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1. INTRODUCTION
Consider the problem

Lu(x): = - ezu"(x) + g2(x)u(x) = f(x), xe (0,1)

(BVP) u(o) = A, uf(l) = B.

Here ¢ is a small positive constant, A and B are given consta-
ts, g and f are in Cl[:O,l], g(o) =g(1) and g(x) >y on [0,I]for
some positive constant y .

Under these assumptions (BVP) has a unique solution
u €C3[_'_?),1:] which in general displays a boundary layer at x=o
and x=1 for "small" ¢, |1|,|2],]3].

Ve want to solve the above prablem by difference apPrdxima-
tions on a non-uniform mesh which has more mesh points in the
boundary regions than away from the boundary layers. In the ca-
se when the mesh is uniform our difference scheme is the sameas
in |2].

Throucghout the paper we shall let C,C1 y+++» denote positive
constants that may take different values in different formulas,
but that are always independent of & and hki' i=1,2,...,n. We
assume that the parameter ¢ satisfies o< e<ey where €, 1s a

positive constant.

2. DIFFERENCE APPROXIMATION FOR (BVP).
Congsider a non uniform mesh

I, = {x =o, xj=xj_1+hkk: j=1,2,...,n}

* Work on this paper was in part supported by the Self-Management Commu-
nity of Interest for Scientific Research of Vojvodina.
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n
with n=2m, meN, k. eR, j=1,2,...,n , h iz ¥ok. .
J : j=1 J
We want to choose kl'kz""'kn in such a way that the
following conditions are satisfied:

J
km = km+ 1

Lky<kygyy o 3=1,2,..0,mm1

likj+likj ’ j=m+l, m+2,...,n-1 .

Let 8=g(o)/¢ and for i€ {1,2,...,n-1}

—ki if i<m ki+1 if i<m
(1) ai = r Bi = .
kj_+1 if i>m —ki ifi>m

Let uy denote the approximate value (to be determined) for u(xi),
i=0,1,...,n. We approximate (BVP) by

uo = A,
(DBVP) h . _:h 2 - L -
L u;: = Loui + g (xi)ui f(xi), i=1,2,...,n-1
un =B ,
where
h - -
Louy: = (dai+(1 d)ci)ui_1 +bou, +
+ ((1--d)ai + dci)ui_,_1 ’
1 if i<m
d = ’
0 if i>m
‘gz {o) gz (o)
a; = - sinthih, cy = %3 51nh6qih ,
(2)
by=-a; -
(3) S=sinh6(8i-ai)h - sinhGBih + s:.nhdaih .

In the Appendix it is proved that ai<0, ci<0, bi>0.

The above difference approximation for (BVP) is derived
as follows. For a fixed i €{1,2,...,n~-1} consider a linear sy-
stem



A uniformly convergent scheme with quasi-constant fitting... 107

h _ 2., .
(4) LoFy(x;) = —e“Fi(x;), §=1,2,3

where Fl(x)=1, F2 (x) =exp(éx), F3 (x) = exp(-6x). The solution of
this system in given by (2) and (3).

THEOREM . Suppose g,feClI:O,l], g(o) =g(l) and g(x) >
> y>o0 on [0,1]. Then the solution u of (BVP) and the solution
u, of (DBVP) satisfy

(5) lu(x;) = uy|<cnk -, i=0,1,...,n
where C i8 indepedent of i, h, km and €.

Proo f: We use in part: the notation, technique and
some results from |2| Since g(0) =g(1) the solution of (BVP)
can be written as

u(x) = v(x) +w((x) + z(x)

where 2
u,(x) = £(x)/g”(x), v(x) = pexp(-8x), w(x) =gexp(8x),
P = (A-u_(0) + (u (1) - Blexp(-8)) (1- exp(-28)) "
q = (B-u_(1) + (u (o) -A)exp(-6)) (1~ exp(-28)) ‘exp(-8),

and z(x) is the solution of
Lz(x) = £(x) - Lv(x) - Iw(x), xe (0,1)
z(o) =wu (o) , z(1) =u (1) .
For z(x) we obtain, [2},
123 () | <ca+e?79), 3=0,1,2 .
Defining the mesh functions {Vi}’ {wi}, {zi} by

h

Liv, = Lvix;), v = v(o) , v, =v(l),

Lhwi = Dw(xi)‘, wy =w() , w, =w(),

Lhzi = Lz(xi), z, = z (o) . z, = z(1) ,
we have

u1=vi+wi+21 .

