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1. INTRODUCTICN

The basic objects of spaces defined and investigate by
T.Otsuki |1] are as follows: a tensor field P of the type (1,1)
A i :

(det(P;) #0) and the coefficients ’ij and "Fjlk of the connec-

tions T and "I respectivey . These connections are the contra-
variant respective covariant part of the reqular general conne-
ction ' , i.e. T is the ordinary affine connection with the help
of which is defined the covariant derivative of a contravariant
vector:

i (gg_ + T2

k

VS)Pl ;
a
ax

sk
"T is the ordinary affine connection with help of which is de-

fined the covariant derivative of a covariant vector:

3V

a ] a
Dv., = (—g - "I_, v )P, ,
k'3 5 x ak's’"j
while for the tensor Vﬁt for example, we have:
ava
i bec Y- | S _wpS A _ 4pS8 A i b_c
Dyvye = ¢ . Tsk Vbe ™ "TbkVse™ Tek'bs’FaPife -

The connections T and "I' are not independent; they sa-

tisfy the condition

BP% i a a i
(1.1) —%+"rkp. - 13, P, = 0.
ax ak ] jx a

This cindition is equivalent with
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DkQ:| =0,
where Q==P_l , 1.e.
1.2 pl oS - pS ol = 61 |
¢ ) J QJ J QS J

The Weyl-Otsuki space (W-—On -space) is defined and in-
vestigated by A.Modr (2], !3]). This is an Otsuki space end-
owed with a symmetric positive definite metric tensor 954
(det(gij) #0), and a recurrence vector Y such that the follow-
ing conditions are satisfied:

a) the metric tensor is recurrent, i.e.
Dkgij(x) = Yk(x)gij(x) 7

b) the covariant part "I of the regular general co-
nnection I' is symmetric; and

c) (1.3) Pij"gispj gjsPi Pji

In W—On spaces, coefficients of connection "I have the

i i i

kT TR g S(ngabQiQ2-+YkgabQ:Q? - YsgabQiQE),
where {jik} are Christoffel symbols of the second kind with res-
pest to the tensor gij' Substituting (1.4) into (1.1) we obrain
the corresponding connection °T.

In this paper we investigate some differently defined
Weyl-Otsuki spaces. In fact, we investigate the Otsuki space
where condition c¢) is satisfied, and instead of conditions a)

and b) - the following conditions are satisfied

(x) (x)m; . (x),

a’) D, g = Y 13

ij
where mij(x) is a field of symmetric tensor;

b“) the contravariant part “T of regular general connec-

tion is symmetric.
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We have considered in |4[ a special case of such W-On
spaces, namely the case Yk==0. Sime results obtained in [4] can
be generalized for the general case a”). In fact, in exactly the
same manner as in !4, we find that the regular general connec-

tion satisfying a“), b”) and c) has the form

: m

R T § 1 S - _ P
(1.5) rjk = Tjk + 5 (Yq ka Q Yi pqO A thka O )
(1.6) -ri o pi oLl st oodot L QpQ - y.m_ AP Q )

’ jk jk 2 g jk”"s*t K"pj YiTpks <t

where

m, . . o . @ .

wmil i o i a _ 2 ai _ 1 ai q
(1.7) ij = {j k} + V[_apk:JQj v[apka gjl v[apq-]Q Plej

is the metric connection, i.e. the connection with respect to

which

De9;5 = 0o

o)
while Vk denotes the ordinary covariant derivative with respect
i
to {J k} ’
i si i sa i

Q%" =03¢°" = 0,¢°% = 0™,

and
m, i
- pi p2 _ at 1 _
(1.8) ij = {J } o+ V (kP 3) %, [? k.:’Q QP i1
o 1 .at 1
- VranJQ Qt k1l

Connection (1.8) is not a metric connection; it is only
the connection satisfying, together with (1.7), condition (1.1).

We say that space satisfying conditions a”), b~”) and
c) is a Weyl-Otsuki space of the second kind if mij =Pij' In
the case mij =PiaP? , we »say that the considered space is a Weyl-Ctsu
ki space of the third kind.

