(4) f(].;n (BY) >4 +2 sup f(un({x})) .
1 n

Since unlis regular, there exists a compact set Koc B such that,

(5) Hunl” (ONK,) <1.
Then, by the Ilnequalities

£ (un, (KO)) + f(unl(B KO)) Zf(un1 (B)),

£un, (BNK) <l un Il BNK) <[l up, Il ©NK)
(4) and (5) we obtain

f(un (Ko)) >3+2 sup f(un ({x})) .

1 n
Let K, =Ko U {x}. Then we have
fu, (K)) >3 +sup £lu ({x1)
1 n

By the regularity of Wn, there exists an open set U such that
6 DUSK, and
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Huan (U\ K) <1

Hence, by the inequality

f(ur11 (U}) zf(unl(Kl)) - f(un'l(U\ Kl)),

we obtain

(6) fu (U)) »>2+sup £(u_ ({x})).
n n
1 n
We find, again by regularity, an open set W such that {X}cWcV¥
and ||un1|| (W \{x}) <1. Let H be an open set such that x ¢ HcHaW.

Then we have

(7) £y @) < ug ] ENAxD 0, ({x)) <
1 1 1

i”“n. I (w\{x}) +f(un ({x}) <1 +sup f(un({X})).If’we
1 1 n

take that E1=U\ﬁ, then we have EICO, E, NH=¢. By the inequ-

ality
f(un (El)) +f(un (H))zf(un (uy) ,

1 1 1
(6) and (7), we obtain

f(ur1 (E;)) > 1.

1
Using the same procedure, the fact that x € H and that the se-

quence (un) is unbounded on H, and taking in the inequality (4)

5+ZSHP f(un({x})) instead of 4+2 sup f(un({x})), we obtain an

integer n, >n., open sets EZ’HICH such that ElnE2=¢, Ezn H1 =g,

2 1

and f(u

xeH n (Ez)) >2. Continuing, we obtain a sequence of po-
2

1
sitive integers (nk) and a sequence of pairwise disjoint open
sets (Ek) such that '

(8) f(u (E,)) >k for every keN.
n. k

Now we take xij =u, (Ej) for i,j e N. Then we have for
each ieN 1
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lim £(x,.) = 0.
j+w 1]

Then there exist , by the Diagonal Theorem, an infinite set I& N
and its subset J such that

1
(9) £C ) x,.)>5 £(x,.
jeg iy’ =2 ii
for each i eI. Since W, are additive and f-superadditive we
have 1
If n o0
lim £ ( b {(E, )) =1im £(u_ ( U E. N<f(u_ ( U E. ))
n-—+ow s=1 Ti IS n-+c Ny s=1 s ~ i s=17s

(if J is finite we need only the first equality). Then by (9)
amd (8) we obtain
i
f(uni( ng Ej)) >3
for each i€ I,which is a contradiction with the boundedness of
(un) on every open set.
Using the main part of the proof of Theorem 2 we obtain
a uniform boundedness - type theorem connested with the variati-

on.

THEOREM - 3. Let (ua)aeA

lar additive set functions defined on the Borel subsets of a

be a family of X-valued regu-

compact Hausdorff topologiecal space T. If My ig of bounded vari-
ation on every open set, for each a €A, then the family is uni-

formly bounded.

Proof. The proof is verbatum the same as up to (9).

If J is infinite, we have

n n
lim £( §J up_ (E, ) <lim § £(u_ (E, ))<
n-+oo s=1 M J5 Tpew g2l ny I~
n .
< lim § |u_ I(E,)<|u_ | U E))
T nre g=1 ny P 1 jed I

where (js) is the increasing sequence of all elements of J.By

(9) and (8) we haxlle | i '
u (U E;)>
S B P 2

for every i €I which is a contradiction.
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REZIME

O ADITIVNOJ EKSHAUSTIVNOJ FUNKCIJI SKUPA SA
VREDNOSTIMA U POLUGRUPI

U radu se ispituje funkcija skupa p sa vrednostima u ko-
mutativnoj polugrupi X sa neutralnim elementom 0 i trougaonom
funkcionelom f, za koju va%i: fix+y) <f(x) +£fly), fix+y) > £(x)-
-f(y) i £(0) = 0. Izdvajaju se aditivne i ekshaustivne funkcije
skupa na algebri I skupova. Uvode se ne-negativne funkcije sku-
pa, pridruZene funkciji skupa sa vrednostima u polugrupi u, va-
rijacija |ul i poluvarijacija || ul|

Pomodu Dijagonalne teoreme iz !4], dokazuju se dve teo-
teme o0 uniformnoj ogranidenosti:

Teorema 2. Neka je (Ua)aeA familija X vrednosnih regularnih
aditivnih i f-superaditivnih funkcija skupa definisanih na Bore-
lovim podskunovima kompaktnog Hausdorfovog topoloSkog prostora T.
Ako je fua(O)!a € A} ogranideno na svakom otvorenom skupu O,tada
je familija

(uu)aeA i uniformno ogranifena na svim Borelovim

skupovima.
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Teorema 3. Neka je (ua)aeA familija X vrednosnih re-

gularnih aditivnih funkcija skupa definisanih na Borelovim pod-

skupovima kompaktnog Hausdorfovog topolosSkog prostora T. Ako

je My ogranilene varijacije na svakom otvorenom skupu, za svako
o €A, tada je familija uniformno ogranicena.