Using (4) and (DBVP) it is easy to show that vi=v(xi) and
wi=w(xi) for all o<i<n. Now, using these facts, we obtain
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(6) Lh(u(xi)-ui) = Lh(z(xi)—zi) = Lhz(xi) - Lz(x,) .

We can write the (DBVP) as

Apuy, = £ o
where
- -
1
a b.+ 2(x ) c
1 179 ¥y 1
) . b +g2(x_) .
%m m? “m
- 2
M= _ Sl - BetY Oyg) ?
c b +g?(x_,) a
n-1 n—l+g n-1 n-1
1

u = [u ey ul T £ = @,f(xl),...,f(xn_l),B]T .

n+l1,n+1

If we denote A, = E(Ah)ij] eR we have
1 for i=1 and i=n+1
| Byl = .
( by 49" (x;_ ) for i=2,3,...,n
n-{l l (o for i=1 and i=n+l
a) . .| = )
j=1 *n +J i -a; =¢y_, for i=2,3,...,n
J#L
Since n+1
= mi 2 =
min(l(Ah)ii! - § I(Ah)ijl) = min (b, +a,+c;+g” (%) ,1)=
i j=1 i
) Jj#L
= min(g® (x,),1) > min(y?,1) >0 ,
i

we can now apply Theorem 1. from [4] and we conclude ‘that A is
non singular and

-1
min(Yz,l)

(77 na ', <
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Now from (6) we obtain

(8) lyll, < gt

il
oo”r o !

T T
where y = Eyoyyly-..ryn] ’ r = Ero,rl,...,rn] and

h .
y; = u(xi) -u; o, ory = L z(xi) - Lz(xi), i=0,1,...,n.
We want to prove that
(9) Hrll < cCchk
o HLE — m

and then (5) follows directly from (7) and (8).

From (BVP) and (DBVP) follows

2 a.~pf

2, . _8° i i
r, = e (2" (%)) 5 51nhGBih(z(xi_1) + (p +

) z(x,)

1

o Ri
i

- (o + =) z(x;

By

)

where
sinhaaih a

sinhaeih i.

|

w

Since 0.~ o
i7°i i B
z(x; )+ (0 + ——=)zx) - (p+—=Dz(x ) =

By s

( i o 1+1) } o+

2 ay (o= By) oy By By (B ay)

aika—ﬁi) 22(x._l) 2z.(x;) 2z (x,

)y,

+;)(z(xi) - z(xi+l

and (see the Appendix)

2z (x, ) 2z (%X, ,.)
(10) Ly 2 a(x) ¢ S S A
ai(ai‘Bi) a; By Bi(Bi—ui)

)

T3 € (Xygr Xy

z"(xi) = z"(-ri) + (xi-Ti)z"‘(n.i) r My E (min(xi,Ti),max(xi,Ti)),

z(xi) - z(x ) = »z’(ei)(xi+ -xi) = —z’(ei) hki+1 ’

i+l 1

ei e(x{,xi+1)
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we have
2 o; (a;=By)
2, . -8 i7i Fito2 -
r; = e (z (xi) S51nh(SBih( —  —h"z (Ti)
— "
pz (el)hkl+1)) ’
= 2 u —_ - LL L] -
and r; = e (z (Ti)(l P)+(xi Ti)Z (ni)+ pPhki+1z (ei)) ,
where
ai(ai—si)dzhz
(11) P = sinhGBih .
25
Now we see that (7, € (x;_;,%;,,)/ ,Xi-Ti!fihki+1 )
2 " 2 m
jr; | <e” su fz"(x) [ l1-P| + ¢~ sup lz"™ (x)|hk,
1! — " ' ! [’ -} ' i+l
xeLp,{J xeLp,L

