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Boundedness of solutions of nonlinear retarded
differential equations by using new integral inequalities

Tazeen Atha Usman MustafeEI,
Mahvish Samaifl and Abdul ShakoodF|

Abstract. The purpose of this work is to present several new retarded
nonlinear integral inequalities which can act as powerful tools for study-
ing qualitative properties such as existence, uniqueness, boundedness,
stability, and asymptotics of solutions of nonlinear retarded differential
and integral equations. These inequalities generalize some former fa-
mous inequalities on the subject. From applications perspective, two
examples will be provided to demonstrate the strength of our inequali-
ties in estimating the existence and boundedness of solutions for initial
value problems of nonlinear retarded differential equations.
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1. Introduction

It is a well known truth that there exists a class of mathematical models de-
scribed by differential equations and a lot of differential equations do not possess
the exact solutions or existence of solutions or the boundedness of solutions. On
the other hand, integral inequalities have always been of great importance for
the development of many branches of mathematics. Indeed, this importance
increased during the last several years and especially the theory of integral
inequalities nowadays may be regarded as an independent branch of mathe-
matics. As a response to the needs of diverse applications, a large variety of
integral inequalities have been proposed and studied in ([15],[18],[19] and refer-
ences therein). Some integral inequalities for differential and integral equations
are established by Gronwall [14], Bellman [8] and Pachpatte ([I5],[20]) which
provide explicit bounds on solutions of differential and integral equations.
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Throughout this article, R presents the set of real numbers and R = [0, 00),
R; = (0,00) are subsets of R. Moreover, the class of all continuous functions
and continuously differentiable functions defined on set S; with range in the
set Sy are denoted by (S, 52) and (S, S2), respectively.

An important integral inequality was first time discovered by Gronwall [14]
in 1919, which can be used as an effective tool in the study of existence,
uniqueness and other properties of solutions of certain nonlinear differential
and difference equations. The Gronwall inequality [14] is stated as follows: Let
y, f € (R4, Ry) be nonnegative functions with a positive constant yg, then

(1.1) MHSym+/fQMQM& vreR,,
0

implies that

r

y(r) < yo eXp(/f(A)dA), VreR,.
0

A very important generalization of Gronwall inequality was given by Bellman
[8] in 1943 by introducing a function g(t) instead of constant yy, which was
later named Gronwall-Bellman inequality [8]. He established that: Let y, f,g €
¢(Ry,R;) and g be nondecreasing, then

(1.2) v <9+ [ O Vrek,
0
gives that
y(r) < g(t) eXp(/f()\)d)\), VreR,.
0

Many useful generalizations, refinements, and extensions of the above inequali-
ties and their applications can be found in ([4],[10],[T7],[22],[21, 3], 1,211, 5], [9],
[23], 110, 28], [13],[12],[24],[26], [25]). However, most of these inequalities are
only restricted to a particular topics such as Tian and Fan [28] established non-
linear integral inequality with power and gave its application in delay integro-
differential equations in 2020 while El-Deeb and Rashid [13] studied new dou-
ble dynamic inequalities associated with Leibniz integral rule on time scales
in 2021. Recent articles were published on delay nonlinear dynamic inequali-
ties of Gronwall-Bellman-Pachpatte type ([12],[24],[26]) in 2022. But there is a
need to establish more general results for retarded nonlinear integral inequali-
ties which can act as powerful tools for studying qualitative properties such as
existence, uniqueness, boundedness, stability and asymptotics of solutions of
initial value problems for nonlinear retarded differential and integral equations.
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So, our main focus is to present several new retarded nonlinear integral inequal-
ities that will help us to study explicit bounds and the existence of solutions
of nonlinear retarded differential equations. This research work will ensure to
open new opportunities for studying of nonlinear dynamic inequalities on time
scale structures of varying nature, for example, we refer the interested reader
to ([27],[6),[7]) for contributions, and the references cited therein.

The article is structured in the following way: Section [2] gives several new
retarded nonlinear integral inequalities while boundedness and existence of so-
lutions of nonlinear retarded differential equations will be discussed in Section
to explore the effectiveness of this work which can be seen by graphs. Section
Ml states the conclusion of this article.

2. New retarded integral inequalities

This Section present several new retarded nonlinear integral inequalities
which can act as powerful tools for studying qualitative properties such as
existence, uniqueness, boundedness, stability and asymptotics of solutions of
nonlinear retarded differential and integral equations. These results extend a
few existing inequalities which were proved in ([8],[20],[4],[10]). Before proceed-
ing to our main results, we will introduce the following inequality that will be
used in the proof of upcoming inequalities:

Lemma 2.1. [16] Let a > 0 and m > n >0 and m # 0, then

m—-—n

n

3

< —a-+

n
a —
m m

We begin with following theorem.

