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INTRODUCTION

In paper |5| the following ecquation was analysed:
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Lale,x) + [ drul(t-1,x)G(1)d1 =0

2
(1) dou(t,x)- 23
£ o

with the initial conditions:

(2) (27) u(o,x) =0, 2"y aguo,x)=5(x)

where
i ia ¢ tiOL_l

(3) {c(e)ry = § a " ={7}) a, 15,74, 5070 o<l
s i=1 * rie) 1

The solution of ecuation (1) with condition (27), which is a
continuous function for t >0, x#0, havingaline of symmetry x =0;
is:

(4) u(x) = -;— 9 exp(-|x!
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the coefficients c; can be obtained in the following way:
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(5) c, =3 (az—(al/z)z)
e SRR
c; =3 (ai- jzl i3 cj ).

Solution (4) satisfies condition (2") too, if we have ija-1>0,
where i, 1is the index of coefficients c; such that i, >1, c; =0
for l<i<il and cil;éO.

This result is a generalization of the result from |3]

in which problem (1), (2) was observed for:

a-1 20~-1
t + 2 __epiti, Azd, Oencl,

T (a) T (2a)

(6) G(t) =2

where either R(t) =0 or R(0) =R7(0) =0 and R" (t) is "sufficien-
tly small" for te€ [O,T] , R(t) € 8 2.

This paper is a continuation of paper |5[. Our aim is
to estimate the difference between the solution of equation (1)
with conditions (2) when G(t) is given by (6) and the solution
when in the expression for G(t) the remainder R(t) is omitted
(Proposition 3.). In Proposition 4 we observe a more general
expression for G(t); we construct the approximation of the so-
lution of problem (1), (2) and estimate the distance from so-
lution (4).

ESTIMATION OF THE COEFFICIENTS C1’
In order to obtain the error s estimation which has
been named before, let us observe a relation between the coe-

fficients ¢y from (4) and a; from (3).

PROPOSITION 1. Let us suppose that the following ire-
qualities for coefficients a; hold:
(7) e BT S TL s I = L Lt g il A
i’ = i— i
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for two real numbers r,s, such that 0<s<r<1. Then for coe -

fficients c; we have:

() £ (B2 ¢ onyitly o ogyitls/2) -1
i = i= i
P¥ oo £, The function (—l)l_lTl (>i<) =
x
(1-%) (Z—X)i_i' elan) o monotonically decreasing for each
3: 8 og

i>2 in the interval 0 < x < 1, hence relation (7) makes sense.
For i=1 (8) holds; this follows at once from (5). Suppose that
(8) holds for i=n-1, n > 2, then

n-1
PTEY Ui S | _pin—1 i _13ih~j—1 S Lk
(-1) ¢, =3 [( 1) an+j£1( 1) cn-—j( 1) cj]
n
1 r n-1_-n,r n_-n r/2) r/ 2(—1)1’1—l r/2
2E LR ) i jgo(n'j (j%+T 251
3 (_l)n—l LT (r/2) :

n

In the same manner one proves the other inequality in (8).

PROPOSITION 2. Let us suppose that for the coeffici-
ents a; from (3) the following inequalities hold - (ail _<_bi >

B 52 v o bizO. Also, we suppose that there exists r >0 such

that for each z, z| <r the following conditions are satisfied:

I
@) the series ) b,z" = K(z) converges ;
i=

;i
Then CiiM/rl ;, M =V1 + K(r)

P r o o . It follows from the fact that the function
1+G(z) is reqgular, different from zero in the circle {z; | z] <r}

and from Cauchy inequalities.
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COROLLARY. Provided that lai! < ' for i>1 and that there
exists r >0 such that y<1l/r and C < (1-yr) /Yr, then ]cili w/f/rl.

