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1. K.Yano |6! introduced the notionof .an f-structure on a C ma-
nifold N as a tensor field f of type (1,1) and rank 2m (2m<n=dimN)
satisfying f3 +f =0, the existence of which is equivalent to a
reduction of the structural group of the tangent bundle to the
group Gl (m,C) xGl1(n-2m,R). A manifold N with an f-structure is
called an f-manifold. Almost complex (2m=n) and almost conta-
ct (2m=n - 1) structures are well-known examples of f-structu-
res.

Let N be an n-dimensional manifold with an f-structure
of rank 2m. If there exists on N vector fields Ea’ a=1l,...,n-2m,
such that if n, are dual l-forms, then
(1) n_ (&

o B) - 6&8
2

(2) £9=-TI+E n®E

we say that the f-structure has complemented frames. As an imme-

diate consequence of (1) and (2), we obtain

f(«Ea) =0
£f =0
ndo
On a manifold N the existence of an f-structure with complemen-
ted frames is equivalent to a reduction of the structural group

of the tangent bundle to the group Gl (m,C) XE _om

denotes (n-2m) x (n-2m) unit matrix (seel4]).

, Where En-—2m
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The purpose of this paper is to consider affine conne-

xions in f-manifolds.

2. Let N be an n-dimensional manifold of class C~ with
an f-structure of rank 2m. Then the structural group of the tam
gent bundle can be reduced to the group G1(m,C) x Gl (n-2m,R) ,and
conversely.

Let (fB(N), G1(m,C) xGl(n-2m,R),N) be the principal bun-
dle of adapted frames of f-structure on N, i.e. the principal
bundle of frames with respect to whic¢h f has components

0 E 0
m
(3) f = -E 0 0
0 0
where Em denotes mxm unit matrix. With respect to every co-

nnexion on the bundle fB(N) the tensor field f is parallel.
Indeed, let v : B)pﬂ + N be a curve of class ¢” on the manifold
N, and let ; be a horizontal 1lift of y in the bundle fB(N) with

respect to the given connexion. If we denote ;(0) =(y(0),u1(0),
...,un(O)) and Y (t) =(Y(t),ul(t),...,un(t)), where (ul(O),...
. un(O)) and (ul(t),...,un(t)) are any frames from fB(N) at
points Y (0) and Y (t) respectively, then it is obvious that
components of f with respect to frames (ul(O),...,un(O)) and
(ul(t),...,un(t)) are equal and given by (3), which means that

tensor field f is parallel along the curve Y.

If H” is a connexion on fB(N), then it can be extended
to a connexion H on B(N) by the right action of the group Gl (n,R)
(B(N) is . bundle of basses of N). Hence, H gives rise to a pa-
rallel translation along curves in N, Further, it is clear that
with respect to this parallel translation, the tensor field £
is parallel. Indeed, let we have parallel translation along a
curve y. We may choose a horizontal liftY of Yso that ¥ (0) € £B(N).
Then we have y< fB(N), which follows from the definition of the

connexion H.
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Conversely, if H is a connexion on B(N), such that the
tensor field f is parallel with respect to H, then H comes
from a connexion H” on £fB(N) in the above manner. Indeed, let
b-=(m,u1,...,um) € fB(N) and let ? be a horizontal curve in B(N)
passing through b. Then every point on Y must belong to £fB(N),
since f is parallel along the curve Y= ToY (T is the projection
B(N) »N), by assumption. Therefore HbC:Tb(fB(N)), so we may de-
fine H” by Hk;=Hb .

Thus we have

THEOREM 1. For an affine connexion H on a manifold N

with f-struecture, the following conditions are equivalent:

(a) H is the extension of a connexion of fB(N)

(b) The tensor field f is parallel with respect to H .

An affine connexion on N is said to be an f-connexion,
if it satisfies any one ‘(and hence both) of the conditions. abo-

ve.

From the general theory of connexions (see |1|) we know
thet every principal bundle (P, G, N), with N paracompact, admi-
ts a connexion. This means that every paracompact manifold N

with an f-structure, admits an f-connecion.