Theorem 2.2. Lety, f; € (R4, Ry), i =1,2,3,4,5 and v € ('(Ry,R) with
v(r) <r,v(0)=0and m>1,n e (0,1]. If

) < A0+ R0) [ () + fals)u(s)) ds

o\%

()
(2.1) +fa(r) / f5(8)y™(s)ds,V r € Ry,
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holds, then

y(r)
~(r)

< {f1<r>+f2<r>(exp( [ 20(mR0)+ 2100+ 1500)dn)
0
v(r)

< [ (nB A 40 (i) + ") 1 S

0

; %

(2.2) xexp ( - /fg()\) (nfg()\) + %f4(>\) + f5(>\))d>\)ds> } " VreR,.

0

Proof. Assume that

(2.3) 4 / f5(s)y™(s)ds, VR,

since V' (r) > 0 is nondecreasing on R with v(0) = 0. Then implies
(2.4) y"(r) < fu(r) + fa(r)V(r), Vr € Ry

From (2.4 and using Lemma we get

3k

y) < (A0 +LEOVE)

(25) < CAm+ - ReVE L) vrer,

Applying Lemma on ([2.5), we have

v(r)

Vi) = [ (nfao™ )+ nfi(o)y(e) + 1~ n)ds
0
~(r)
(2.6) + / fs(s)y™(s)ds, ¥V r e Ry.
0
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Differentiating and utilizing and (2.5)), we obtain
V(r)
< (60N (A0 + ROVE) +nfa60) (- AE)
FREVE) T2+ 1) + S0 (A6) + V)
V) (1) + = Fa (1) + S () fo(r) V()
m—1

0 (S OENAE) + i) (- Ailr) + )

(2.7) +f5(7(r)f1(r)+1fn), VreR,.

IN

The estimation of V(r) can be obtained from (2.7)) as follows:

V()
v(r)
< e ([ 2RO+ 0+ 1500)d)
0
y(r)
< [ (pAOAE + ARG+ ) 11t A
0

S

(2.8) xexp ( - /fg()\) (nfg()\) n %fm) + f5()\))d)\)ds, VreR,.

0
Putting (2.8) in (2.4) implies (2.1)). The proof of Theorem [2.2]is completed. [

Remark 2.3. Tt is observed that if we relax the assumptions of inequality (2.1)),
then we get many existing inequalities as special cases of Theorem [2.2] such as:

1. If we replace f5(r) = 0 and n = 1, then Theorem reduces to [[4],
Theorem.

2. When we put f5(r) =0, n =1 and ~(r) = r, then Theorem becomes
[[20], Theorem 1 part (ay)].

3. If we take f3(r) = fa(r) =0, f2(r) =1 and n = m = 1 in Theorem [2.2]
then we obtain the famous Gronwall-Bellman inequality [10].

Here, we give another retarded nonlinear integral inequality of this Section
that will generalize the inequalities in the literature established in ([20],[4]).

Corollary 2.4. Lety, f; € (R, Ry), i = 2,3,4,5 and v € {'(Ry,Ry) with
¥(r) < r,v(0) =0, g € ((Ry,Ry) be a real valued positive continuous, nonde-
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creasing and m > 1, n € (0,1]. If

y(r)
) < 0+ 10 [ (67 + ) s

v(r)
(2.9) ) [ oy (s)ds), v e Ry,
0
holds, then
y(r)

()

< g<r>{1+f2<r> <exp( [ 2N (R0)+ 2 AN )+ () )

0

(nf3(8)+nf4(s)gl‘m(r)+f5(s)+g‘"“(s)(l—n)>

X
o\%

3=

(210) xexp(~ [ £(N) (nf3<A>+;f4<x>gl-m<x>+f5<x>)dx)ds)} ,

VTGR_‘_.

Proof. As we know that g(r) is a real valued positive continuous, nondecreasing
function on Ry and rearranging the inequality (2.9)), we obtain

y(r)

()" < om0 | (o (2)" o (2)

+f5(8)(z5:§)m +g ™ (s)(1 - n))ds, VreR,.

Thus as an application of Theorem implies ([2.10]). Proof is completed. O

Remark 2.5. Tt is observed that if we relax the assumptions of inequality (2.9),
we get many existing inequalities as special cases of Corollary such as:

1. If we replace f5(r) = 0 and n = 1, then Corollary reduces to [[4],
Theorem 2.2].

2. When we put f5(r) =0, n =1 and v(r) = r, then Corollary [2.4] converts
o [[20], Theorem 1 part (a2)].

Here we provide another inequality of this Section which extends the exist-
ing results in ([20],[4],[10]).
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Theorem 2.6. Lety, f; € (R4, Ry), 1 =1,2,3,4,5 and v € {'(Ry,Ry) with
¥(r) <r,4(0) =0 and m; >mg > 1, n e (0,1]. If

()
y™(r) < fl(r)—i—fg(r)/(f3(s)ym1(3)+f4(s)ym2(s)—|—f(3)>"ds
0
v(r)
(2.11) +f2(r)/f5(s)ym1(s)ds, VreRy,
0

holds, then

()

y(r) < {f1<r>+f2<r>(exp( [ £200(n00+ 22 1i3) + £500) )
0
y(r)

X O/ (nf3(5)f1(5) + nf4(5)(m71f1(5) +

mi —ma

) T af(s) +1

nmo

“net fs() (9 ) e (= [ 200 (o) + 2 0
0

1

mq

(2.12) +f5(>\))d)\>ds) } , VreR,.