Proo f. Let us show that the conditions of Propo-

sition 2 are satisfied for [z!i s

©

a)  IK@|=] ] bitl<cve 1 ontev/a-vn
i=1 i=o
b) I&(z) | < K(lz]) <cyr/(1-yr) <1, G(0) =0 and it follows
G(z) # -1 ;

), M=V1+k([z)<V2

APPROX MATION OF THE SOLUTION OF EQUATION (1) AND
THE MEASURE OF APPROX TMATION

It is known fram 15 | that the solution of problem (1),(2) for G(t)
given by (6) and R(t) =0 is:

L exp(—|x!s)exp(—>\!x}sl—u) or

(NI

(9) u, (x) =

A

(t=1x]) 720 (0,= (1-a) ,=A| x| (e=|x )T 17,

(10) 1w, (x,t) L t> |x|

A

N =

LRl t < | x|

where ¢ is Wright’s function |6

For two elements £ and g from C let us denote

g = f(t) <g(t) . 0<t<T.

£ <
S

PROPOSITION 3. Let us suppose that:

a) G(t) is given by relation (3) where al=2>\ ,a2=)\2, A >0

b) The coefficients a;, i>1, satisfy the conditions of the

Corollary to Proposition 2 and



Equation of oscillation of a viscoelastic bar (II) 5

e) a>1/k , where k> 2 such that Ci=0 for 2 <i<k and ck#O .

Then

]

(11) u(x) = ux(x)exp(-|x! ) c.Qia_l)
i=k *

is the solution of equation (1) with conditions (2). For

x| €< ()\[xl)l/o+fx §T1(¥x!) and 0<t<T, o=1l-a , we

have
v!x[l—l/qk_l/OT§+l T2n
(12) !u(x)-u) (x) < ( C(2n+1) +
28 (8+1) (2n) !
T2n+1 & (IXI VTi)k
+ ———— C(2n+2)) - ]
(2n+1)! k=0 T (k+2)T ((k+1)9)
where
pI%
(13) C) =gh T( & )ecos™/9 I 5 sokam1; v 7 L
r* j>o rIT (jo+l)
Proof. The assumptions of Proposition 3 imply

the conditions of Proposition 2 from !5|, hence there exists
a solution of form (4) which is a continuous function for t20,
x #0 having a line of symmetry x =0 and satisfying conditions
(2). The coefficients c, are given by (5). Since cy = % (a2 =
—(al/2)2) =0, it follows that k > 3. The coefficients a; satis-
fy the conditions of the Corollary to Proposition 2 and so
| — , i
.Cili v 2/

The functions u(x) and ux(x) are continuous, so we can

use the inequality of the form < From (11) follows:

P
oo 9 _l
la(x) - u, (x)] ey (Y] [exp(-{%] < cigl“ ) - 1|
i=k
Using (10) and |1! we have
(14)  u, (t,x) :%n(xix‘)'l/g![o'x!)‘l/o(t—!x!ﬂ'1¢(o,-o, -
‘ 2n
-1/0 57O iR -1/6 , P
- (A ]x]) (t=ix[) )] < 5 27(lx)) ((3my1C(2n+1) +
2n+1
T N
* mar C2n+2)) = 3 %)
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1/6‘
t=(xlx!) +|x
(\\
+ gre
X
Figure 1 ! x
for |x| <t<T[x% 4 1x| =T, or (Fig. 1) 0< (n]x)"t/C.

«(t-|x|) <T and C(k) is given by (13).

Applyina the results from |2/, we have

—_1 ! X io-1 _ | y 8
|exp(-1x izk c,t ) — I <48 2 , where
® (v}x!Td)k
(15) Qé = lx! vT(8) __;__.1_—___
v k=o T (k+2)T ((k+1)3)

mroitil
REMARK

This approximation is suitable for 0 <T<1. If T>1,

one can use the following estimation for the function ¢ (taty:

(16)  t 'e0,-0,t7°%) < cos /() (1/0) = K(o)

The coefficients a, and a, are not always supposed to have
such a special form as in Proposition 3. We kept them in this
form in order to show the influence of the neglecting of add-
end R(t) in function G(t) on the solution of equation {10}, 188
was done in |31.

