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Iet L# ¥ be a'finite set; " its direct product, and let
(P, &,-,1I) be a commutative ring, and I 'its identity. A func-
tion f : L™ > P is called a generalized pseudo-Boolean function.

DEFINITION 1. The partial derivative of a generali-
sed pseudo-Boolean function £ :L%P with regpect to variable

Xy (1 <i<n) is the generalized pseudo-Boolen function

Bfa n
— : L">P, aelL, (1<i<n)
axi - -
where
Bfa
Y (x)==f(xl,...,xi_l,a,xi+l,...,xn) - £(x)
i
aeL, X=(xll---lxn)l (lil_<n)

The following notations will be used:
m(a) =a) ta, te.to, A € {0,1} (+ ordinary addition

in the set of real numbers)

Mn:={a;a S A 0y ea0, Oy e{0,1} , m(a) >1 }

= o0
kM) =2%-1

aiiaj, o 0, €{0,1} (+ addition mod. 2)
o1 o

ax® = ax . eedX n , o €M
1 n n
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biL°]=l, bim=bi , i=1,...,n, b_eL

2 i i
Box.-—l
9 f 32f 3f
Pi_ e it S S B
) ! X, 9X. b
axi axiaxj i 3 1

Pi(ak,aj) =Pi(xl""’xk-l'ak’xk+1'""xj—l’aj’xj+1""’xn)

The following theorem has been proved (see |1]).

THEOREM 1. The system of pseudo-Boolean functional
equations
of 5.
(1) —55% = Pi(x), i=1,...,n ,
i

hase a solution If and only ZIf

(2.2)  PylXyseeerXy 102Xy q0eeeiXy) =0, 151,000y
(2.45) anai aPiaj
ax = 9X. » 1#3, i,3=1,...,n.

If conditions (2.7) and (2.17F) are fulfilles all the functions

f are determined by the formula

n
(3.2,,0..,7.) £(x)=c - J . P, (a, yeeesdy ) ® P, (x),
1° >Tn k=1% Iy k+1 n n

where i1i2 ...in are permutations of set {1,2,...,n} and c 7s

a congtant from P.

The functional equation

2
ofy afp a7 fy . p
; 1 2 b1b2
(4) a ﬁ— @ b ay @ c axay

=dg(x,y)

where £ :L2->P is an unknown generalized pseudo-Boolean func-

tion g :L2~+P is a known generalized pseudo-Boolen function ,
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a,b,c,d are constants from, P, is obtained in !2! , where the

next theorem is proved.

THEOREM 2. The functional equation (4) has a solu-
tion Zf and only <if

‘ (2) d=ab{aéb-¢c) #0

2
3°g ag 3g

(1) PPy o P Pao
axoy Ix 9 =

Here we shall observe a generalization of Theorem 2.
Let us consider a generalized pseudo-Boolen functional equation

with constant coefficients

Mo Mo,
a’“(“)fﬁ-‘;w.. b
(5) ! a = dR (x) ,
® ¢ ax'... axon
dEMn Xl .. n

where f : L" > P is a unknown generalized pseudo-Boolen function
R:L"+P is a known gerieralized function, and constants a,
(a eMn) d are from P.

For every generalized pseudo-Boolen function with con-
stant coefficients and n variables the following property can

be proved.

LEMMA 1. If the left-hand side of the equation con-
tatns only the unknown function f and its partial derivatives ,
it can be written in the form of the left-hand side of (5).

The proof follows directly from the properties of par-

tial derivatives.

2 2
a £ s £
ab ba . . .
= , 1#3, (i,3=1,...,n)
BxiByj ijaxi
m
° fal"’am m+1 afam
m = (_1) 3 x ’ (lii<n)
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m p
9 £ N F
al...akl...akz...akp ~ n+p akl...akp
= (-1)
k1 k
X, ax, P X, ... 9Xj
i, ig i, P
If n=2, equation (5) has the form (4), i.e.
3fp p 3%f. b
a loa,. —2@a —2—1———2=dP(x,x)
10 Bxl 01 BX2 11 3x; 09X, 1772
If n=2, equation (5) has the form
bel afb2 afb3
2100 3%, @ %01075%, @ 2001 TIx; °
1 2 3
2 2
o a PPz g 7 Tbibs
110 axlax2 101 axlax3
2 3 .
o 9 Toyby o 9" fp,b)b3 AR )
a —_— a T = X, X, X .
011 3x23x3 111 8x13x23x3 177273
THEOREM 3. Functional equation (5) has a solution

