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1. 1In 1] , Pickett defined a generalized equivalence
relation on a set X containing at least n elements, as the
{(n+l)}ary relation En on X, satisfying the following three con-

ditions, where Sn denotes a set of permutations on {1,...,n+tlk

+1

Eln : for all xl,...,xn,(xl,xz,...,xn,xl) eErl H
E2r1 : for all xl,...,xn+1 and for each permutation s eSn+1,
if (xl,xz,...,xn+1) eEn,then

(x )eEn ;

s(1)'%s(2)" " "*s(n+1)

E. : for all x_,...,x xi#xj, for i#3, 1,5e{1,...,n},

3n (o) n+l1’
if (xo,...,xn) eEn and (Xl""'xn+1) eEn then
(KgreeerX _ysX 1) €E

2. Fuzzy relations are discussed in |2| in the follo-
wing way:

Let X be a set and J([o,l],A,V,,-,O,l) the distributive
lattice on the unit interval [0,1], where for a,be [0,1],
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alb = min(a,b), aVh = max(a,b), a=1-a.

3. The fuzzy n-ary relation R on X is defined by

def

R= {((x .,xn),mg(xl,...,xn))Ixiex, i=l,...,n ,

17"

oh S .
mg =X > [0,1}.

4, Hartmanis |3| defined a partition of type n on a
set X with at least n elements,as a family P, of subsets of X
satisfying:
i) each P e Pn contains at least n elements; and
ii) each n different elements from X belong to exactly

one FeP_.
n

As it is shown in |1|, each partition of type n deter-
mines one generalized equivalence relation on the same set, and
vice versa, each (n+l)-ary equivalence determines one partition
of type n.

In this article a fuzzy generalized equivalence relati-
on will be defined and its properties will be described. In the
second part, the notion of a fuzzy partition of type n'will be given
and it will be shown that there is a natural connection between
fuzzy generalized equivalences and these partitions.

*

DEFINITION 1. Let X be a set and J the distributive

lattice given in |2|.4 fuzzy generalized equivalence relation
on X is (n+l)-ary, fuzzy relation Bn on X , satisfying the

fellowing conditions:

E. : for all XyreesX y My (xl,...,x ,xl) =1

=1n n R, n
§-2n: for all KyrenesX g and for each permutation S eSn+l
me (xl,...,xn+1) = mp (XS(l)""’xs(n+l))

2n 2m

EBn : for all XyrenorX oo if mB'n (xo,...,xn) = a and

mBlrl (xl,...,xn+1) =b then m_gn(xo""’xn-l’xn+l) >alib ,

(a and b are from [0,1:[, and xi#xj for i#3, i,3e{1,...,n})
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The following two propositions are the generalizations of
the Theorems of decomposition and synthesis for fuzzy relations
(12]), connecting the fuzzy generalized equivalences and (n+1)-

ary equivalence relations given in [1].

PROPOSITION 1. Let R, be a fuzzy generalized equiva-

lence relation on X, Then

Bn U a'Ral
a€[0,1]
where
a, <a, implies RaziRa
1
R, (ae [0,1]) is the generalized equivalence relation in the

sense of |11l.

P r oo f. Let

a 1""’Xn+l)| x,eE, i=1,...,n,

my (% ,..00x )>a, ae[0,1] %

It is obvious that

a, <a, implies R_ <R
i—- "3 a.— a,
3 i
Ry, thus, is not a fuzzy relation.
Let now for a and b from [0, 1]
def
my Ra(xl,...,xn+1) =" b AmRa(xl,...,xn+l).
Then,
m 1] a -Ra(xl,...,xn+l) =V a-my, (xl'°"'xn+l) =
ae [0,1] a a
v (XJ""’Xn+l) = mBn(xl""’xn+l)’
a<m
- PR
~n
since 1 £ <
m (Xl’ "'Xn) - { ' or a__mBn(xl,...,xn+l)
a 0, otherwise. .
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The decomposition of R, into (n+l)-ary relations R, is
thus proved. Now we have to show that these relations are gene-
ralized equivalences.

Since R_ satisfies E
—n -n

, for all x ...,x_ from X
1 , n
mp (xl,...,xn,xl) =1,
=n

then (x;,...,x ,x,) belongs to R, for each a from Lp,lj,i.e. R,
is reflexive (in the sense of Enl)

If (xl,...,xn+l) is in Ra' this means that mBn(xl,...
...,xn+1)_za, and by symmetry (E3n) for each s eSn+1

e and
mBn(XS(l)' ,xs(n+l))_3a ’ thus

(x5(1)""’xs(n+l)) eRa , i1.e. the condition En2 is

satisfied.

