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Let (P,+,+) be a commutative ring with an identity ele-
ment 1, and let L#0 be a finite set; and L" its cartesian pro-
duct. Let us consider a set F = {f/f:Ln->R}, where f is a dis-
crete function. Some operators on L and F can be defined.

DEFINITION 1. ¢j +:L+L , jE€rI

3:F~+F

where

¢k(¢jx) =¢kx j, k€I, xe L

a(f¢.(X))x. = f(xl,...,x

; . ,...,xn) -f(x), xeL.

i-17%5%50 %54

THEOREM 1. All operators ¢j,¢i s, and 3(j,i €I) and

all discrete functions £ and g satisfy the following properties:

(1) 3(f¢J)X1=0 <= f=f(x1,---,X

i—l'xi+l""'xn)
(2) 8((f+g)¢j)xi = B(f¢j)xi + B(f¢j)xi r l<ic<n
(3) B((kf)¢j)Xi = ka(f¢j)xi, kePr, 1<i<n

(4) B(B(f¢j)Xi)¢k)xi = —B(f¢j)xi, l1<ic<n
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(5) 3((f-<;r)q>:.|)xi = ‘J'B(fq,j)xi + f-a(qr(:;:.')xi +
+ 8(f¢j)x 8(g¢j)xi ;, 1<i<n
(6) 3y )xy)oy)xy = B((3Ep ) xy)yy + 1#3, 12icm, 1<j<n

m+1

(7). 3303 (fg dyy +o)ogdng = (C1T 0 g dxg 1oy an,

0 7g applied m-times.
Proof. Relations (1), (3), (4) and (5) result imme-
diately from Definition 1. Further, proving (2) let us use
(¢jxi) = (xl""'xi-1'¢jxi""'xi+1""'xn)

thus

3((£+g)¢3)xy = f(¢j§i)+g(¢j§i)—f(x)—g(x) =

3(fp)x; *+ 3(Fpy)xy » 12icsn.
The proof of (5)
B((£-9)g3)x; = f(¢j>_<i)'g(¢j>_<i) - £(x)+g(x) =

= f(x)-[g(¢j§i)—g(x)]+g(x)-[f(¢j>'<i)-f<x)] +
+ [Eeogxp-feal-[geyx;)-g(x)]

Finally (7) will be proved by induction. For m=1 from (5) foll-
ows
3{(0(fp.) )y ) = -9(f, )
7%y ¢j Xy ¢j Xy
This equality is true according to (4).
Let us suppose that (7) is satisfied for each n. Now,
using Definition 1. again in (7) we shall get
n+
s-1™ e, )y, 0. = ™2 as, )

¢j X4 ¢j Xy ¢j Xy

And so relation (7) is proved.
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THEOREM 2. For all discrete functions f and all opera-
tors ¢j (J €I ) the following equality is held

8((vead(£, Vo wea) ). =

¢j1 Xl],- q>jm xim
m - 3 - C- m
(8) =  (~1™F MM gl R e, (0 % )+ ((UE(),
k=1 150t S s | Ik *x
K
where {il,...,ik} i8 a subset of {jl,...,jm} > l<m<n,

Proof. For m=1 equality (8) becomes

IME, V.. = £(d, %, ) - £(x) ,
¢j1 *i it
it is true according to Definition 1.

Assume that equality (8) is true for every m(m<n). App-
lying Definition 1. on (7) we get

OO 30, Dy we)y Dy gy iy =

¢j1 x;l ¢jm Xim m+1 m+1
j l"'lj
m+1 _ 1 m+l - -
= ] pm™ite ooy E((6, Xy Vruver(0; X, )) +
k=1 fpeeneedy Ji 1 k 'k
+ -0n™lex

thus, the theorem is proved.

THEOREM 3. If

f(¢jx1,...,¢jnxn)

f(¢ix1,...,¢i xn) '
n

n
f(¢j(xn))

(97 (x))

then for all operators ¢.,¢i, i,j €I and all discrete functione

the following equality Holds:

n 1l,...,n

(9)  £(eT(x) -£(6T(x ) = (3(a..0(£¢ (0.%.) .
J-n 1N mzl i ,?..,i Jp LXK e
1 m
“'ngx%ﬁ (1 <iy<uen <),
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Proof. For m=1 (8) becomes

1 1 _
(10) £(b3x)) ~£0O3x)) = 3(E, (O

and it is true according to Definition 1.
Let us suppose that (9) is true for n-1, i.e.

n-1 n-1
(1) £(57 ) ox ) =£ 07 (e )ux) = 3 (£, (x))

J Jj n-1
Applying Definition 1. on (11) it will be transformed into equ-
ality (9).

Thus theorem 3. is proved.

In the next examples we shall show that these linear ope-
rators, given by Definition 1., cover partial derivatives of pse-
udo-Boolean functions and some parts of the following operators:
partial derivatives of Boolean functions, Newton differences and

- lattice derivatives of discrete functions.

EXAMPLE 1. Let £:L"+P be a generalized pseudo-Boole-

an functiony and operators ¢j , jJel
¢jxi=a , jel , aelL ,

where X0 1 <i<n are variables of generalized pseudo-Boolean

functions. @perators 3 are generalized pseudo-Boolean functions.

a(E, (x)) = f(X_ ,...,X. a, x
. X 1 i-

¢j i

These operators 3 are partial derivatives of generalized pseudo-

i+1"’"'xn) - f(x)

ll
Boolean functions with respect to the variables X0 li'iin (see
12]).
EXAMPLE 2. A binary operation & with the following

properties is defined on L: for every a, b, c€L

a®b=Dbea

(abb)@c = a® (bdc)

(3e €L) eda = abe = a

(Pael)(3a“el) adba” = a” da = e

ada = a.
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L#¢ is a finite set, R is the set of real numbers, £ :L" >R is
a real function. If the operators d:j, jeI are defined in the

following way
¢.x, = x, +h , helL,
then operators o are Newton differences

a(f¢j(X))xi = f(xl, ceer Xy 10Xy 9h,xi+1,...,xn)-f(x) .

EXAMPLE 3. Let (P,V,A) be a distributive lattice,L #d
a finite subset of P, and £ :L"5p a discrete function. If ope-

rators ¢j' j eI are defined

¢jxi = xiva, ael,

where X 1<i<n are variables of discrete functions, then ope-

rators » are discrete functions on the lattice

(f .(x))x' = f(xl'“"xi—l'xiva'xi+1"-"'xn)Vf(X) ’

95 i

1iiin

(see 13]).

EXAMPLE 4. Let (P,+,-) be a commutative ring with iden-
tity element 1. L#% a finite subset of P, and f : Lt +p. If ope-
rator ¢j' j eI are given by

¢jxi = x1+1 (where 1 +1=1)
Xi0 1<i<n are variables of-f, then operators 3 are

Alf, (X)) = (X peeerXy (X LXKy e e X ) - £(X)
j i
(see [3]).
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REZIME

NEKA SVOJSTVA LINEARNIH OPERATORA DISKRETNIH
‘FUNKCIJA

U ovom radu data je jedna nova definicija linearnih

operatora koji pokrivaju parcijalne izvode generalisanih pse-
udo-Bulovih funkcija i delove sledeéih operatora: parcijalne
izvode Bulovih funkcija, neke Njutnove razlike, kao i neke la-
tisne izvode diskretnih funkcija.