In section 2 we investigate W—On spaces of the second
kind, and in section 3 - W-On spaces of the third kind. In this
last section (i.e. in section 3), we generalize some other re-

sults obtained in [4].
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2. WEYL-OTSUKI SPACES OF THE SECOND KIND

In this case mij =giaP§, and connection (1.5) has the
form
. m, .
”" 1 = " 1 l
Tk = "Tyx * Hix
where
i _ _1 i i. _ 1 5 = a zi_, ,ai
(2.1) ij = 2(Yij+6ij Y gkj), Yj Yan, Yo =Y9 7.
m
In this section we denote: by V the ordinarm covariant

derivative with rescpect to the metric connection " I‘;‘k (i.e.

with respect to connection (1.7), by "R the curvature tensor of
m

the connection "I' and by R - the curvature tensor of the metric

m
connection "T i.e.:

wpd = 3 wpl _ o wnd npS wni _u wpd
R k3 Fyn Trj ] Ty * Trj Tsk ™ Trk Tsj ?
m m ms m m. m m.
Rik = ak "y - 9 lllﬂlk + ul-.S .ul-.lk - ul-sknl-l. .
r J 3% rj x—J r rj s r s]

It is ease to see that

. m m ., m . .
i _pt o sv et -v.pl o swS. gl gS ol

" -—
Rrkj rkj k'rj jrk rj sk Hrk Hsj

m
Taking into account (2.1) and the fact that "I is a me-

tric connection, we obtain
m 1 m 1 m 1 m
= = - + = . -=
Rirks = Rirks "2k " V%739 v 7 5% 72 V30

1 m 1 m 1 m m
“ 2 933% e *3 Jik"5r *7 I9r'kYi "7 Ike¥yi
(2.2) = "(Y Y 0 rIix = Y5 Y'Qrk YkYrQ =Yy Y le ir
- YkY QrglJ YkY {9 ]YrQik-FY .Y legkr)

1 (55 7 3P+
+ 7 (V.7 391k T 95291k pY +¥y Ykg
- 5.5 P_g
Ye¥i9iq t
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Interchanging in (2.2) the place of the indices i and
r and that for the indices k and j and adding the obtained re-
lation to (2.2), we get

(2.3) "R, .. +"R_,., _ O m
irk] rijk = Rirkj erjk gi]ekr +
* 93x%r * I3r%1 T ket ¢
where
m
O, = V¥, * V.V - 3 Gy Y70
kr K'r 7 YrYk T 2 FkeYpY ¢
Introducing the notations
1] m i] m m
R =9 " C"Ryppey ¥ "Reggd s Ree ©9 7 gy * Reg g
m m
"R=grk "R , R=grkR

rk

and transvecting (2.3) with glJ, we find

m s
" = - - J1
(2.4) Rrk-Rrk+ (2 n)ekr gkrejig .

Transvecting (2.4) with grk, we obtain

ab _ 1
2{(1-n)

m
© ("R-R) .

ab¥

Substituting tliis into (2.4), we get

m Irk

1
-R ) ————
rk "rk’ 5 (1-n) (2-n)

m
(2.5) &} =— ("R-R) .
2-n

kr ("R

Taking into account (2.5), we express (2.3) as follows:

Rirkj * "Rrijk * 50913 Rek " 91k Rey 7 950 Rik ¥ Ier "Riy)
(2.6) + J’_ (gi'-gkr'giqu-)
(n-1) (n-2) I J
= Rirks *Rrigk T 25m 915%ek T TukRry T 93rRik T IkrRiy)

m

b ( - )
m-1 (n-2) ‘913%r ~ 91xIry’ -
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The tensor on the right-hand side of (2.6) does not de-
pend on the vector Yy Thus we have

THEQREM 1. The tensor
(] " 1 n - " " - "
Rirky ¥ "Rrijk * 52 9ik Brj " 9ij Brk *99r Rik ~ Tkr Rij)
+ "R )

—_—— (g,:9,,. 9., 9.
(n-1) (n-2) ij“kr ik?rj

does not depend on the vector field 1 st.e. Tt is the same for

all W —On spaces of the second kind.

3. WEYL - OTSUKI SPACES OF THE THIRD KIND

In this case m,. =P, P?, and connection (1.5) has the
ij ia’ j
form:
i my 1 i
. "TYo= "I o+ = + -P.. ¥
(3.1) I‘Jk ij 3 (v 6 Pkyj ijy )
where
~ a ~i _ . _ai
Yl = YaQi ’ = Yag ’

while connection (1.6) has the form

: m, . .
D L e | 1 1i_ q pd
(3.2) ij rjk 5 (kaj +yj6k Y Q Q ]a k)
Let the metric tensor gij now undergoe the conformal
transformation
- _ 20 -ij __-20 ij
gij = e gij r 9 =e g

Then the Christoffel symmbols formed with respect to the two
tensors are related as follows

SER

4 k} + 6 Uk'+6k° —gjkcl , o, = Bq 101'=gla0

1 1 a
Ix

Obviously the basic tensor P and the basic vector y are invari-

ant under conformal transformationm because these are independent
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from gij’ i.e.

