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In |7| and |8] some possibilities were described for de-
termining invariant intervals for positive linear operators by
means of nonstationary iterative methods. Here the application
of these results will be demonstrated for approximate solutions
of the systems of integral and linear equations. In this way im-
portant information about the equation solution can be obtained
on the basis of two iterations alone. At the same time, an acc-
eleration of the iterative procedure is achieved.

We shall first define some operators and list notations
and theorems which will be used in the present paper. The inte-
gral operator K:C(I)~>C(L), I=[a,b:[

b
(1) Ku = [ K(s,t)u(t)dt , uecC(I).
a

The restriction operator .t c(I) ~ rR"
n

i=1 ! uecC(I)

ru= {u(si)}

The prolongation operator Pn : R" > C(1)

Pn z = S, (z,s) , zeRn,

0

where SA(z,s) is a third order spline on the grid

A:a=sl<52<...<s = b

with the ordinates z, ( i=1,2,...,n).
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The operators Km and Ké approximate the operator K and
they are obtained if the integral in (1)is substituted by the New-
ton-Cotes quadrature formula.

Km’ Ké : C(I) »C(T)

2My
Ku = jzo dj(m)K(s,tj)u(tj),

where m is determihed by

Hrn(Kmu - Km_lu)]f_ic , 0>0 , is given,
2™
Ku= 1 d.(mK(s,t)ult,),
m j=o J J

where m is determined by

HK@u - Ké_lu!|_ic , 0>0 is given.

T’x = Tx + f

§2p = 2 7 Zp
sz(s) =z, + s6zk
Iz, (s,t,p,q) = [@zk(S)-ftk, sz(p)-qu]

- 2
Rk(A,B)-—Tk_lBkzk_2 +Bkzk&l+(BkAk-+Bk<+Ak)zk_2
R () =Ty By 2y p YA Z 172 )

- 2 -
ry (A,B) =2By 2, | +2B Az, +Byz _,-B f

. s 2 _
rk(A)--2Akzk_l+Akzk_2 Ak £
Hull = max Ju(t)| , uec(1)

tel

lz| = max [lz,l|, zeRr"
. 1

1<i<n

w,(f,h) = sup sup [f{x+t) - 2f(x) + £(x-t)]

lt]<h x-t,t,x+te[a, k]

B - Banach s partially ordered space,

E - identity operator.

THEOREM 1. !8

! Let the linear positive operator T be
defined in B and let for some k >2in the sequence
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= +
zn Tnzn—l £, (f,zOeB)
(2) Tnx = Tx + Py (pn € B)

the following hold:

There exist positive linear operators Ak and Bk such

that
1.1, (T_Ak)zk—ZiTnzk—Zf— (T+Bk)zk_2 (n=k-1,k)
1.2, §2p-q > (Bp¥Bizy 5 5

1.3 There exist real numbers Sy Sk such that

a) 0<Sk<sk

b) 8z -5, (8z) =82, ) > (1+2s,)A 2, _,+(1+s,)x, (A,B)

c) ECE z, )-8z, > (1+25k)Bkzk_2+(1+sk)rk(A)

Then *ne operator T  maps the interval Ixz(u,O,n,O) into itself.

Simultaneously My =8y 7, =Sk and

X = Tx + f, x_ = (n=1,2,..., )

n n-1 o k-2

In f8| it was supposed that the value of operator T
and, consequently, the sequence x can not be calculated exa-
ctly. For this reason by the sequence (2) the wider interval

(3) is to be determined.

(3) Izx(U,a,V,b)=2 Ixz(u,O,T\,O) , where
My = U vy = Ve
-(1+U )R _(A,B) - UA z .

9]
Il

o
|l

(I+V, IR (A) + VB 2, _,

THEOREM 2. 8| If the operators Ry and B, are commu-
tative with T, then in Theorem 1 it is possible to replace
Rk(A,B) with rk(A,B) and Rk(A) with rk(A)
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THEOREM 3. 8] Let the intervals Iz, and Iz,

termined by Theorem 1 and let

+1 be de-

8. 1. S ZSk+1 ! Sk 2541
3.2. Apzy >0, Brz, o >0
c
Then Izk+1._ Izk

1. We shall now consider the integral equation

(4) u=EKu+ £f, a,ber .