We are going to show only one statement of a more general

type:

PROPOSITICN 4. Let us suppose that:
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al  C(t) is given by (3), where a,>0,a,> (a,/2)%

1

b) Coefficients a; i>1,satisfy the conditions of the Co-

rollary to Proposition 2;

e’ 1/3<a<1/2 .

Then 1 (2) =4 fexp(-|x| 7} e %Yy g5 8 solution of
k-1 2 . i
i=o
problem (1), (2) and
k-1
5 1,3 K(1-20)
(17)  Ju(x)-u,__,(x)! <. = 270(<.) =1 | | (I +
k-1 —-T 2 1 (’X!Cz)l/(‘-a 1) i=3
ia-1 B S
+ 2 QiOL—l'YX?Ci' Q(S,\)z

for 'xfitiT(A!xl)l/O + fx'iTl(!xl)and 0<t<T

(The notations are as in Proposition 3.)

Pir-o0-0. F. Let us observe that

2(2-1" =!t_l¢ (0,—(1—20.) ,—lxlcztza_l) | z K(1—2(x)2

- |
lexp (-] xle,n P 1/20-1
(!chz)

and from |4

©

|gexp(-|x|c. 2™ ) =la+g 7T (-x]c 2Lk
1 i i
k=1
ia
< T“Qiu-l,'xfciQ

NWMERICAL EXAMPLE

Let us suppose that the coefficients ay satisfy the conditions of
Proposition 3 and the inequalities fai! iCYl, i>1; (for A=

= y<1l/r and C< (1/yr)-1 the coefficients c, from the Coro--

llary to Proposition 3 satisfy 'ci’ <\/2—/r1) . Then the measure

of approximation, can ke expressed for |x|=1:
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] ' Na(x) - u)\(xﬂi
i ' 5
¥ 1/r Ty=1 (T=10 ) T1=2 T1=10
i
1072 107 3.5611 - 1077 15570 - 10 1 2.7395 - 102
107 12072 3.4500 - 207° 13772 - 20" 15504 - 207
a2 107% 11073 3.a201 - 100 13639 - 070 1.5283 - 20°
=3 10 jm”4 3.274 - 1000 1.3654 - 107  1.5254 - 107"
1076 (10 3.2744 - 1071 1.3634 - 1072 15251 - 107
107 |107® 32724 - 1072 13654 - 107 15251 - 207
1072 107! 3.6520 - 107 7.5038 - 10°
a=1/2 1073 102 2.0021 - 107¢ 6.1189 - 1070 2.6787 - 107
ks 104 11073 1.0884 - 1070 6.1168 - 1072 2.5642 - 101
1075 1074 1.0870 - 107® 6.1001 - 1073 2.5544 + 10°
1076 107> 11.9870 - 1077 6.1091 - 10 2.5544 « 107"
110'7 107 {19870 - 1078 6.1001 - 107°  2.5544 - 1072
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REZIME

JEDNACINA OSCTLACIJE ZILAVOELASTISNOG STAPA (T1)

Ovaj rad je nastavak rada!SJ.U radu je ocenjena razli-
ka resSenja jednadine

2 2 2 7
9p ult,x) -3  ult,x) + [ 37 ult-1,x)G(1)dr = 0
o]

sa poletnim uslovima
u(0,x) =0 Bt u(0,x) = §(x)

kada G(t) ima oblik

G(t) = 2xt* /T (a) + 2e2%1/r(20) + R(E)

i reSenja koje se dobija kada se u tom izrazu zanemari R(t)
(Tvrdjenje 3)

U tvrdjenju 4 posmatran je izraz G(t) oblika:

formirana su aproksimativna reSenja koja takodje zadovoljava-

ju pocetni uslov i ocenjena je greska.