Proof. Assume that
v(r)
) = [ (B )+ ) + 1) ds
0
v(r)
(2.13) + / fs(s)y™ (s)ds, Vr € Ry.
0
Since Vi(r) > 0 is nondecreasing on R, with V1(0) = 0. Then (2.11)) implies

(2.14) y"ir) < fi(r) + fo(r)Va(r), VreRL,
or equivalently
(2.15) yr) < (A0 +LEOVIE)™T, VreRy
From and using Lemma we have
y ) < (A0 +ROVE)™
(2.16) < (@fl(r)+@f2(r)vl(r)+ m _m2), VreR,.
mq mq mq
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Applying Lemma on (2.13)), we have

y(r)
V) = [ (nh(™ () + nfi(s)y™(s) + nf() + 1= n)ds

y(r

0
(2.17) + 0/

for all » € R;. Differentiating (2.17) and using (2.17)) and (2.16]), we obtain

)
fs(s)y™ (s)ds,

< /@B (AEF LW )0 st ) (T2 )+ 72 ()
TN S () +1-n) + S5 () (A1) + L (Vi) )

n

o i)+ (1r) ) o) VA(P)

mi—msa

1% (’I“) + -
7 (1) (nfs(y(r)+
/) (OO R LG (2 )+

(218) +nf(y(r)+1=n+f5(1(r)Ai(r)), ¥ rERy.

IN

)

my

The estimation of V;(r) can be obtained from (2.18)) as follows:

Vi(r)n
v(r) ~y(r)
< exp( [ L) (nf0)+ 2500 + f5(0) ) dA nfa(s) fr(s)
([ rorCuson 52200+ son)ay) [ (
Fnfa() (2 Fi(s) + ) A nfols) 1 - nt f5(8)f1(8))

nmese

[N+ f5(0)dA)ds, V7€ Ry

my

(2.19) xexp(—/sfg(/\)<nf3(/\)+
0

Substituting ([2.19) in (2.15)), we obtain the result of (2.12). This concludes the
proof. O

Remark 2.7. Tt is observed that if we relax the assumption of inequality (2.11)),
we obtain many existing inequalities as special cases of Theorem such as:

1. If we put f5(r) =0, n =1 and f(r) = 1, then Theorem reduces to
[M], Theorem 2.3].

2. When we replace f5(r) =0, n =1, f(r) =1, ma =1 and v(r) = r, then
Theorem [2.6] converts to [6, Theorem 1 part (a1)].
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3. If we take f5(r) = 0 and n = 1, then Theorem becomes [4] Theorem
2.1.

Now, we present the following retarded nonlinear integral inequality of
Gronwall-Bellmen type of this Section that will generalize the inequalities given
in ([20], 4], [0]).

Corollary 2.8. Lety, fi € ((Ry,Ry), i =2,3,4,5 and v € ('(R4,Ry) with
v(r) <r,v(0) =0, g € ((Ry,Ry) be a real valued positive continuous, nonde-
creasing and my > mo > 1, n € (0,1]. If

v(r)
) < g+ ) [ (A )+ R + ) ds
0
y(r)
(2.20) +f2(7“)/f5(8)ym1(8)d5, VreRy,
0
holds, then
y(r)

nmso

y(r) < g(r){1+f2(r)<exp( / fz()\)(nfs()\)‘f‘ fa(A)g™ " (N)

0

mi

+f5(/\))d)\) X

o\%

(”fB(S) +nfa(s)g™ ™ (s) + f5(s)

fng () 4 g 61 0)) x e (= [ RO)(ns0)
0

nmsao

221 420+ fa )N ) s }ml,

VT’ER+.

Proof. As we know that g(r) is a real valued positive continuous, nondecreasing
function on R, and rearranging the inequality 2.8] we obtain

+f5(s) (‘zm)ml +ng” ™ (r)f(s) + g™ (r)(1 — n))ds, VreR,.

Thus as an application of inequality of Theorem implies (2.20)). O
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Remark 2.9. It is observed that if we relax the assumption of inequality (2.8)),
we obtain many existing inequalities as special cases, such as:

1. If we put f5(r) =0, n =1 and f(r) =1, then Corollary (2.2) reduces to
Theorem (2.4) becomes [].

2. When we replace f5(r) =0, me =1, n=1, f(r) =1 and y(r) = r, then
Corollary 2.2 converts to [[20], Theorem 1 part (az)].