Let the f-structure on N have complemented frames. Then
the structural group of the tangent bundle can be reduced to the

group Gl(m,C) XE and conversely.

n-2m’
Let ((f,ga,na)B(N), Gl(m,C):{En_zm,N) be the principal
bundle of adapted frames of f-structure with complemented fra-

mes on N, i.e. the principal bundle of frames with respect to

which f has components (3), while nOt and ga have components
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: }
0 2m
o]
na = (O,...,0,0,.&.l,...o,) Ea= : .
2m %
o]

L. -
It is obvious, that the tensor field f,vector fields Ea and 1-
forms n, are parallel with respect to every connexion in the
bundle (f,ga,na)B(N)-

The proof of the following theorem is analogous to that
of Theorem 1.

THEOREM 2. For an affine conmexion H on a manifold N
with f-gtructure with complemented frames, the following condi-

tions are equivalent:
a) H 28 the extemsion of a connexion of (f,Ea,na)B(N)

b) The tensor field f, vector fields Qxand 1-forms n,
are parallel with respect to H.

An affine connexion on N 18 said to be an (f,Ea,nai -
conexion, 1f it satisfies any one (and hence both) of the con-

ditione above.

As a consequence of the above theorem, we have that eve-
ry paracompact manifold N with an f-structure with complemented

frames, admits an (f,ga,na) -connexion.

We shall now prove the existence of a connexion of a mo-

re special type.

THEOREM 3. Every manifold N with an f-structure with
complemented frames admits an (f,Ea,na) -connexion such that

its torgion T is given by
4T(X,Y) =4 I dn (X, V)€, - L n ([, £] (X, ¥))E, +

+ [E ] (X + Zon (XE LY + Zn (DE)
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where [f,f] is the Nijenhuis torsion of f, and X,Y € X¥(N) (X (N)
18 the set of all vector fields of class c” on NJ.

Proof. Consider an arbitrary symmetric affine con-
nexion on N (if N is paracompact, such a connexion exists) with
covariant differentiation B. Let V be the covariant differention
with respect to a desired (f’Ea’na) -connexion, and let X,Y ¢ X(N)
Then

nga =0, for any a
Vxna =0, for any o
(4) VXf = 0.

From (4) we obtain
(5) VX(fY) = fVXY .
It may be written
(6) VY = BY - H(X,Y)
where H is a tensor field of type (1,2). Now we have
(7) H(X,EG) = BXEG
(8) na(H(X,Y)) = na(BxY) - Xna(Y).
From (5) and (6) we obtain
H(X,fY) - fH(X,Y) = Bx(fY) - foY
After applying f to this equation and to ¥, we obtain
2

FH(X,£2Y) - £2H(X,fY) = fo(sz) - £°B, (£Y) .

Since by applying f to this equation and to Y again we have the
same equation, the general solution of this equation is given by

AFH (X, £°Y) = 2fBX(f2Y) - 2fZBx(fY) - FW(X,£Y) + £2W(X, £2Y) ,
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where W is a tensor field of type (1,2). From this equation af-
ter applying f, and from (2),(7) and (8), we obtain

- - _ 2
4H (X,Y) —4za (na(BXY) Xna(Y))Ea 4 Za”a(Y)f Bxga +
2 2 2
+ 2f (Bxf) (£Y) - £°W(X,fY) - £W(X,£f°Y).
Let W be defined by

W(X,¥) = (B,f)X~Z n (X)Bg.E .
Then we have
4T(X,Y) = 4V, Y - 47 X - 4TX,Y]
= 4B,Y - 4B X - 4[X,Y] - 4H(X,Y) +4H(Y,X)
= -4z (n, (BY) -Xn_(¥))E_ +45 n (¥)EB, Ey-
- 262 (ByE) (£Y) + £2 (B )X - n (X)E°B,2 . +

+ f(Bf2Yf)X-+Zana(X)fB +

nga
2
+ 4L (n (ByX) = ¥n (X))g -4I n (X)EByE +
2 2 2
+ 287 (Byf) (£X) - £7 (B £)Y + 2 n (Y)E"BeoyE -

- £ (szxf)Y - Zana (Y)foan

2
= 4Zadna(X,Y)Ea +4Zana(Y)f BXEa
2

2 2
- - £ -
4Zana(x)f BYEOL 2f BX(.. Y)