=i _ i = i - _

P‘j - Pj ’ Q QJ ’ Yl - Yi
Then "f;k and -~ f;k can be expressed in the form
(3.3) S I S SRS SR <2 SRS

- jk jk 2 k'3 k'j jk ’
=i 21 1 i i q.is a
(3.4) ij = ij -3 (kaj + Yjak - YquQ PjaPk ).
o .

Denoting by V the ordinary covariant derivative with

respact to{jlk}, and taking into account that

[o] . (e} . . i
= 1 1 1 s l S
v k%P3 ~ Px° _Pkoj *95kPs9 v

we easely find

51 T i i _.a ai
" —_n -

ij = ij-+6jok-+Pkcan ijUaQ ’

m, m, . .

D=5 R § i i _ q.is a
ij = ij + 6jck + dko] chsQ PjaPk .

Substituting this into (3.3) respective (3.4), we get

: m, s 1 i 1 a _ 1 ai
(3.5) "f;k=="F;k-+6%(°k+5Yk)'*Pk(oa'*fYa)Qj ij(oa+5Ya)Q ’
. nm
w1 _ . i _ ! L
(3.6) ij- jk-+6 (o Oy 2Yk)+6 (o 5 Y )= PJa kO O (oq 2yq) .

Comparing (3.1) with (3.5), and (3.2) with (3.6), we see
that:

Under conformal transformation, each of the connections
‘T, "I ofaW -On —space of the third kind transforms into the

connection of the same Fform.

We suppose now that one of the conditions
o

i_ i,
(a) VkPj = “kPj i
© 1 3 i
i .= Tt
(B) VkPlj iij'+ﬂiji (or,equivalently, VkP:| T ij nJPk)

is satisfied.
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First, we investigate connection (3.5). Taking into

account (1.7), it is easdy to see that
" _ i + qpi _ ai
ij = {j k} snanPk ewaQ ij ’
where ¢ =+ 1 if condition (A) is satisfied, and e =-1, if con-
dition (B) is satisfied. Substituting this into (3.5), we obtain

u- i i 1 i l a
ij { } + 6 -+5 yk)-+Pk(ca-+2 ya-+ewa)Qj
; : 1 ai
(3.7) - ij(oa-+5 ya-+ena)Q R
If we put

1 = 1 a _ g
Op*3 Y =5 ¢ log +3 Ya+E"a)Qj S5 ¢

we may express (3.7) in the form

"f§k=={J W+ 5 S+ Pigj - ijéi .

Let us denote by “Rikj the curvature tensor of connec-
tion "T , and by K rkj - the curvature tensor of connection
{jik} . Then wé have

_ o o
"Rirkj = Kirkj gir(Vij - Vjsk)
+ ° - pl pPs 1 <P%
Plj(vksr + eSer - Sr A p + 3 PkrS Sp)
2= & o pPg 1 cPga
(3.8) - Pik(vjsr + esrwj - SrPJsp + 7Pjrs Sp)

o - Pz 1 ~
- Pjr(vksi + eSym = sipksp + 3P,
o . -~ p: 1 ~ ey~
. L. . PY + .S
P r(VJSi + sSan slpjsp 5 Pijs sp)

+

If we interchancge the indices 1 and r and the indices k and j and
add the obtained relation to (3.8), we get:

1l wg "y = -
7¢ Rarkj+ Rrajk) Karkj +Prk‘yja rjwka Pkawjr."PjaTkr

r
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s : ia
or, transvecting with g