if and only +if

(")
n n-k
(6.n) d= || a, ¢ ] (a ; 8.0 2, -
m(a)=1 k=2 i=1 v} a
1 k
- a - a “...- a ]
° 1 if 1 i e 1
arte, aptas Or-1%%k
® a . d a . . 6...0 a . ]
1 1 1 1 1°* 1 1 s 1 s 1
ajtagyray o aptraytoy T
o...0 (-1)51a . ) #0,
alv. . tar
1 k
where m(ai)= =m(ai) =1 oL €M
1 °t k ' n '

and
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m(a) k]
2 Rbgl-‘[...b;n
(7.n) ‘e 5 3 ®R =0 .
OLEMn 9x l... ax 1
n
Proof. The partial derivatives
m(p)
3 Fbl...bn :
bl Bn ’ B=8162:---,BneMn\ {ll...l]’,
ax1 e axn

of functional equation (5) from a system of functional equati-

ons
m(a)+m(g) - B m(g)
3 fb'i"l.'..b n 9 Rbl;.'.
‘e a i -g
ueﬁ @ 0L1+Bl an+Bn Bl Bn
axl e axn axl cee axn

BeMn\{ll...l}.
System (8) has unique solution

of of
bl bn

Taw 1 e*c12
9%y %

if and only if the rank

of the augmented matrix Ag of the system (8) is 201,

For n=2 the augmented matrix of system (8) is equiva-
lent to the matrix

_
2310 %1 2101 R
0 a a RQBEEI
01 01 : 3%
Az =
2 3Rp ARp
-
0 0 a;,®a, -a;, R® _3§t° _3§§
2
) 3Rp 3 Rp,b
0 0 0- R® 1;216326'& éxz
B 1 X2 9X19%
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Thus, rank A;=3 if and only if

2
310 301(2g; ® 3y, — @) #0
2 .
R,  9Ry Ry b
R ® lg 2 ¢ 12 -
9x 9x X, 0X *
<] 2 19%2

This is proved in Theorem 1.

According to (6.n) for n=2 it follows

(,2)
oW AH
(6.27) ] a (1 (a ®a.-a., .))#O0O,
m(a)=1 % k=1 i=1 ai a; aila;

For n=3 the rank of the augmented matrix Aalis 23-1 if and only
if

()
3 3-k
] a, o [ (a ®a;®...0a, -
m(a)=1 k=2 i=1 v} o o
1 2 k
(7.37 a .. j=---"a . ® a ie ie i ®
o +G.2 G.k_l+0.k o +0.2+(1
©...0a, .., ..,®...0 (-1) K+ )=
ak_2+ak_1+ak a’+.. +ak
= 1 (a 18a,-a Y(a ,®a ., -a )
_ o 1 1.1 2 2 22
m(a)=1 i o, aj+a, o) oy aj+al
(aa3 ® aa3-a;3+a3)(aal ® aal ® aal - @ ;al )
1 2 %N17% 1 2 3 &y 7%2
- a - a ® a ) # 0
1.1 1: 1 1: 1:- 1 )
a1+a3 a2+a3 a1+a2+a3

1, _ 1, _ 1, _
m(al) = m(az) = m(a3) = 1.
According to (6.27) and (7.3°) mathematical induction
leads us to the proof of (6.n). (7.n) is proved in the same
way according to (7.2) and (7.3). Thus, the theorem is proved.
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REMARK. A new system of functional equations can be
formed from the system of functional equations if it satisfies
conditions (6.n) and (7.n)

dof
(9) b,

axi

= Pi(x) , i=1,...,n.

System (9) has a solution if and only if conditions (2.i) and
(2.ii) are fulfilled.

(2.1i) and (2.ii) follows immediately from (6.n) and
(7.n).
This, the system of functional equations (9) has a so-

lution which is determined by the formula (3‘11"'in)'
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REZIME

GENERALISANE PSEUDO-BULOVE FUNKCIONALNE JEDNACTNE
SA KONSTANINIM KOEFICIJENTIMA I SA n PROMENLJIVIH

U ovom radu dati su potrebni uslovi (6.n) i (7.n) da

generalisana funkcionalna jednadina (5) sa konstantnim koefi-

cijentima i sa n promenljivih ima re3enja.