2 2
- 2fBX(fY) +2f BY(f_x) +2fBY(fX) +

2 N
+ 7B (£X) + B X + fozY(f)x)

2. 2 ' * .
- £ BfZYX - f fo(fY) —foXY-fozx(fY) +
2 ; 2 :
+ -
+ £Be Y I N (XE7B, £
2
- =+ ‘ . —_
Zana(x)f BanB(Y)ggga Zana(X)foYEu

i

2 2 -
E NG (YIVETBE +2 n, (0f BanB(X)EBEﬁX

Zana'(Y)foX Sa

Since it may be written
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D
tn

2

-2f Bx(f2Y) = 2f2

2
BXY 2f BX(Zana(Y)Ea)
_ 2 _ 2
= 2f BXY 2Zu”u (Y) £ BX ga

2 200 .2 2
2£°B, (£°%) = -2£B X+ 25 n (X)E7BE

we have

2 2
4Zadno. (X’Y)Ea + Zcxna (Y)f BXEG. - Zanu (X)f BYE(}, +
2

4T (X,Y)

il

2 2
+ 2£°B Y - 2£°B X - 2f X(fY) + 2B (£X) - £"[£X,£Y]+

X Y

+ fB.,X~- fB

fy £
2

x¥ = £By (£X) + I n, (V) £B (£X) +
2
+ f BYX-Zdna(Y)f B

Eax + £BL (£Y) -
2 oy £2
= L0, (X)EBg (£Y) - £7B .Y +1 n (X)£"Bg Y +

2
+ I Ean, (XIng (VE° (Bg &, ~Brgl ) +

* zana (x) foYEa - Zana (¥) foXE(x
2 -
= 4z dn (X,Y)E +Iong (VIET[X,E ] +
2 - -
[ - -
+rn, (0E°E Y] ZBHB(Y)f[fX,EB—J
2
- I ng (XVE[E LEY] +Z Ten  (XIng (V) E7[E sE.] -
- fz[fx,fY:] +f2[x,yj - £[X,fY] - £[£X,Y] =
= 4z an_(x,¥)g_ - £2 ([£X,£Y] - £[%,6¥] - £¥x,¥] +
+ £200Y]) 410 (0 [£,8] (Xgg) +
+ I N, O EE](E,Y) +E 20 (X)Ing (V) [£,£] (£ ,&0)
- - £271% £
= 4L dn (X,¥)E -f [£,£] (X,Y) +
+ [E ] Kzgng (g + [£, 62 n (XIE,¥) +

+ [E ] (B0, (XE,,Zgng (E,) =

B"g
- - M

4z dn (X, Y)E zana(_f,f] (X, Y))g  +
+ ] (XY +2gng (V) Eg) +[E, £l (2 n (X)E ¥ +
*Igng(NEg) =

= 4z an (x,Y)& -ZI n ([£,£]x,))E +

+

[F, 8] (X+I n (X)E , ¥ +Igng(Y)Ep)
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Now we can prove the next theorem.

THEOREM 4. A manifold N with an f-structure with com-
plemented frames admits a symmetric (f,ga,na)-connexion, 1f and
only 1f
(9) (£,£] =0
(10) (£,£] + £ dn @€ =0

(If an f-structure with complemented frames satisfies (10), we

say it 18 normal).

Proof. (9) and.(lO) imply dna =0, so that Theorem
4 is a special case of Theorem 3, i.e. the (f,ga,na) -connexion

from Theorem 3 has the torsion T=0.