1 up nn ia -
3¢ Rarkj+ Rrajk)g -
(3.9} . R
_ 1 i_ i_ i i
= Kexg *Prx¥3 ~ Pry¥e ~ Pi¥yp * Py o
where
° . = = pPa 1 g < i ai
Y,.=V.,8, +eS.n, -~S.P:8 += P,.8 ’ ¥, = Vv, .
51T V351 T €85y T 8P T PyySTSy i - T3af
Introducing the notations
" l " o . (1] ab " = r " bt * ar
R*kr 2( Rarkb Rrabk)Q ! R*k Rya 9 ’
* _,a b *r_ * ar
Ker = Kexp®a Ke = Kxa9 o
np¥ np¥* kr p = ¥ 'kr
and transvecting (3.9) with Qi , we find:
wup* — * - ji
(3.10) er = K kr + (n Z)Wkr + Pkr\yin .
. . rk
Transvecting (3.10) with Q , Wwe have
. _ .
v 09t = —— (R* - £
J 2(n-1)
Substituting this into (3.10) , we get
P
1 =% % kr =% *
¥, =—— (" =~ Ky )~ ———— ("R" - K).
kr o | kr T Kkr 2 (n-1) (n-2)
Finally, inserting this into (3.9), we obtain:
_]; np [ ia 1 ||—*i_ np*i 1,5% -
7 CRarkg ¥ "Reagi)9 * 5oz (Pry "R g~ P "RyT A RORGL
s u-R'* i i
(3.11) - pX"R* )= —— = (P_. P, -P_, P)
3 kr) (n-1) (n-2) rj "k rk 3

i 1 xi xi ix i
=Kekj * 7=z FrsKe = PrgKy * Py Kyp = PyKyy)
* s .
-— K  p.Pr-p., Pt
(n-1) (n~2) rj k rk j
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The tensor on the right-hand side of (3.11) depends on-

ly on the basic tensor PT and g, Therefore, we have

J ij”

THEOREM 2. If condition (A) or condition (B) is sati-

sfied, the tensor on the left-hand eide of (3.11) is invariant
with respect to the conformal transformation. This tensor does

not depend on the vectors Ty and Y; as well.

We are to investingate connection (3.6). Taking into

account (1.8) and condition (A), we find

Tioo g d ig -1 i, =L i
rjk = {j k} + Gj(ok 2yk-+nk)+6k(oj 2yj +nj)
_ adgis (o -1
PjaPstQ (oq 2/Yq+'ﬁq) .
Putting
1 =
Ok -3 Yk + T = Vk ’

we may re-write this connection as follows:

=S PR | i i, _ a_.qg.is
(3.12) rjk—{j k!t (sjvk+<skvj PjaPstQ vq .

Let us denote by 'iikj the curvature tensor of the co-

nnection ‘T . Then we have

. . . o o]
31 - 1 i _
Rrkj Krkj + Gr ( Vij Vij)
o
i _ 1, 1l ps a
+ csj(vkvr Vrvk-+2vlvasQ P _aPx )

N (o)
iov.v -vv.+1v.voloPsp p?)

Gk Jr rj 2 'l'p”s ra j

(3.13)

a6 © 1 m_ps a, it 1
+ PraPk ( Vle Vjvl + EVmVstQ Plan)Q Qt
o ,
_ a _ L m_ps a, . it 1
= PraPy O VeV m ViV Y 2VVp% 9 Prafk’Q O

because of

o o) .
1.ia b, _ l.i a.b, _
Vk(QthPer) = Vj(QthPrPk) =0
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and
p Panois _ 6i p PaQisol - Gi
la” j*s j ! la'k s k °

Contracting with respect to i and r, we get
o o 1

Vkvj - Vij = H R

Substituting this into (3.13) and putting
o

_ _ 1 1l ps a
®r = YKVr Vi Ve * 3 V1VstQ FraPx
we have
s 1 gizr i i - gl
Rrkj n Gr Rakj Krkj * Gj qbkr 6k¢jr
a is 1 a is 1
(3.14) PraPk¢le Qs ~ Pran¢k1Q O

Introducting the notation

=a 1 -R2
rk rka n akr

r

and contracting (3.14) for i and j, we obtain

.= _ _ t.b.p.a
Rep = Kep ¥ (=200 +P (PO QRO -
. . ) pr .k .
Transvecting this with Q Qp , we find
ba_p 1 .= pr.k pr_k
07Ty =———— ("R _Q¥TQ" - K _,0V°Q7) .
b 2(n-1) rk p rk p
Thus we have
t
p_.P
_ 1 .= rt' k = pa
¢ =—— (R_,-K ,) - ——————— (“R_, QO
kr n-2 rk rk 2(n-1) (n-2) ab