In order to find an approximate solution of eguation

(4), we shall use the nonstationary iterative procedure

(5) zk = K_mkzk-l+f , zo=f (k=1,2,... ).
THEOREM 4. Let for solving equation (4) a nonstatio-

nary iterative procedure (5) be applied with the Newton-Cotes

quadrature formula, which is exact for polynoms of the order

p,p <.
Let
4.1 K(s,t) >0, K(s,t) ec”(rx1)
4.2 f£(s) >0, f(s)ec (D)
al+l
4.3 al_+1 B{(s,t)zp(t):] (p=k-1,k-2), which does not change

the sign on I,

Let for some k >2 in sequence (5) it hold:

4.4 sz—l > Zs:zk_2 , where
(6) e>o(min z_, ()}
t
4.5 0<m<M<1, where

m=min m(t,e), M=max M(t,c) ,
t t

s _ -1
mit,e) = (82, (t) F(t)) 8z, (8] + ez (L))

k-
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2 -1
M(t,€) = (82, (£) +F(t) = 2e72, _,(£)) - (87, (£)=ezy _, ()

= 2
F(t) = 2ez, _ () + (3e7+€) 2z () - ef(t)

Then, equation (4) has a solution u*(s) <n the interval Izk(s,

t,S8,q), where

m /(l-m), S, = M /(1-M)

Sy =
— — 2 —

te = —(1+sy) (2ez) _, (t)+e”z o (t)-ef(t))+sy ez , (L)

g = (1+Sk)(Zszk_l(t)+3szzk_2(t)-sf(t))+Skezk_2(t) .

Proof. Since £ >0 then z, _, >0 (k>2). According

to Theorem 3.1 |6/l
lKz; = Km; 251 <o.

If we put Ak
iterative sequence (5) Theorem 2 can be applied from which fo-

=By =¢E, ¢ being determined by (6), then onto the

llows the existence of an invariant interval. The existence of
a solution can be obtained from the monotony of the stationary
sequence formed as in Theorem 2 or from Shauder s fixed point

theorem.
For an application of Theorem 2 on the nonstationary

procedure of the fornm
r,z, = rnKmlf + rnf
T Zie S rnKmkpnrnzk + rnf s (k=1,2,... )

see /9| and |7

2. 1In |5|, the solving the system of integral equa-
tions was described
(7) Y =AKY + F
where Y and F are vector functions

Tt n - i n
Y={y (t)} i=1 ¢ F {£7(t)} i=1

and K a matrix n xn whose element are operators Kij’

Kij : C(I) »C(I)
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b
Kijx = ! Kij(s,t)x(t)dt

It was assumed that fl(t) and Ki.(s,t) are continuous and peri-

odic functions with a period b-a for all variables. For solving

system (7) an iterative procedure is to be applied

(8) Y, = F+AKS, (Y, _,,t) , Y =F (k=1,2,... )

k o

where

_ i n
Sp (Vo1 o®) = (Sylyyotd 5o

For this a periodic cubic spline and an eguidistant grid were

used. It has been shown (|5|) that procedure (8) converges if
1 Yy Lyl -
2 (1+3 /3),A‘Kon(b a) <1

Ko_imax !Kij(s,t)[ , (i ,3=1,2,...,n)
s,t

If the integral operators in (7) are positive, then Theorem 1
can be applied to procedure (8). Note that operator Kijs defi-

ned as
b
K;38x = £ K; (8,818, (x,t)dt ,
is not linear. Let us define the operators Tk and Tk-l inbthis
way :
T.Y = ARY + o, . = AKR, (I=k,k-1)
j A Qj ' OJ 3-1 ’
(9)
R. = 5, (Y¥.,t) - Y.
3 s 508 3

According to Theorem 1 in |5]|, it holds that

2

2
- (1+ —— Y.,h R, 1+ —— W,(Y.,h ’
(+3 )Wz(;,)iji( 3‘/3)2(3)
_ i n
W2 (Yj Ih) = {W2 (Yj Ih) } i=1

Furthermore

_Csz(Yj,h)_ixKRj:iCKWZ(Yj,h), where

(10)
s _ (= n
£= Kyt m
- b 2
K,. =max [ K;:(s,t)dt, C=x(1+ — ).
I3 s,ta 3V3
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Before proceeding to further Theorems we shall introdu-
ce some mew notations

H=Cy, a ¢ matrix nxn with the elements wi. ,

3
_ . . o 1
by5 = Ry max Bv, (v g /h) Wy vy, /h)] (mtnly;_z(t)[)

_ i i i
B, (£) = T, Hy, ,(£) +H'y, | (£) +H(2H+E)y, _, (t)

i  solpyomol _ i i -1
my (t,H) = (8y, (£)-Hy, _, (t) @k(t)(éyk_l(t)-+Hyk_2(t))
i _ el i ou20i L eol _
Mk(t,H) = (Gyk(t)+Hyk_2(t)+¢k(t) 2H yk_z(t)) (5yk_1(t)
- Hyy_, (e
THEGREM 5. Let for solving system (7) the iterative

procedure (8) be applied and let the above assumptions on the

continuity and pericdicity of the functions fi(s) and Kij(s,t)
hold.