3. If we take f5(r) = 0 and n = 1, then Corollary (2.2) becomes [10] Theorem
(2.2).

Here we state and prove another retarded nonlinear integral inequality of
this Section which extends the existing inequalities given in ([20],[4],[10]).
Theorem 2.10. Let y, f; € ((Ry,Ry), i = 1,2,3,4,5 and v € ('(Ry,Ry)
with v(r) <7, v(0) =0 and k(r,s) € ((Ry x Ry, Ry) with %k(r,s) € ((Ry x
Ry, Ry) and my > mg > 1. If

y(r)
g ) < A+ ) | ke "(s) 4 fals)y™ (s) ) ds
0
v(r)
(2.22) +fa(r) | fs(s)y™(s)ds, VreRy,
0/ S(5)y eR,
holds, then
~(r) v(r)
y(r) < {f1<r>+f2<r>(exp( [ awar) |
0 0
(2.23) Bl(s)exp<— / Al(r)dr)ds)}””’

0
vV r e Ry, where

A = () +EEAE) (B0 + 72 HG0D)) ) 07 ()

(2.24) + %k(r, 5) (fg(s) n %ﬁ(s))fg(s)ds), VreR,.

o\%

Bi(r) = +() <f5(v(7")f1 (1) + k(7)) (fsmon))fl (1) + (2 12 ()

v(r)
my — a ma
L me >+ 0/ Sk ) (F5)1(5) + Fals) (B2 i)
(2.25) +Ti——%)%,Vr€R+
my
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Proof. Assume that

y(r)

Valr) = [ bs) (Falo)g™ (5) + Fa(s)y™(5)) s
0
v(r)

(2.26) + / f5(s)y™ (s)ds, V r € Ry,

since Va(r) > 0 is nondecreasing on R4 with V5(0) = 0. Then (2.22)) implies

(2.27) y™(r) < fi(r) + fa(r)Va(r), VreR,.

or equivalently

1

(2.28) y(r) < (fl(r)Jrfz(r)Vg(r))ml, VoreR,.

From (2.28) and using Lemma 2.1} we have

mo

() + £aVa() ™

(2.29) g(%ﬁm+%ﬁmwm+

<
k
O
N

mi — m2)
mq ’

V'I"ER+

81
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Differentiating ([2.26)), using (2.28)) and ([2.29)), we obtain

Vs(r)

<

IN

(2.30)

v’(r){f5(7(r))(fl(r)+f2(7’)Vz(T’))+/~€(m(r))(f3(v(r))(fl(r)

A0+ 40 (S 5 ) 2 i)+ P2 }

v(r)

+ [ S M) % (1) + 26Vl +1(5) (22 )
0

¥ T

<<fs(7(7’))+k(m(7"))(fs(v(T)H:jf4(7(7"))))f2(7")7’(7’)
y(r)

[ okt (fa+ 22 1206)) a5)ds) ) Vot 0) ()50
0

*’“W"))(f3<7<r>>f1<r)+f4<v<r>><Zﬁff1<r>+ml‘m?))>

v(r)
+/gk(’“)(f3(5)f1<5)+f4<5)(%fl(swmln;%)>d5
0

= A ()Valr) + Bu(r), Vit € Ry,

where A;(r) and Bi(r) are defined in (2.24)) and (2.25]), respectively. The
inequality (2.30) gives us the following estimation for Va(r)

v(r) v(r)
Va(r) < exp( / Al(r)dr) / Bi(s)
0 0
(2.31) X exp ( - /(Al(r)dr)ds, VreR;.
0
Putting (2.31)) in (2.28)) implies (2.23]). Proof is completed. O

Remark 2.11. Tt is observed that if we relax the assumptions of inequality
(2.22), we obtain many existing inequalities as special cases of Theorem
such as:
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1. If we replace f5(r) = 0 and me = 1, then Theorem (2.3) reduces to
Theorem (2.5) [4].

2. When we put f5(r) = 0, me = 1 and v(r) = r , then Theorem (2.3)
converts to [6, Theorem 1 part (ag)].

3. If we take f5(r) = 0 and k(r,s) = 1, then Theorem (2.3) becomes Theo-
rem (2.3) [].

4. When f5(r) =0, mg = 1 and k(r, s) = 1, then Theorem (2.3) reduces to
[6, Theorem 1 part (aq)].

5. If we replace f5(r) = 0, then Theorem (2.3) converts to Theorem (2.3)
[10].

Now, we give another inequality of this Section that will generalize the
inequalities in the literature given in ([20],[4],[10]).