Finally if (xo,...,xn) and (x .,xn+1) both belong

x
to R_, then
a

mBn(xo,...,xn).za andlﬁgxl,...,xn+l)_ia ’
and by Eq,

mp (XgresesEp_ye¥pyy)2a

-n
i.e. (xo""'xn—l’xn+1) €R, .,

completing the. proof.
It is obvious that the method used in the proof of the
previous proposition can be applied in the opposite way also,

i.e. that the converse is also true:

PROPOSITION 2. If R (ae [0,1]1) are generalized equi-

valence relations suech that

a; iaj implies Raj iRai ’
then gn , defined by
R = u a-R,
ae[0,1]

18 a fuzzy generalized equivalence relation (in the sense of

Definition 1).
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* *x

DEFINITION 2. Let R be the fuzzy generalized equiva-
lence relation on X. The equivalence class of the level p
n *) . .
(pe [0, 1]) dennte by |{xl}|p , for XireeorX €X is defined
by

l{xlf},'p = {ylmg(xl,...,xn,y) > pl.

DEFINITION 3. Fof pe [0,1], the quotient-set of the
level p for R on X, denoted by (X /B)p’ 18

_ n
(X/_13)p = {|{x1}|p|x1,...,xnex} .

DEFINITION 4. The fuzzy quotient-set X /R 1s a fuzay
get on U (X/R) , such that
pe[0,1] P
n n; n
m(x/B)(Hxl}!p) = sup (p]| |{x1}!o = ]{xl}lp ).

PROPOSITION 3. If R is a fuzay generalized equivalen-
ce relation on X , then (X/_I})p > pe[0,11, s a partition of

tyre n , in the sense of 4.

Proof. By Proposition 1., Rp is a generalized equ-
ivalence relation. From that, and the fact that

n ’
{{xl}|p = {ylmB(xl.-..,xn.y) >pr = Ayl (xyreverxhy) eRp}
it follows that conditions (i) and (31), 4., are satisfied.

DEFINITION 5. Let X be a set containing at leagt n
elements. A fuzzy partition of type n on X is a fuzzy set M(X)
on P(X), satisfying: '

a) {P|PePix) mﬂ(x) (p) =1}

18 a partition of type n on X.
b) Let P,Q € P(x), mﬂ(x) (P) #0, mﬂ(x) (Q)#0. Now, <if

. n
%) l{x1}|p stands for |{ x1,...,xn!}p
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ceard (PN Q)>n then

M ) (B) S () (@) iff Q=P

(where the equality holds on the left side <iIff 7t holds on the

right).

The following proposition is the direct consequence of

Definitions 4. and 5.

PROPOSITION 4. Let R be the fuzzy generalized equiva-
lence relation on X. Then X/R is a fuzazy partition of type n

on X.

PROPOSITION 5. Let M(X) be the fuzzy partition of ty-
pe n on X. Then the fuzay (n+l)-ary relation R, on X defined by

p, if there i3 P e P(x) such that

A 4 epP

X
n+l

17"

(*) m_gﬂ(xl'”"xn+l) = and

Tnx) (B) = Po

0 otherwise ,

18 a fuzay quivalence relation on X.

Proof. _Rﬂ is reflexive: (a) implies that
m_Rﬂ(xl,...,xn,xl) =1.
Ry is symmetric: If mBH(xl,...,xn_H) =p, by (*) then
there is P € P(x) such that Xpr-men X € P and mﬂ(x) (Pp) =p ,

which holds for each permutation of Xyrens ,xr1+1 .

Rp

is tranzitive: Let le_| (xo, .o ,xn) =p

R IR ) =q, xiaij, for 1#j, i,5e{1,...,n} .
=M

Then there are P and Q in P(X) such that

m (x 1 X

n+l

xo,...,xneP and xl,...,xn+leQ.
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First let p <qg. Then by (b) Q<P and Xgr-»erX eP, i.e.

n+1l

m_Rl_I(xo""'xn-l'xn+l) =p>plhqg .
If p=q, then P=0Q, by (b) (the part concerning the equality).
Then again

X X

° 1,...,xn,xn+1 €P = Q , and thus

Mg (xo""'xn—l'xn+1

) = p=aq.
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REZIME
RASPLINUTE UOPS3TENE RELACIJE EKVIVALENCIJE
I PARTICIJE

U radu se definidu rasplinute uopStene relacije ekviva-
lencije i dokazuju stavovi o dekompoziciji i sintezi tih rela-

cija, pomocéu ekvivalencija definisanih u l1]. Daje se i pojam
rasplinute particije tipa n (uop3tenje pojma iz |3/ ), i poka-
zuje da postoji veza izmedju tih particija i rasplinutih gene-
ralisanih ekvivalencija, preko odgovarajuéih rasplinutih fak-

tor - skupova.



