Zbornik radova Prirodno-matematidkog fakulteta-Universzitet . u Novom Sadu
knjiga 11 (1981)
Review of Research Faculty of Seience—-University of Novi Sad,Volume: 11(1981)

A GENERALIZATION OF KAKUTANL'S FIXED POINT
THEOREM IN PARANORMED SPACES

Olga HadZd

Prirodno-matematidki fakultet. Institut za matematiku
21000 Novi Sad, ul. dr Ilije Djuridida 4,Jugoslavija

ABSTRACT

In this paper the following theorem is proved:

Supposge that (x, 1l {[I) and (¥, % are paranor-
med spaces, ? 18 a ecompact and convex subset of X, K s a com-
pact and convex subset of Y, £ 78 an upper semicontinuoug ma-
pping from Z into the set R(K) of all clogsed and convex sub~
sets McK, M#@ and p: X+ 2 is a continuous mapping. If £(Z)
and p(co £(2)) eatisfy the Zima condition then there exists
x,eZ 8o that X, € p(f(\co)).

From this Theorem two Corollaries are obtained.

1. Let E be a linear space over the real or complex num-
ber field. The function ! ||[* :E~ [0, ») will be called para-
norm if and only if

1. Hxll * =0 < x = 0.
2. l-x|l * = ||x!l * , for every xeE.
3. [[x+y || * <!l !l * +|ly!l * , for every x,y eE.
4, If |lxp=x |l *+0 , A »x then [} x -2 x || *+0,
The function p:ExE~ [0,~) defined by p(x,y) = lx-y 1 ™

is the distance function on E. If (E,p) is the complete metric
space then it is a Fréchet space. Further (E, || ||*) is a topo-
logical vector space in which the fundamental system of neighbo-

urhoods of zero in E is given by the family {U€}€>o where:
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U, = {xlxeE, |x]| *<e}

In |8| the following Theorem is proved,where (E,!| [|*) is a

paranormed space.

THEOREM 1. Let K be a bounded, closed and convex sub-
set of E and A :K~+K be a completely continuous operator on K .

If there exists a number C>0 such that:
IIax]] * <cx l|x]] * , for every 0 <A<l and every xgeA(K) -

- A(K) then there exists an element peK with A(p) =p .

The above fixed point theorem can be applied |[8| in
the proof of the existence of a solution of the infinite sys-
tem of integral equations:

t
x; = g fi(s,Ail(xl),Aiz(xz),...,Aini(xni))ds, i=1,2,... .
In [3] and [4| some fixed point theorems for multiva-

lued mappings in paranormed spaces are proved.

DEFINITION 1. Let (E, || ||*) be a paranormed space
and K be a nonempty subset of E. If there exists C(K) >0 such
that:

[Iax]] *<c(K)a [Ix!] *, for every 0<A<1 and every x eK-K

we say that K satisfies the Zima condition.

In this paper we shall prove a generalization of Kaku-
tani s fixed point theorem in paranormed space which is simi-
lar to the Lemma from |5| .

2. Let X,Y be topoloaical spaces. We shall denote by 2
the family of all nonempty subsets of Y. Let £ :x-»zY. The ma-
pping f is called upper semicontinuous if for each open subset
G of Y, the set:

{x|xeX, £f(x)c=g}
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is open in X. If K<Y and Yis a topological vector space we shall
denote by R{K) the family of all nonempty, closed and convex su-
bsets of K.

Now, we shall prove the following fixed point theorem .

THEOREM 2. Suppose that (X,]|| || ;) and (¥, || [[;) are pa-
ranormed space , 2 is a compact and convex subset of X,K is a
compact and eonvex subset of Y , f 73 an upper semicontinuous
mapping from 2 into R(K) and p:K=>Z <s a continuous mapping.
If £(2) and pl(co £(Z)) satisfy the Zima condition then there ex-—
iste X, € Z such that xoep(f(xo)).

Proof. In the proof we shall use some ideas from
. Since Z is compact for every e > 0 there exists a finite
}. BAs in 6], let the

|6
e~net of the set 2, {x

X e erX
e,1'%e,2’ "?e,n(e)

. n(e) ! .
family {we,.i(x)}i=l be defined by:
ge i(x)
— I 3 =
we,i(x) = o) (i=1,2,...,n(e)), x€Z
o . (x)
j£1 9e,j
= - - I * i=
where geli(x) max{e~ || x Xo 4 ,ll , 0 (i=1,2,...,n(e)), xe 2.
Further, let ye,iEf(XE,i) (i=1,2,...,n(e)) and, as in |6]:
n(e)
£ (x) = JZ‘Zl w s (Y X€7Z

Since the set K is convex it follows that the mapping f¢ is a
continuous mapping from Z into K. Indeed fs(z)gco £(z). Fur -
ther p-fe : 2+ 2 is a continuous mapping and since p - fE(Z))g
cpl(co £(2)) it follows that the mapping ha =p - fE satisfies
all the conditions of Theorem 1. So for every e >0 there exists
x_ € Z such that X, =h€(x€) and so:

(1) x, = p - £_(x)

i = = , . Si €
Suppose that 3;_:;11 €h 0 and let uy fsn(xen’)‘,(ne N). Since u,
e K(n € N) and the set X is compact there exists a convergent
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and let u=1lim uny -
k-

subsequence {up, } of the sequence {u,!
Nk "keN N neN

If x=p(u) we shall prove that ue€ f(x). Since Uny =fgnk(x€nk) ’

for every k €N from (1) we obtain that:

(2} p(un)=p'f€ (x_ ) =x . k €N,

k n, n, n,
The mapping p is continuous and so from (2) we obtain that:
lim p(u_ ) = p limu_ ) = p(u) = lim x =x ,
Koo e koo Pk Kk e“k

Let § be an arbitrary positive number. We shall prove that
uef(x) +U, which implies that ue f(x). Let:

§
Gy = f(x) + U 5 - .
C{f(z))
Since the mapping f is upper semicontinuous there exigts £ >0
so that £(V.(x))ES G, , where Vg(x) ={zlze3z, ||2-x|| ;< £} . As
in |6] it follows from 1lim e_ =0 and lim x = x that there
k+oo nk k+wo Enk

exists a natural number n, such that for k_>_no we have that

xenk’ievg(x), for every i€ {1,2,...,n(enk)} and the follow1lng
implication:
(3) wen ’i(xen ,i) >0 = yen 'ief(x(_:n ,i)Cf(VE(x))CG:S

k k k k

Since the set f(Z) satisfies the Zima condition it follows ea-
sily that:

co(U 6. n (£(2) —»f(Z)))gUds .
C(£(2))
Since u, = fe (xe ), for every ke N , from the definition
k ny, n,

of the mapping fEn it follows that:
k
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(
(4) S NC P Lt S

unk = ) We g (x 'i)ye i for every k>n .
n, n n,
i:we ’ 1(xe :i)>o
and so: k
a € £f(x) + co(U (f(2)-£(Z))Y)cf(x) + v, .
n, 8 §
C(f(2))
since Gd =f(x) + U 5 and the set f(x) is convex.
C{£(2))
From the relation unke f(x) +U<5’ for every kzno it fo-

llows that ue f(x) +ﬁa which completes the proof.

If X=Y, K=2, p=Id|/% and X is a normed space from The-
orem 2 we obtain the fixed point theorem from [6].

3. Now, we shall prove a Corollary from Theorem 2. First,
we shall give the definition of the generalized contraction
|71.

DEFINITION 2. Let (X,d) be a metric space and T:X +X.
The mapping T : X +X 78 a generalized contraction 1f and only
if:
d(Tx,Ty) <Ll(r,s}d{x,y), for every x,y € X such that
r <d(x,y) <s, where the function L is defined for every (r,s)e
€ (0,°) such that r<s and L(r,s) <1.

[ ]
If X is complete, then a generalized contraction T:X +X

has one and only fixed point x.
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COROLLARY 1. rLet (X,] HI) and (Y, || ! ;) be paranor-
med spaces , X be completeZ be a compact and convex subset of
X,K be a compact and convex subset of Y, £ be an upper semi-
continuous mapping from Z into R(K), p:K-*Kl (KlEX) be a con-
tinuous mapping and T : Z+K2(K25X) be a generalized contrac-

tion go that the following conditions are satisfied:

(i) The sets T(Z) +p(co £(Z)) and €(2) satisfy the Zima
condition, and TZ +p(co £(z)) SZ.

(ii) The set (1d-T) ' p(Zo €(z)) is bounded.

Then there exists X €2 such that x€Tx+p(f(x)).

Proof. Since T(Z) +p(co £(Z)) <% and T is a ge-
neralized contraction for every y ep(& £(Z)) there exists Rye€Z
such that Ry =TRy +y. Let us prove that the mapping R: p (cof (z) )~

cp(co £(z)) and limx =

+ Z is continuous. Suppose that {x_1I
n o

neN
=x. If, on the contrary, the mapping R is not continuous then
there exists € >0 and a sequence {nk}keNc_:N such that !!Rxnk -

- Rx|| Iza , for every keN (nkik, for every k € N). Since the

set (Id-T)—lp(E) f(Z)) is bounded there exists M>0 so that
|l Ry ”IEM' for every y ep{co f(z)). As in |2]| it follows that:

* * *
[[Rx. -Rx |l <L(e,2M) |'Rx Rx .+ Ix. -x|, -
""'n 'l - T n, - 1 n 1
k k
* -
Further since {||Rx_ - Rx ||} =!e ,2M], there exists a subse-
nk {1°'keN :
quence {x } such that:
Pk (r) TEN
*
m = lim !!Rxn - Rx ”1
r+oo k(r)

and so m <L(e,2M)m <m which is a contradiction. Let us define
the mapping g : co f£(Z) > 2 in the following way g(x) =Rp(x) ,
for every x € co £(Z). Then all the conditions of Theorem 2 are
satisfied for co f(2Z) instead of K and g instead of p. So there
exists x € 2 such that xeg(f(x)). This means that x=g(u),
where u e f(x). From x=g(u) it follows that x =Rp(u) which imp-
lies that:
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x =Rp(u) =TRp(u) +p(u) =Tx +p(u}, ue f(x) and so:

X € Tx +pf(x) .