Corollary 2.12. Let y,f; € (R4, Ry), i = 2,3,4,5 and v € (R4, Ry)
with y(r) < r,v(0) =0, g € ((Ry,Ry) be a real valued positive continuous,
nondecreasing function and k(r,s) € (R4 x Ry, Ry) with %k(r, s) € C((Ry x
Ry, Ry) and my > mg > 1. If

()

) < )+ R0 [ K (RE™ )+ Sl ) ds
0
y(r)

(2.32) o) / Fo(s)y™ (s)ds, ¥ rER,,

holds, then

~(r) y(r)

yr) < g<r>{1+f2<r>exp( [ Aatyar) [ Bato)

0
1

(2.33) X eXp ( - /SAg(r)dr) ds} h ,
0

vV r e Ry, where

A2 (’I")
= (BOED +REAE) (O + 2 LGN ™ () ) folr)

v(r)

Y (r) + / %k(ﬁ s) (fs(S) + %fz;(s)gmz_ml(s))fg(s)ds, VreRy.
0
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Bylr) = () (f5 (+(r) + k(r.(r)) (fs(v(r)) Ry ()gmm w(r))))

v(r)
4 [ Sk :8) (fas) + £i(9)g™ ), V€ R

Proof. As we know that g(r) is a real valued positive continuous and nonde-
creasing function on Ry and rearranging the inequality (2.32)), we obtain

F
y(r)

< 1 £al0) [ 1) (R (U)ol o) (D0)™
0

—H%(s)(%)ml)ds, VreR,.

Thus as an application of inequality of Theorem implies (2.33). Proof is
completed. O

Remark 2.13. Tt is observed that if we relax the assumptions of inequality

(2.32)), we get many existing inequalities as special cases of Corollary [2.12]
such as:

1. When we replace f5(r) = 0 and my = 1, then Corollary reduces to
Theorem 2.6 [4].

2. If we put f5(r) = 0 and k(r,s) = 1, then Corollary converts to
Theorem 2.4 [4].

3. When we take f5(r) =0, ma =1, v(r) =t and k(r, s) = 1, then Corollary
becomes [6, Theorem 1 part (az)].

4. If f5(r) = 0, then Corollary becomes Theorem 2.4 [10].

Now, we give the following result that will generalize the inequalities pre-
sented in ([20],[4]).

Theorem 2.14. Let y, f; € ((Ry,Ry), i = 1,2,3,4,5 and v € ('(Ry,Ry)
with 4(r) <7, v(0) = 0 and k(r,s) € (Ry x Ry, Ry) with Lk(r,s) € ((Ry x
Ry, Ry) and m > 1, n e (0,1]. If

y(r)

) < AW+ [ ke (076 ) ds
0
v(r)

(2.34) + fa(r) / I5(s)y™(s)ds,
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vV r € Ry, holds, then

(2.35) X €xp ( - /Ag(T)dT’) ds)} ,

for all r € Ry, where

Aq(r)
= (HO6E) + k@) (fs(0) + - H(61)) ) 007 ()
y(r)

(2.36) + / aﬁ nfg )+ %f4(s)>f2(s)ds, VreRy,
0

ﬁ

Bg(T)
- 7’(7"){f5(7(7"))f1(7") + kA ) (RGN AE) +nfat) (- A )

y(r)

Lmes -|—1—n /—krs nf3(s)fi(s) +nfa(s)

(2.37) (Efl()—I—mT)—i—l—n)ds VreR,.

Proof. Assume that

y(r)

V) = [ k) (RO + Aals)u() ds
0
y(r)
(2.38) +/f5(s)ym(s)ds, VreRy,
0

since V3(r) > 0 is nondecreasing on Ry with V3(0) = 0. Then (2.34) implies
(2.39) y"(r) < [()+ fa(r)Va(r), VreRy.
From (2-39) and using Lemma [2.1] we get

1

AGENAGIEGIN
(A + ROV +T2), VreR,.

IN

y(r)

(2.40)

IN



86 Tazeen Athar, Usman Mustafa, Mahvish Samar, Abdul Shakoor

Applying Lemma on (2.38)), we have
y(r)

Va(r) = / k(r,s) (nfg(s)ym(s) +nfa(s)y(s) +1 - n) ds
0
v(r)
(2.41) + / f5(s)y™(s)ds,Vr € R..

0
Differentiating ([2.41)), and using (2.39)) and (2.40)), we obtain
Vi(r)
<

o >(f5< (r)(f1<r>+f2<r>V<r>) +h(r <r>>(nf3< (r)
+nfa(y ( (r) + f2() 3(r)

~
]
+ 1 —n)> (T)—k (r,5) {ﬂf:s( )(f1(8)

+f2(5)V3(3)) + ”f4(5)(ﬁf1(7") + Efz(s)vzz(s) + mT_l) +1- n}

IN

((ff)m(r» + k(. A(0) (nfs (1) + £ (1)) ) o) ()
()

[ k) (nfalo) + 21109 £(6) ) Vo) + ' { O DA )
0

ki (r, () (S (/1) () + nf4(7(r))(%f1(r) + mT*l) +1-n)}
y(r)

[ Lk ) (sl + ) (s + ) 1),

0

or equivalently,
(2.42) Vi(r) < Asz(r)Va(r)+ Bs(r), VreRy,

where Az(r) and Bs(r) are defined in (2.36) and (2.37)), respectively. The
inequality (2.42)) gives us the following estimation for V3(r)

(2.43) X exp ( - /Ag(r)dr)ds, vV relR;.
0
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Substituting (2.43)) in (2.39)), after rearranging we get (2.35)). Proof is done. O

