Zborntik radova Prirodno-matematidkog fakulteta-Univerzitet u Novom Sadu
knjiga 11 (1981)
Review of Research Faculty of Setence-University of Novi Sad, Volume 11(1981)

CONNECTIONS BETWEEN THE DQUBLE ALTERNATED ABSOLUTE DIFFERENTIAL
OF CURVATURE TENSORS OF THE FINSLER SPACE AND INDUCED CURVATURE
TENSORS OF ITS SUBSPACE

Irena Comid

Fakultet tehnidkih nauka. Institut za primenjene osnovne

diseipline, 21000 Novi Sad, ul. Veljka Viahovida 3, Jugoslavija

1. INTRODUCTIQN

The subspace Fm of a Finsler space Fn is given by the
equations:
i i, 1 2 m Lo
x =x"(u,u,...,u) i,j,k,,... =1,2,...,n,
if the rank of the matrix
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is assumed to be m. To every vector u , which is tangent to Fm’

may be associated a vector x% in the following way:

At every point F of Fm there are n-m linearly indepen-

dent vectors
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Ni HsVeT,p,¥Y = n-m+l,...,n

which satisfy the relations of |1}
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If D and A are absolute differentials which correspond
to the motion from (uB,ﬁB) to (uB+duB,ﬁ+dﬁB) and (uB+duB,ﬁB+éﬁB)
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in the subspace Fof a Finsler space F then as in 12]* we have
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H v M

(1.2)  [ao]nt
u

1

2
o Y B Y g6 rpeBreY
(1.3) @ [auPsuY]+ P Yl:du 8]+ 3 8, BY[D!L 22Y)

2 2 2
5 M 1 -u B 1 SV 15,87
(1.4) a,"(@,8) =3 R [aufsuY]+ B, gy [du 82Y]+5 s, gy (D2 2eY]

a O-BY
(1.5) @, =-18,
2 2
5 Vv LRV T Y v B oY1+ l5 vV 50BR0Y
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For the arbitrary vector field £ defined on the subspa-
ce F, of the Funsler space Fn we have

i _ ia i ,u
(1.7) £ =B E + N €
It is known that
(1.8) [aplet =1 r. 1 eIraxlex®)ep.t  eI[ax"ask]+
. z By hk i hk
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On the other hand
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2 22

%) One can easejyconclude what the tensors R P s are from
(2.1), (29°),(2.18) and (2.19),(2,27),(2. 33) in 121 . They
are explicitly defined in |3] .
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Substituting (1.9), (1.10) into (1.8)and 71.1)-(l.6)into (1.11) we
get two relations for [AD]gl. Equating the coefficients of bi-
vectors '

[_'duB 6uY],[duBZ\RY] and [5RBZ\JLY], neglecting inifini-

tesimals of a higher order, we obtain the relations:
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Using (1,7) and putting £“=0,then ga-=0 in (1.12), (1.13) and
(1.14) we get
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. . 2 .

hk S € i = v i

1.2 oo N =g ! + N
(1.20) SJ hk, BBY Su ByBe ,Su BY

The’ curvature tensors R, g, S of the Finsler space Fn

and induced curvature tensors R, P, 5 of its subspace F are
connected by the relations (1.15)-(1.20).

2. DOUBLE ALTERNATED ABSOLUTE DIFFERENTIALS OF CURVATURE
TENSORS 1IN Fn

If D and D2 are the absolute differentials which co-
rrespond to. the motion from (uf ,u By to (uP d,u B, uP+a U@ and
(u6+dzu A B+d2u B) in the subspace F_ of the Finsler space

Fo then we have from (1.15)-(1.20), using (1.1), (1.2) and
(2.1) i = 51“ 'NC,
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+
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+
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+ [Dlnz]s. KB HhH + ]hk(g By +
§_h
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R R R v Ey
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i j  hk i = & 7] = v _j,hk
2.7 [p, Dz]Sj nk N0 By * S5 nx(@,°B3 + 8 NBgy +
i j,= é_h v”h k i jgx = §_k v k., _
+ S. N (R, B, + Q B + S. N Q "B, +9_ N =
2Jehku (%g Bs B Y ) ; j nk) Bg (¥ Bs )
_z §_1i v i = ¥ = & 1 = v i
= Su BY(QEBG+95§)+Su BY(QTB6+Q‘!’§)

In formulas (2.2)-(7.2)
Q = Q(dz, d])

for all indices of { .

3. A SPECIAL CASE

If the space and its subspace are Riemannian, then from
(2.2), (2.3) we obtain (in case the Riemannian space tensors P
and S are zero)
D jhk
(3.1) ZJRJ nkBagy * Ry
i §_h

5 hk a(Q B, + Q

+ R. S 8

: i yighk i 5 8.7 L 5 vdyuhk
. . N + R, B + NI)B," +
(3.2) [DIDZJRJ Bgy * Ry nk (%, By * 9 N )Bg,

i = 8 k

+ R (Q B g

In the two above formulas
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2, =y -
R = R + O [
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2

Su _ =z =V = U
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5V =z Vv T & T Vv
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wey - Rugy *Aufe Mgyl
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_ —_ €
o BY a[YTIGIB] * T B Tl v

f{ocuBY = Oy GIG!B] * I10{3 élKTY]
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®vg = Jir gr(Bi + Fjik aB)

- Y

;\qu =Ny (BYE Iy kEJBY)

P
Multiplying (3.1) and (3.2) with BE and Ni we obtain

] ] BY
(3.3) ([p 132]Rj hk)lexm1 BY + Ry hk(n B<s + n 51 )13BY Tt

+ Ry th(inK (@ qsh+Qth)B]Y<+RJ thjiBB(Q$B§+Q Nk) =
= gaEBy §€K + ﬁauBy ﬁuK
(3.4) ([DlDz:IRjihk)Bg r%i BEIY( + Rjihk(ﬁa‘sla_g + ﬁavgj)ﬁiBgl; +
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2 2
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u By "€ H By "V
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Let us define the tensors

2 2

= e i < ,hk = M i j¥ _hk
Ra By j hk aBlBBY Ra By j thaNlBBY
2 . 2

5 K - i j X hk = K - Jok kok
Ru By Rj hkN i BY Ra uy j thaBlﬁ BY
2 2 .

(3.7) £ » _ Kl K Sw _ i j hk
Ry gu = B thC!BlBBIJ Ry gy = By nkl ﬁlBB‘Y
2 . 2 u . u
s u - i 5] =+ i J h k
Ra vy 3 hk aﬁll\‘j Y Rogy®y nkPaMitgl
2 2 .