REMARK: If, in Theorem 2, X and Y are complete paranormed spa-
ces, and K and Z satisfy the Zima condition it is enough to su-
ppose that Z and K are closed and convex and that the set T(Z)
is compact. Namely, in this case the set co £(z) is a compact
and convex subset of K and also the set co p((?) f(Z)) =Z. Then
we can apply Theorem 2 taking for the set K the set co f£(z) and
for the set Z the set co p(gé f(Z)). Indeed, it remains to show
that £(co p(co £(Z))) cco £(2z) since we have p{(co £(Z))g
cco plco £(2)).

From p(K) €Z it follows that co p(co £(Z))< 2
and so f(co p(co £(2))) €£(Z) co £(z).Similarly as in |1]| we

shall prove the following Corollary from Theorem 2.

COROLLARY 2.  Suppose that (X,|l ||]) and (¥,|| ||3) ave
complete paranormed spaces, Z is a closed and convex subset of
X, K is a closed and convex subset of Y, K and Z satisfy th'e
Zima conditions, £ is an upper -semicontinuous mapping from Z in-
to R(K) ,p:K=+2Z <Zs a continuous mapping and the following co-

nditions are satisfied:
(Z) There exists CS Z such that C cco p((?) £(C))

(21) For every QCZ such that: co Q=Q we have the follo-

wing implication:

co p{co £(Q)) = Q = Q s compact,

Then Fix(p-f) #¢.

Proof. Let the family F be defined in the follo-
wing way: F ={Q,0€2, Cc@Q, Q@ is closed and convex and
p(co £(Q))< 0 }. Since Z is closed and convex and p(co f(Z))E
cZ it follows that ZeF and so F #@. First, we shall prove
that:

QeF = co p(co £(Q)) eF
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Since the set <_:6p(<§) £(Q)) is closed and convex it remains to
show that Ccco p(co £(Q)) and that:

(5) p(co f£(co p(co £(Q))))=co pi{co £(0)).

From Q€ F it follows that CcQ and so f(C)g £(Q). From this we
have the following implications:

co £(Q)cco £(C) = p(cof(Q)) cp(cof(C))=>co plcof(Q))s
S co plco £(C))

and since co p(co £(C))cC we conclude that co p(co f(Q))ESC.

Let us prove relation (5). We have the followin9 impli-

cations:
Co p(Cco £(Q))gQ = f(co p(co £(0))) c£(Q) =

= co f(co f(co p(co £(Q)))gco £(Q) =

=>p(co £(co p(co £(Q))))cp(co £(Q))cco p(co £(Q))
and so from QeF it follows that co p(co £(Q)) € F. Let us deno-
te by Ko the set [ Q. Since Qe F implies that C=Q, we have

QeF

that Cg Q=Ko and so Ko is a nonempty, closed and convex
Qef

subset of Z. From p(co f(Q))cQ for every QeF it follows that

n pl(co £(Q))c n Q
Qef QeF

and so p(1 co £(Q))S N Q. Since co | A,cqn_ coa
QeF QeF i€l i€l 1

where Ai e K, for every ie I we have that:
p( N co £(Q))2pl(co n _ £(Q))
Qef QefF
which implies that:
p(co £( n Q) cplco n_ £(@)c n_ ©Q
QeF : QeF Oef

and so it follows that p(co £(K ))S K, . Since K_ is closed,
: co [t e F
convex, Ko; C and p(co f(KoJ-)_: Ko we conclud that Ko € and

so co p(co £(K,)) e F . Further K = nF Q and so Kogc_op(g'of(Ko)).
Qe
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Since, on the other hand, p(co f(Ko))g:_Ko implies that EBp(EE

f(K))) K  we conclude that KO=EB p(co £(K,)). From (ii) it fo-

llows that the set Ko is a compact subset of Z. Now, we can

apply Theorem 2 taking for the set Z the set Ko’ for the set K

the set co £(K), £ is f|K  and p is p|co £(K ). Since the ma-

pping p} co £(K ) maps co £(K ) into the set K  all the conditi-

ons of Theorem 2 are satisfied and so there exists xés Ko such
t € .
tha X p(f(xo))
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REZIME

UOPSTENJE TEOREME KAKUTANIJA O NEPOKRETNOJ TACKI
U PARANORMIRANIM PROSTORIMA

U ovom radu dokazana je sledeéa teorema.

TEOREMA . Neka su (X,|]| ][;) i (Y, || I];) paranormira-
ni prostori, Z je kompaktan i konveksan podskup od X , K je kom-
paktan © konveksan podskup od ¥ , £ je od gore poluneprekidno
preslikavanje 2 u R(K) 7 p : K+ 2 je neprekidno preslikavanje.
Ako £(2) © p(co £ (2)) zadovoljavaju Zimin uslov tada postoji
x €zl tako da je X, ep(f(xo)).