Remark 2.15. Tt is observed that if we relax the assumption of inequality (2.34)),
we obtain many existing inequalities as special cases of Theorem such as:

1. If we replace f5(r) = 0 and n = 1, then Theorem reduces to Theorem
2.5 M.

2. When we put f5(r) =0, n = 1 and v(r) = r, then Theorem converts
to [[20], Theorem 1 part (a3)].

3. If we take f5(r) =0, n =1 and k(r,s) = 1, then Theorem becomes
Theorem 2.3 [].

4. When f5(r) = 0, n = 1 and v(r) = r, k(r,s) = 1, then Theorem [2.14]
reduces to [[20], Theorem 1 part (a1)].

Here, we give the following corollary that will generalize the inequalities in

(1200, [4)-

Corollary 2.16. Let y, f; € (R4, Ry), i = 2,3,4,5 and v € ('(R4,Ry)
with y(r) < r, v(0) =0, g € ((R4,Ry) be a real valued positive continuous,
nondecreasing function and k(r,s) € ((Ry x Ry, Ry) with Zk(r,s) € ((Ry x
Ri,Ry) and m > 1, n € (0,1]. If

v(r)

) < gm0+ R0( [ ke (RO + Alue) ds

o

(2.44) + [ fom(s)ds),

V r € Ry holds, then

y(r)

v(r)
yr) < g<r>{1+f2<r>(exp( [ i) [ o)
0 0

(2.45) X exp ( — /3A4(’I”)d’/‘) ds) }m,
0

vV r e Ry, where
A4(T‘)
= (Fs3) + kA0 (nfs(10) + = fal3 (g (1)) ) ) folr)
y(r)

v (r) + / %k(n s) (nfg(s) + %ﬁ;(s)gl_m(s)) fa(s)ds, VreRy,
0
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Bi(r) = A () FG0) + k) (nfs(1) + nfa(r(r)g' " (3(r)
y(r)
+g " (s)(1 = n))} + / %k(r, s) (Tlfg(S) +nfa(s)g' 7™ (s)
0
+g ™ (s)(1 - n))ds7 VreR,.

Proof. As we know that g(r) is a real valued positive continuous, nondecreasing
function on Ry and rearranging the inequality (2.44)), we obtain

~(r)

(M)m < 1+f2(r)0/k(r,s)(nfB(s)(gg/Eg)m+nf4(s)gl—m(s)(gg/§:§>

+f5(s) (ﬁ;;)m +g " (s)(1 - n))ds, VreR,.

Thus as an application of inequality of Theorem implies (2.45)). Proof is
completed. O

Remark 2.17. It is observed that if we relax the assumptions of inequality
(2.44])), we obtain many existing inequalities as special cases of Corollary [2.16}
such as:

1. If we replace f5(r) = 0 and n = 1, then Corollary reduces to Theorem
2.6 M.

2. When we put f5(r) = 0, n = 1 and k(r,s) = 1, then Corollary
converts to Theorem 2.4 [4]

3. If we take f5(r) =0, n =1 and y(r) = r, k(r,s) = 1, then Corollary
becomes [[20], Theorem 1 part (az)].

Here, we give the following theorem of this Section that will generalize the
inequalities in the literature given in ([20],[4],[10]).

Theorem 2.18. Let y, f; € ((Ry,Ry), i = 1,2,3,4,5 and v € ('(Ry,Ry)
with 4(r) <r, v(0) = 0 and k(r,s) € ((Ry x Ry, Ry) with Lk(r,s) € ((Ry x
R4, Ry) and mq > mg > 1, n € (0,1]. If

y(r)
) < AR [ ke (A0 ) ) ds
0
y(r)
(2.46) i) [ fom 6ds, Vrek,



Boundedness of solutions of nonlinear retarded ... 89

holds, then

(2.47) (— / As(r)dr)ds)} ,

V r € Ry, where

A3(r) = {00 + kA 0) (nfs(40) + T2 La20)) ) ()

(248  + V/(r)aikms)(nfg(s) + 1)) P(sds, VR,
]

(B40)

= () (fs(v(r))fl(r) b)) (RGN )+ nfsr () (52 1)

+m1n;m2) +1- n)> + 7);1:(7«, 5)(nfa(s)11(5)
d
mi — ma

(2.50) +nfa(s) (%fl(S) +

Proof. Assume that

)—l—l—n)ds, VreR,.
my

v(r)
Vi) = [ ko) (A )+ fals)um () "ds
0
(1)
(2.51) + / f5(s)y™ (s)ds, VreRy,
0
since V4 (r) > 0 is nondecreasing on R;. Then can be written as

(2.52) y™(r) < filr)+ fa(r)Valr), VreR,.

or equivalently
1
(2.53) yr) < (A0 +LOVM)™T, VreRy.
From (2.53) and using Lemma [2.1] we obtain
m72
y) < (A0)+ R0V

(2.54) < (%fl(r) + %fz(r)‘@(r) +

A

my —Mma

), VreR,.