S v . j Nh k S v _ i j¥ _h_k
R = . N = R, N“N.B
u ¥y j h u 1y By Ru BY 3 hku i 3§

Some of these tensors appear in (1.5) and (1.6) and for
the Riemannian space and subspace are the same as those (above)

defined.

Now (3.3) - (3.6) have the from

i jK hk _
(3.8) ([D1D2]Rj nk'Bai Bgy =
2 2 2 2
=S g©k_ 5Y_.®5x g75b6grx 3t
- Ra BY 96 RG BY Qa Ra Sy QB Ra B3 Qy +
2 H 3 K 2 K 5 H 2 5 M 2 v def 2
- "Hop K _R K O aed D.IR ¥
* Rq BY Qu Ru By 2y "Ry uy QB Ry Bu Qy I:!_)lDZ-*Roz By
i j¥ _hk _
(3.9) ([Dlnzjnj hk)BaNJ.BBY =
2 2 2
_ =8 5 V_Z Vv = 86_Z B 5 6 = v =
- Rq By QG RG By Qa Ra Sy QB o BS QYG +
2 2 2 v ) 2
U 5 V_E P 5 H_E V S M_ % 5 u def =93V
- Q - R = D R
* Ry By "H u By Bo "Ry Bu 'y o Bu Qy Dy ] o BY
. r 1 J pe pghk _
(3.10) (LD1D24R hk)ﬂ BY BBY =
2 2 2 2
= 8 SK_Z K =8 = = 8§ = _ - §
= R -R - K - K
u By fg § By Qu Ru Sy QB Ru BS QY *
2\’“ 2K‘V2K-V2K—\)def 2 ¢
+ R Q K-R -R - der 3 5§ 1R
N BY v v BYQM H vy B Ru SVQY 3] 24Ru By °
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i i ¥y hk _
(3.11) ([DlDlej kr: Ny By
2 2 2 2
= 8§ =V = v § =v =28 = = §
= §.” - R - Q.° - R Q
RUBY5 6BYu RudYB uBéY
2 Y =v 2 v = ¥ 2 v =Y 2 v Y def
+ R 2, - R Q' -R Q. - R =
v BYy'Y ¥ By M uYY'B uB‘l’Y

In the Riemannian space the double alternated differentials of
the curvature tensor of the space and its subspace are connec-
ted by (3.8)-(3.11).

4.  RECURRENT RIEMANNIAN SPACE OF THE SECOND ORDER

If the surrounding Riemannian space has the property

i .
R. = a R.
j hklpla pq J hk

(4.1)
then from
- g 1 p q

it follows that

K i _1 - i g P Q-
(4.2) ]_D1D2]Rj hk 2(apq aqp)Rj hk b X7, d, X 1=

i p q
RiTpx [px™,d;x7]

b
pq
where bpq is the second order antisymmetric covariant tensor
1
b =35 (a - a
pq 2 (pq qp)
In this case (3.8) becomes

2 .
= = s K j khk
(4.3) [D,D,] R, By = |d xP ,d, % 91 RJ nk By 18y
Denoting
= a xP q]
K bpq [dzx ;o dox |



186 Irena Comié

we have for (4.3)

(4.4) [BB]lgzK = kr,t 3Bk _ gR ¥
: 1724 Tg By 5 hk "o BY a By

I

In a similar manner (3.9), (3.10) and (3.11) become in

this case

(4.5) [5,5,] %GVBY =:<§m"BY
- = . 2k 2

(4.6) (5,b,] R gy =KR o
- -4 2 2,

(4.7) [Dlozj R gy “KR Vg

From the above we can conclude.

If in the Riemannian space the curvature tensor R has

2 v
. t R K
;he progerty (4.1) then the curvature tensor ¢ By’ Ra By’
R R ¥V defined by (3.7) have the property (4.4)-(4.7) ,

u By’ “u By
where the left hand side of these formulas are defined by (3.8)-

-(3.11).
The formulas (4.4)-(4.7) are valid if instead of con-
dition (4.1) we have the weaker condition

i

. i _
(4.8) (DD, ]Rj nk = KRk

From (4.1) follows (4.8) for every motion dle, d2xq ,

but from (4.8) only (4.2) follows.
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REZIME

VEZA TZMEDJU DUPLOG ALTERNIRANCG APSCLUTNOG DIFERENCIJALA

TENZORA KRIVINE FINSLERQVOG FROSTOPA I INDUKOVANIH KRIVINA
PODPROSTORA

U uvodu su date formule (1.15)-(1.20) koje povezuju
tenzore krivi na prostoru Fn i potprostora Fm. U 2. su date ve-
ze izmedju duploc alterniranog apsolutnog diferencijala ovih
tenzora Xrivina. Te formule se upro$cuju za Riemannov prostor,
$to je odredjeno u 3. U 4., je isgpitivan 2 - rekurentni Riema -
nnov prostor i njegov potprostor. Tada vaZe formule (4.4) -
(4.7).