Substituting this into (3.14), we obtain

b _ pa_b
Qp KabQ Qp).
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=i 1 .i.=a 1 i.= iz t ba i.z
R,ncSR.————-((SjR 8, R, -P PO %0 R

rk k "rj rtj ak

t ba_ i.g
- pab PerPxQ O R
RapQ Cp sip bt - sip pt) -
(n-1) (n-2 jrt k krt j

aj)

-+

(3.15)
= Kr_:kj T a2 (‘S;'LKrk - ‘SlicKrj - PrtP;':QbaQ}:i)Kak
PrtPEQbaQiKaj)
+ Lfap O % Qpan (sip_ pt-sip_p%) .
(n-1) (n-2) jrt'k kirt™ 3]

+ +

In case condition (B) is satisfied, we start with (3.6),
which, putting
1 =
k "2 Yk T Tk v

can be re-written in the form

g

(3.16) A S G ster. sl-p g3iSp PP .
. ik 3k k%3 7 T3°% T ta¥s ib" k

This form is the same as (3.12). Only, in (3.12) the connection
{jlk} depends of the basic tensor gij' while here connection

PN

F;k depends of the bacic tensor gij and P; (see (1.8)). Besi-
m
des, denoting by V the ordinary covariant derivative with re-

m
spect tp ’F;k , and using condition (B), we find:

m ; . .
P i a_ i at i b .
(3.17) ij {j k} + 7 Qaij + ﬁaQ Qthij ;
° i a i a i
Vij - Qagkj - TTanGk i
m . . .
1, is _ a is 1 _ at h 1_i
(kaS)Q = —“aQsQ 6k TraQ OtQth ’

m . .
1 is, _ a is. 1 at s 1 i
0 (7 077) = 1 00 T8 + T, Q7 TQ QP
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m .
1l.is, _
V (05077) =0;
similary
m a
Vk(Pran) =0 .

Thus, proceeding with connection (3.16) in the same ma-
nner as with (3.12), we find instead of (3.15), the relation

i. 52 _ 1 is  _ii.g pt ba 1,
r akj n-2 (6j Rrk 6k Rrj rt jQ Qb ak
t_ba 1,
+ P PkQ Qb
Qpa b

+ —ap? % (sip_pf - sip_ p%) =
(n-1) (n-2) J Trt k. kirt j

1
rkj né

aj)

m, M m
_ i _ l o1 1
- Krkj n Kakj n—2(6j Krk

t ba i ™
_ + P PO Op aj)

b
K ,0F% . )
+—ab” P (sip p -6P pY)
(n-1) (n-2) Jrt k kirt j
i
where Krk' is the curvature tensor with respect to connection
m

m
_xa
(3.17) and Krk-—Krka

Therefore, we have

THEOREM 3. If cecondition (A) or condition (B) i8 satis-
fted, besides the tensor onm the left-hand side of (3.11), the

tensor

iz tba 1, t.ba.1 .o
rk ~ %%k Rpy " PrePyQ Qp Ry tPL PO, Ryy)
.= a b
apr
+—————-E(6Ptp GP P)
(n-1) (n-2)
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18 invariant with respect to the conformal transformation, too-
This tensor does not depend on the vector field Yy and 7f con-
dition (A) is satisfied it does not depend on the vector field

T, etther.
i
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REZIME

WEYL-OTSUKI-JEVI PROSTORI DRUGE I TRECE VRSTE

U ovom radu ispituje se ona opSta regularna koneksija
Otsuki-jevog prostora koja zadovoljava uslove a”) i c) i &iji
je kontravarijantni deo ‘T simetrifan. Ta je koneksija oblika
(L.5),(1.6),(1.7) 1 (1.8). Rko je, pri tom, mij=Pij'

mij=Pp P?, posmatrani prostor je Weyl-Otsuki-jev prostor (w—on-

prostor) druge odnosno trede vrste.
U§2 je dokazano da je tenzor (2.6) zajednilki za sve

odnosno

W-On -prostore druge vrste.
U§3 ispituju se konformne transformacije w—on -prostora
trede vrste. DokaZana je teorema:



Weyl-Otsuki spaces of the second and third kind 175

Ako je zadovolijen uslov (A) ili uslov (B), tenzor (3.11)
je invarijantan u odnosu na konformne transformacije. Taj ten-
zor ne ‘zavisi ni od polja vektora L i Yy -