mi
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Applying Lemma on (2.51)), we have

/krs nfs(s)y™ (s) + nfa(s)y™ 2(3))+1—n)d8

(2.55) + / f5(s)y™ (s)ds,

for all 7 € R, Differentiating (2.55)), and using and (2.54), we obtain

Vi) < Mm{ﬁwmmhm+h<><0+Mwﬂ»@ﬁwmmﬁm
FRIWVA)) +nfi () (A + T2 (Vi) + T )
+xh@w@+mmm)H—0w

or equivalently,

Vie) < ({60 + ke 0) (ah60) +

nmese

() ()7 ()

nmso

y(r)
b [ o) (019 + 2 () el ) Vi)

0 (O ENAE) + b (0) % (2D AC)
v(r)
nfar ) (22 A0+ ™) 1) )+ /A—krs

X(nfS(S)fl(S) +nf4(3)(m*1f1(8) + mlTlmz) +1- n)ds
(2.56) = As(r)Va(r) + Bs(r), Vre€Ry,

where As(r) and Bs(r) are defined in (2.48) and (2.49)), respectively. The
inequality (2.56) gives us the following estimation for Vj(r)

~(r) v(r)

Vi) < e ( [ Asnar) [ Bt
0

(2.57) X exXp ( - /A5(r)dr)ds, VrelR;.
0

Substituting (2.57)) in (2.53]), which gives (2.47)). The proof of Theorem is
done. O
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Remark 2.19. It is observed that if we relax the assumptions of inequality
(2.46)), we obtain many existing inequalities as special cases of Theorem m
such as:

1. If we put f5(r) = 0, n = 1 and mg = 1, then Theorem reduces to
Theorem 2.5 [4].

2. When we replace f5(r) =0, n =1, mg = 1 and 7(r) = r, then Theorem
converts to [[20], Theorem 1 part (as)].

3. If we take fs5(r) = 0, n =1, mo = 1 and k(r, s) = 1, then Theorem [2.1§]
becomes Theorem 2.3 [].

4. When we put f5(r) =0, n =1, me2 =1, v(r) = r and k(r,s) = 1, then
Theorem reduces to [[20], Theorem 1 part (ay)].

5. If we replace f5(r) =0 and n = 1, then Theorem becomes Theorem
2.3 [10].

Now, we present last retarded nonlinear integral inequality of Gronwall-
Bellmen type of this Section that will generalize the inequalities in the literature

given in ([20],[4],[10]).
Corollary 2.20. Let y, f; € ((Ry,Ry), i = 2,3,4,5 and v € {'(Ry,Ry)
with y(r) < r, v(0) =0, g € ((R4,Ry) be a real valued positive continuous

and nondecreasing function, k(r,s) € ((Ry x Ry, Ry) with %k(r, s) € C(Ry x
Ry, Ry) and my >mg > 1, n € (0,1]. If

) < gm0 ) [ ) (fs™ () + Aoy s) ds

~(r)

(2.58) +f2(r)/f5(s)ym1(s)ds, VrelRy,
0
holds, then
(1) y(r)
y(r) < g(r){l—i—fg(r)(exp( / A@(’I”)d'l") /B@(S)
0 0

(2.59) exp ( — /SAG(T)dT>dS) }’"17
0
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vV r e Ry, where

A6r) = {F00) + k) (nf(0() + 2 (1 r)g™ " () ) |
v(r)
B0+ [ k) (1)
0

nmes

f(s)g™ 7 (s)) fals)ds, W r € Ry,

my

By(r) = 7’(T)<f5(7(7“))+k(m(r))(nfs(v(r))+nf4(w(r))gm2‘m1(7(r))
T)

=

2k:(r,s)(?"bf:‘;(S) +nfa(s)

s -m))+ [

o

xg" T (s) + g ()1~ ) )ds, V7 € Ry

Proof. As we know that g(r) is a real valued positive continuous, nondecreasing
function on R, and rearranging the inequality (2.58]), we obtain

()"
v(r)
(r)\™ - (r)\m=
< 1+ £0) / klr.o) (nfals) (55) ™ + nalorgm ) (55
+f5(8)(zgg>ml +g "™ (r)(1 - n))ds, VreR,.

Thus as an application of inequality of Theorem implies (2.59). Proof is
completed. O

Remark 2.21. Tt is observed that if we relax assumptions of inequality ([2.59),
we get many existing results as special cases of Corollary 2:20] such as:

1. If we put f5(r) =0, n = 1 and ,my = 1, then Corollary reduces to
Theorem 2.6 [4].

2. When we replace f5(r) =0, n = 1, my = 1 and k(r, s) = 1, then Corollary
converts to Theorem 2.4 [4].

3. If we take f5(r) =0, n =1, ,mz2 =1 and k(r, s) = 1, then Corollary
becomes [[20], Theorem 1 part (asz)].

4. When f5(r) =0, and n = 1, then Corollary reduces to Theorem 2.4
[10].
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3. Boundedness of solutions of nonlinear retarded differ-
ential equations

This section presents two applications to explore the effectiveness of our derived
inequalities of Section [2| in estimating the boundedness and existence of the
solutions of nonlinear retarded differential equations which can be seen by
graphs.

