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1. In |4 a subspace DKC:D’ is investigated. It is shown that
the elements of D& may be uniquely expanded into a Hermitte se-
ries. First the space A is defined as the space of functions de-
fined on R such that feA iff for some a>4, TF(x)e * /aeTLz(R)

Furthermore , the set D& is defined such that fe DK iff there
exist k eNo , FeA such that

(1) f =D (F)

where D is the tempered derivative given in |[1]| with

k

(2) oX(F) = exp(-x2/4) (exp/x2/4)F) K

, D°(F) =F

and k-th derivative is in the distributional sense. It is shown
that D& is a subspace of P~ , and an estimate of Hermitte coe-
fficients of elements from D& is given.

In this paper, using the elementary approach, we shall
characterize the elements from D&. Also, we shall introduce the
convergence in D& and characterize it. In this way we shaill
show that D& is identical with the space of the K’(Mp)— type,

introduced in |2]|, for the special seguence (Mp).

2. Let us put

x%/(4-1/p)

(3) Mp(x) = e p=1,2,... .
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THEOREM 1, feD; <iff there exist peN,meN_  andbo-
unded measurable functions fj’ 0<j<m, such that
T (3)
(4) £= 37 m_ £
j=o p 3
Proo €. Let £ GDA’ . This means that there exist
ke€N_ and FeA such that (1) holds.

The tempered integral given in |1| is defined on the
space of locally integrable functions by
2

X
(5) 8% =c; s@ =e X’ [t /g (ryat; s¥) =ssK o)
(o]
As Ac Lloc , if we put Fl(x) =8(F(x)), then
2, X 2 2,2 2
|F1(X),ie X /4| f F(t) e t%/a e+t / e+t /4 dtl <
o

2 b 4 _2 X 2 2
e X /4( f ('F(t)le t /a)Zdt)l/Z( f e2(t /a+t /4)dt)1/2

I A

— .2
x“/a t /a)Zdt)l/Z

I A
=
=
"
o

where =( [ (|JF(v)]e
R

There exists peN such that a> 4+ 1/p. This implies that

for a suitable constant Ko o

[F,(x) ] <K M (x) i.e. p+1(x)F (x) e L,

since D(f)= £ " +x . £/2 and D(S(F)) =F, the members of

the expression Dk+1(Fl) =f are of the form cj zx (F (x)) (2) ’
’
j<k+1, 2<k+1 and cJ J are real numbers.
After using Leibnitz’s formula we obtain that in D (F )
the members are of the form ¢. (x? F (x)) () with some other co-

Jet
efficients éj . In the same way as for Fl(x) , we can prove that
’

liFl(x)I <Ky - Mp(x) . By putting

- " 3
£, =} Sy, X F (x) we get
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- (2)
£(x) = ¥ (Mp+1(x)Q(x))

2<k+1
which means that f has the representation of the form (4).

Let us now assume that f has the representation of the
1

form (4). We denote M_f.=F.,. Since M_, F.€ L., similarly asin
PJ 3 p+17 3" "2

the first part of that proof, it follows that S(erj(x)M;iB(x))e

€L, for any r €N, From the formula

(6) £f° = D(f) - x-£/2 and x°D(f) = D(xf} - £,

taking operator S enouch times, we obtain that

DA PEELEE U CIEOP
3<m

for some k e N, and some function H(x) such that

-1

M H L
prp, (MG €

5 -
The integer P, depends on the number of applications of opera-
tor S. So we have proved that f eD& .

Let us define the convergence structure in the space
Dy -

We say that the sequence (fn) from U& converges to
f eD; iff there exist a sequence of functions (Fn)’ a functi-
on F, k eNo and a >0 such that

k - k =
(7) D(F) = £ , D(F) =f

2
and (e™¥ /aFn(x)) is the sequence from L
—x2/a

5 which converges to

e F(x) in the L2 norm.

THEQOREM 2. The sequence (£ ) from Dy converges to
£ eDl( 1ff there exist p eN_,meNo » sequences of bounded mea-
surable functions (Fj n),,O_ij_inl, and bounded - measurable fun-

etions E}, 0 <j<m, such that
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Fj,n* Fj almost everywhere
(3) (3)
(8) £ = 7 MF. ) £f= 7 (MF.)
n j<m p J.,n 3<m P 3J -

Proof. If condition (7) is satisfied we put F =

1,n
= S(Fn) and F. =S(F). From the estimate

1
2

-x%/a, % -2t 1/2
[P, J0-F 0] < e /A0 1 F (0)-F (0)2 /34yt
14 o ’

X 2 2
- f e2(t /a+t /4)dt)1/2
o

if follows that (F1 n (x)) converges almost everywhere to Fl'
r

Similarly, as in Theorem 1, observing the expressions Dk+lF1 n
r
and Dk+lF1 we can prove that (8) holds.
Let us suppose that (8) holds. If we denote
. = o f. d F, =M ~f.
Fy Mp(x) £, an j,n p(x) i,n
similarly as in the proof of Theorem 1, we can show that
r -1 . r -1
X Fj'nMp+3(x) eL, and x FjMp+3(x) eLl, ,
0Zj=<m; reN, - From tﬁs Lebesque theorem it follows that
r -1 2 r -1
X Fj'nMp+3(x)———» X FjMp+3(x),

In the same way as in the proof of Theorem 1, using the formu-
lae of (6) and applying S sufficiently many times we get the
assertion.

As the tempered derivative D characterizes the space

S3“ which is proved in |1, from Theorems 1. and 2. we get

COROLLARY. (%) fe€PDy iff for some a>4, mé No and
a bounded continuous function F(x)

)

2
ex /a

£ = ( F(x)) (™

(Z7) The sequence (fn)e Dy converges to fe DA Tff
there exist bounded continuous functions Fn, ne N, a bounded

continuous function F, a >4, and me No, such that
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x2/a (m)

2
£ = (¥ /aFn(x))(m) , £(x) = (e F(x))

n

and (Fn(x)) converges to F(x) almost uniformly.

Proof. We only have to apply the operator § su -
fficiently many times in (4) and (8).

3. In |2]| the spaces of the type K’(Mp) are introduced
and investigated.

Using the theory from |2| and !3!, from (4) and (8) di-
rectly it follows that spaces D;‘and K’(exp(-xz/(4+l/p)) are
indentical both in a set theoretical and a topological sense.

REFERENCES

[1] P.Antosik, J.Mikusifiski, R.S.Sikorski, Theory of distributions, PWN,
Warsaw, 1873, ~

[2] 1.M.Gelfand, B.E.Shilov, Generalized Functions, Vol. 2. Acad.Pr., New
York and London, 1968.

|3| L.Kitchens, C.Swartz, Convergence in the dual of certain K(M_)-spaces,
Colloquium Mathematicum, Vol XXX, Fase. 1,(1974),149-155.

[4| Z.sadlok, 2.Tyc, Remarks on Rapidly Increasing Distributions, Bull.
De L'’Acad. Pol. des Seien. Ser. des Sci. math. Vol.
Xxvii, No. 11-12, 1873, 833-837 .

REZIME
PRILOZI TEORIJI PROSTORA D;

U ovam radu, koristedi elementarni pristup, karakterifemo elemente
iz D; uvedenog u l4]. Takodje uvodimo konvergenciju u prostor
DX i karakterifemo je. Tako pokazujemo da je DK identiZan
sa prostorom K (M)- tipa uvedenog u |2]|, za specijalan niz
M_(X)).
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