2
+ e? sup ?z'(x)?g— (8ysinhda,h ~ a;sinhép h)kh, .
xe [0, 1] &S *
and since {(see the Appendix) 0 < g8,sinhfa.h - o,sinhfp.h <p.S,
2 5 - "1 i 71 iT =i
(Gsih) (GBih)
—— e <P<1 + —— , we obtain (max(ki: i=1,2,...,n)
4ginh 5Lt T = 4
= km)
2 2 2.2
| -
|ri <e Cl!l P| + ¢ C2(1+1/€)hki+1 + £°8 C3(l+€)hk

i+1 ¢
lr.! <0.25¢28%c, (hk,, )2 + C hk,,. + C.hk,  <Chk
i =" 1 i+l 477i+] 5 7i+l — m '
i.e. (9) is proved.

REMARK 1. 1In the case ki=1’ i=1,2,...,nwe have a uniform
mesh and our scheme is the same as in [2]. In this case the
estimate !u(xi)—ui!_gchz, i=0,1,...,n holds with the assump -
tion that g,f eCz[p,]], and then the proof of the theorem is

not as complicated as in our case.

REMARK 2. From (5) it follows that the solution of (DBVP )

converges to that of (BVP) as max(xi—xi_l)—ro, as n—+® uni-

formly in e. 1
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3. APPENDIX

In this section we denote for a fixed

i€{1,2,...,n-1} oy by a and fii by R.

LEMMA 1. For ai’bi’ci from (2), we have

a, <0, ci<0’ b,>0, i=1,2,...,n~1 .

i i

P r oo f: We shall consider three cases: 1) i = m;
2) i<m; 3) i>m .

1) In this case =-o = B=hkm and

_ __ _ 2, .-2
a;=c¢; = 0.5bi = -(0.58)"sinh “(0.568h) <0 .

2) In this case we have 1<-oc<8 and

S=S(a,R) =sinh§lg~a) - sinhsgh + sinhseh

o0 2k-1
- (6h) (-m2K-1 - g2k-1 , 2k-1,
oy (2k=1) 1
@ 2k-1 2k-2 .. .
[ - -1
(Sh) ) (ijl)BZli(‘Ot)]>0v
— I
k=2 kT 4o
since dh > 0. Now we have
2 (o)
a; = - _g_go_ sinhéBh <0, (B >0)
2 (0)
c. = 219) ginhdah<0, (o <0)
1 S
b, = -(a,+c,) >0 .
i i i
3) In this case 1_<_-(—u)<-Band S(a,) == S(-0a,- B).

Since S(-a,- p) » 0, this is proved in 2), we obtain S(q,R <0
and ai<() (B <0), ci<0 (a>0).

LEMMA 2. If zecz@,lj then (10) is satisfied.

Proof: we have for i<m
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-
It

z(x,+ah) = z(x,) + ohz”(x,) + 0.5(ah)22"(Tl) ,

) = z(x;+Bh) = z(x;) + Bhz"(x;) + 0.5(8h)%z"(1,) ,

T, € (x._l,xi) , T2e (xi,x ),

i i+l

and

2z (x,_,) 2z (x,_ )
I (24 2 yaqx,) o+ — L

a (0-B) a(o-B)  B(B-a) + B (B-a)

h?( =% zv(r) + B zvr)) = nfern) , te (x,
B-a B-a

)-

1 X

-1771+1

For i >m the proof is the same.

LEMMA 3. For § from (2) and P from (11) and for all
1<i<n-1
(Z) 0 < Bsinhdah - asinhd&Bh < BS ,
2 4 2
(17) _(—6@—)2—6_8?< Pil +l§%),_
4sinh —2—_

dsh)2
2

(iiz) |1-P| < (

Proof: First shall we consider the case i <m.