Let  *Kji(s,t) >0, ffsy>0 (i,3=1,2,...,n)

Let for somr k > 2 in sequence (8) the following hold:

a) 8Yy_q > HY 5 b) D<m<M<1,
. . i i
mk:imin (m%n mk(t,H) , Mkjim?x(mix Mk(t,H))

Then, system (7) has a solution withi® the interval

(11) IYk(U,a,V,b) , where
Ty My '
U= T:ﬁkl Vi = T:ﬁk and a, and by are defined by
(3) for

Proof. By a direct application of Theorem 1 the
existence of an invariant interval for the operator K~

K'Y = KY + F
is obtained. For this the relations (9),(10) and (12) are to
be used. The solution existence is obtained by means of Schau-
der 's fixed point theorem. Interval (11) contains
interval determined by Theorem 1.

invariant
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In a similar way, Theorem 3 can be applied to give the
relation between intervals (11) determined by steps k and k+l.

3. Let the systems of linear equations be given by
x=Tx+£f, fe€ Rn
(13) "
z=Tz + £

T and T* are matrices nxn with elements ti'

and t¥*. respecti-
J 1]

vely. Let us suppose that

(rij! <e

The following theorem gives a two-sided iterative procedure for
tha approiximate solving of systems (13) via matrix T*,

THEOREM 6.  Let T>0,T" >0.

Let for some k in the sequence

zn=T*zn_l+f, (n=1,..., )} the following inequalities hold
a) dzk_lzo
b) Sz <8z

me 82y 28z <Mz

and Mk are real numbers such that

0 <m

My
K SM < 1.

Let for some j in the sequences

= * = - i=
(14) { vj—T vj_1 + £, Vo tk+Mk62k/(l Mk) (3=1,2,... )
—_ * = -
uj-—T uj_l+f, Ve zk+mk<Szk/(l mk)
hold that
V. - v, >eDbv,
(15) -1 B
-uj_l-l- ujzeD u._l ’
D matrix nxn , dy;.=1 (i,j=1,2,...,n)

1]
D° matrix nxn ,
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*
ij ij
diy = {o t*, < e
1]
Then, system (13) has x* as a solution and the following esti-

t €

|v

mation 18 valid

u. - €D "u. <x* <v., +eDv, .
j-1- -]

] j-1
Proof. If we introduce the notations
V. = (T" + eD)V_ + £ v =
1 2% ' o~ VY51
*
Ul = (T - €D )VO + £, Uo = uj_l

then, because of (15),

V-V, 20,  U-U_ >0, 0<U <V .

Since

™ - eD"<T<T" + eD ,

after applying the Theorem (I3[ p.- 346 ), it follows that

U, <x <V
1=2% 2V

Because of (15), the statement is proved.

REMARK 1.

The conditions a) and b) determine the invariant inter-
val for T (|2]|). If such an interval could be determined in
another way, then for u, and vs in (14) the limits of such an

interval can be chosen.
REMARK 2.

The two-sided procedure (14) is performed with one ma-
trix only, i.e. with the one for which is supposed to be given.
In |3| a similar procedure is obtained for two different matri-
ces.

The monotony is preserved while the conditions (15) re-

sulting from the given matrix T are valid.
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REMARK 3.

In Theorem 5 the errors are not taken into account eit-
her with which fwasdefined ar the rounding errors. A control of
these errors is possible if the following matrix instead of the

matrix €D, is taken

D = ejE + ¢D , where

: i -1 i
e, >0, (min v, .| <o.
5205 (i 5-1) T legl 2oy
pj =p5-+r, 05 are rounding errors, and r is the error by which

the vector f was given. Instead of the matrix €D”, the matrix G
should be taken

*

el +e for t;.>e + €,
_ i ii-— i
933 ~ {
0 otherwise
* . a
_ € for tijze' i#3
gij -
0 otherwise
. . i -1
el = ¢, (min ul .)
J i -1

REMARK 4.

The application of Theorem 1, 2 and 3 for solving a system
of linear equations in the case when both the matrix and the vec-
tor are given by an error and when the rounding errors are pre-
sent was demostrated in |7!. The ideas about the determination

of operators A, and B, for such cases were given in 9| .
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REZIME

O APOSTERIORNOJ OCENI GRESKE PRI RESAVANJU
NEKIH KLASA OPERATORSKIH JEDNACINA

u 17! 1 |8! su date teoreme koje omogudavaju odredjiva-
nje invarijantnog intervala za pozitivne linearne operatore pri-
menom nestacionarnih iterativnih postupaka. Dokazi se zasnivaju
na egzistenciji specijalnih pozitivnih operatora. U ovom radu
je pokazana konstrukcija navedenih operatora i primena dobije-
nih rezultata na pribli¥no re%avanje sistema linearnih i kmtegral-

nih jednadina.