Assume that N admits a symmetric (f,Ea,nu) —-connexion
and denote its covariant differentiation by V. Then, for some
X,Y e ¥(N), we obtain

(£, £] (x,¥) = [EX,£Y] - £[£X,Y] - £[X, £¥] + £2[X, V]

VfX(fY) - VfY(fX) - foXY+fVY(fX) -

2 2
X+ f VXY—f VYX

fo(fY) + fva

(vfxf)y— (Vfo)X+f(\7Yf)X- f(vxf)y =0

dn, (X,¥Y) =xn_(¥Y) -¥n_(X) -n_([X,¥])
- - - N -
dn, (EgrE ) =Egn (E) =& n (E5) “a(‘f’B’F’Y])
= - =0
na(VEBF’Y VgYEB)
_ 2 - (- 2 _ _ 2 _ e 2 *
ang (-£°%,£. ) = (~£°X) n (£) = £ n i X -g (=% D
= —na(V_fzxiY-VgY (-£7X))

= mng (Vg (£(£X)))
N (Vg £) (£X)) = n (£(Vg, (£X))) = 0
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dna(-fzx,-sz)

2 2 2 2
(-f x)na(—f Y) - (£ Y)na(—f X) -

n, (F£2x, -£%4]) =

= -n ([E(£x), £(£Y)])

= -n (£ [:fzx,fY] +f[fx,f2yj - £? (£x,£fY] +
+ [£,£] (£X,£Y)) =0

2

For any X € ¥(N) we have X=-f X+Zana(x)5§a, so that we have
dna(X,Y) =0 for any X,Y e ¥X(N).

THEOREM 5. Let N be a manifold with an f-structure.
Then the torsion T and the curvature R of an f-connexion sati-
sfy the following Zdentities:
(1)~ T(fX,fY) - £fT(£fX, Y¥) - £T(X,£fY) +f2T(X,Y) =

= _rl_-frf] (XIY) ’

(2)” R(X,Y) O f = £ OR(X,Y) ,

where X,YE€ X(N) . If the f-structure has complemented frames,
then the torsion T and the curvature R of an (f,ga,na)-connem—

Zon satisfy some more identities:

(3) naoT =d
(4)° R(X,Y)EOL =90
(5)° nuoR(X,Y) =0
where X,Y€ %¥(N).
Proof. Let X,Y,Z2 € ¥(N). Then we have

(1) Follows from T(X,Y) =V Y = VX - x,v]
(2)” Follows from R(X,Y)2 = V.V, 2=V V.2 —V[X,sz
. _ - —n (D3 -
(3)7 (n, 0T (X,¥) =n_(9,¥) =n_ (V%) -n_ ([X,¥]) r_Vx;h(Y’
- Ugn, (X)) -n ([X,¥]) = Xn_(¥) -¥n (X) -n ([X,¥]) =

= dna(X,Y)
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(4)~ R(X’Y)ga = vaYga - vaxga - v[},Y]ga =0
(5) ° (”a o R(X,Y))Z = ”a(vxvyz) —na(vyvxz) -nu(v [x,y]z)
= VXVYna(Z) 'vax”a(Z) - v[ﬁ.iinu(Z)
= - - Ix. vl =
X(Yna(Z)) Y(Xna(Z)) '-X’Y=”a(Z) 0
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REZIME
KONEKSIJE f-MNOGOSTRUKOSTT

U ovom radu se razmatraju afine koneksije na mnogostru-
kostima sa f-strukturom, kao i na mnogostrukostima sa globalno
generisanom f-strukturom. Prva teorema daje potreban i dovoljan
uslov da afina koneksija na mnogostrukosti sa f-strukturom bude
f-koneksija (tj. u odnosu na koju je tenzorsko polje f paralel-
no) . Druga teorema daje potreban i dovoljan uslov da afina ko-
neksija na mnogostrukosti sa globalno generisanom f-strukturom

bude (f,gu,nu)—koneksija (tj. koneksija u odnosu na koju su,
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pored tenzorskog polja f, paralelna i vektorska polja Ea’ i po-
lja 1-formi na). U tredoj teoremi se pokazuje da svaka mnogo-
strukost sa globalnom f-strukturom dopusta (f,Ea,na)—koneksiju
sa tenzorom torzije koji zavisi od same strukture. U &etvrtoj
teoremi se daje potreban i dovoljan uslov da mnogostrukost sa
globalno generisanom f-strukturom dopuita simetridnu (f,Ea,na)-
koneksiju. U peto] teoremi se daju neke osobine tenzora torzi-
je i tenzora krivine neke f-koneksije na mnocostrukosti, odno-
sno (f,Ea,na)—koneksije na mnogostrukosti sa globalno generisa-

nom f-strukturom.