(i): From B>-a>1 follows

2 2k-2
- o

~ap (g2% )>0 , for k>1,

2k-1
(sh) (a2K"L _ o2kl g

k=1 (2k-1)!

and Bsinhéah - asinhdégh >0

Now we have (SR >0) Rsinhdoh - asinhéph - RS =

2k-1 2k-2 . .
(ap(p?KT2 - HK2Z_p Ty (2R g ZimT )
2 (2k-1)! 3=1 3

Since -ap (82K 20?72y gp?%"2 (L) 2k-1) -8B () K2 (2k-1) -
2k-3

B 1
j=2

2k-1

3 )BZk—l—J(—a)JiO, for k> 2, (ii) follows direc-
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(ii) Using the elementary properties of hyperbolic functi-

ons we obtain
cosh Sgh
2.2 2
P = P(a,B) = 0.50a(0~B)8"h -

§(B-2a)h _
-2z

cosh

Now we have

2P
an

where

(a,8) = 0.56%n%cosh 2BB o/ (cosn®LB2a)h 5gh .2

Q = -(B-2a) (cosh __(_E:.%m -

cosh %) + a(a-8)8 hsinhdw;zsih—,

P
da

VWle write Q in the form

and we see that (a,B) >0 if and only if 0>0,. for B>-a>1.

® 2k
Q = - (8-2a) z lQ;EEEl__((B_za)Zk - EZk) +
k=0 2k!
® 2k-1
+ a(a-B) ) {0.58R)"" ' (g-2q)2k1
k=1  (2k-1)!
Q= - (g2 § oe3em? R,
k=1 (2k)!
where R = (8-20) 2K (1 - 4kalo=B)) _ o2k
(B~2a)

We immediately see that R1==0, R5=—16a2(a—8)2 <0, and that

2 2 2k-2 2
Rk+1 =R Rk - 1l6a"k (R-2a) (a-8)", k=1,2,... . Now, from
Rk< 0 follows Rk+1 <0 and we conclude that %g (a,B) >0 for
B>-a>1l. From this we obtain (o> -8)
2
P(a,B) > P(-8,8) = 081 gypn=2 (280

which is the first part of (ii).
Now we want tc prove P(a,B) <1 +_(0.568h)2. This ine-

quality is equivalent to T <0, where

T = 0.5a(a-8)cosh(0.568h)—(1+(0.566h)2(cosh(O.Sd(B—Zu)h) -
- cosh(0.58Rh)) .

113
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Using Taylor expansions we obtain

« 2
2 4 a(a-8)8%n% (-8-6282n2) /16 + _{0.56h) "Ly,

k=2 (2k) !

T = 0.5a(a-8)&%h
where for k > 2

2k 2

L, = (14(0.568h) (8%%= (8-20) 2% )+ 8%* 0.50 (0-8)6%n? .

H

k

Since L2 o (a-B) (—1.5c’$2h284 - 882- 4(4+6282h2)a(a-8) <0

and Lk = Bsz - a{a-B) (4+(68h)2) (8—2(1)2k

we conclude that Lk<0, k=2,3,... and that T<O0.

-2
2sinh‘t

2

(iii) Introducing the notation t=0.56gh, y(t) =t
from (ii) we have y(t) <P<1 + t2. Since y(t) <1 and 1-y(t) <t
we obtain

|1-P| <max (t2, 1-y(t)) = 2 = (0.568n)2 .

Tn the case i>m we have -B>-(-a) >1, §<0, S8>0,
S(a,B) = -8(~a,-B), P(-a,-R) = P(a,R) so that we obtain (i) ,
(ii) and (iii) as in the case i<m.
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REZIME

UNIFORMNO KONVERGENTNA SEMA SA KVAZIKONSTANTNIM
FITING FAKTORIMA

U radu se posmatra problem (EVP) pod pretpostavkama :
f,geCIE),l], g(x)>y>0, xe 0,17, €2 €>0, g
Jedinstveno resSenje ue C3f9,1] ima u opstem sluaju fenomen

,€,Y,A,BER .

grani&nog sloja u x=0 i x=1. Da bi 8to viSe talaka bilo u gra-
ni¢énim slojevima za fiksan ukupan broj tadaka mre?e diskreti-
zacije, koristi se neekvidistantna mreZa. Konvergenciia unifor-
mna po € dobijenog diferencnog postupka dokazana je u teoremi
pod istim pretpostavkama kao odgovarajufa teorema za ekvidista-
ntnu mre¥u iz |2].