Example 3.1. Consider the following retarded nonlinear differential equation

my™ ()% = i)+ M (™ (), B y()))
(3.1) +Ha(r,y™(y(r), V1 €Ry,

where M is a real-valued nonnegative continuous function defined on [Ri, R4,
and Hy and H, defined on [R%, R} ], satisfy the following conditions:

(3.2) If1(r)] <3r% VreRy,
(3:3) [Hi(r,y)| < fa(r)ly(r)] ¥V reRy,
(3.4) |Ha(r,y™)| < fs(r)ly™(r)] VreRy,

(35) Moy H)" < (BOW"E+ OO ¥ reRy,

where y(’l’), fl(r) an(T) ,f3(T), f4(T)7 fS(T)a PY(T) and n,m are defined as in
Theorem integrate both sides of the equation (3.1)) from 0 to r and using

the inequalities (3.2)), (3.3), (3.4) and (3.5)), we get

[y(r)|™
< (PH1+ / (Fs(ly™ () + fa()y(r(r))) " + / Fos)y™ (v(r))dr
0 0
y(r)
s SO f1(37(s) "
< P+ / (Bl v+ 2055 o) as
y(r) .
+ 50” () y"(y(r))ds, VreR;.



94 Tazeen Athar, Usman Mustafa, Mahvish Samar, Abdul Shakoor

Thus, as an application of Theorem with fo(r) = 1, implies

ly(r)|
y(r)
[O7M®) o fa(y @) | s
< {(7“3+ 1) +€Xp( / (n,yzj ,yfl(t)) E'Y/('Yil(t)) + 75/(771(15 )d?”)
0
y(r)
WO ), ey B L w1
X O/(’Y/(’Y_l(s)) lyo|™ + 7,(7_1(t))(m|yo| + )-l—l )

G ) I P Gl ) SRR /TG O)
iy el e / " 6T0)  m oy 6T)

B0\
(3.6) +M)ds>} , VreR,.

Thus, the estimation in inequality (3.6) implies the boundedness and exis-
tence of the solution of (3.1)).

Figure 1:

Particularly, if we substitute n = 5, m = 4,9(r) = V7, f2(r) =1, fs(r) =
r3, fa(r) =14, f5(r) = r°, we obtain

NG

y(r) < {(r3+1)+(exp</<;r3+; §+r5)d)\)
0

JT
1 1,,1 4-1 1
></(2r3(r3+1)+2r4(4(r3+1)+4)+1—2+r5(r3+1))

s
4

.
(3.7) xexp(—/(%r%% T4+r5)dA)ds)}4, VreR,.

0
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The estimated boundedness and existence of unknown y for 0 < r < 1 is shown
in Figure [T

Example 3.2. Consider the following retarded nonlinear differential equation

my™ ()8 = f1() + ()M (7 (), By ya())
(3.8) +Ha(r,y™ (1)),

Vr € R, where M is real-valued nonnegative continuous function defined on
[Ri, R, ], and H; and Hy defined on [Ri, R, ], satisfy the following conditions:

(3.9) If1(r)] < 3r% VreRy,
(3.10) [Hi(r,y)| < fa(r)ly(r)] ¥V reRy,
(3.11) [Ha(r,y™)| < fs(r)ly™(r)] VreRy,

(3812) My HO" < (F0)y" )+ A@)0]) ¥reRy,

where y(r)a fl(r) afZ(r) vf3(r)7 f4(7’), f5(T)’ V(T) and n,m, k(?”, 5) are defined
as in Theorem integrate both sides of the equation (3.8) from 0 to r and
using the inequalities (3.9)), (3.10)), (3.11)) and (3.12)), we get

ly(r)|™

< (P4 1)+//€(7“, 8)(f3(5)ym(7(7"))+f4(5)y(7(r)))ndr

+/ﬁ®ﬂﬁ®ﬂr
0
gwan+wkww<fﬁﬁwwm+ﬁ?$»WWW”S
0
+ JER) y"(y(r))ds, VreRy.

Thus, as an application of Theorem with fo(r) = 1, implies

y(r) y(r)
y(r) < {(T3+1)+exp(/A7(r)dr) /B7(s)

0 0

(3.13) X exp ( - /SA7(r)dr)ds} )
0

3k
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for all r € Ry, where

(3.15) +2") +1-n)ds, VreR,.
m

Thus, the estimation in inequality (3.15]) implies the boundedness and existence
of the solution of (3.8). The estimated boundedness and existence of unknown
y for 0 < r <1 is shown in Figure

Figure 2:

4. Conclusion

It is of great interest to derive the most general inequality for retarded
nonlinear integral inequality, this would be rather complicated. The compact
perspective of this article is to establish several new retarded nonlinear integral
inequalities, and many fresh and existing famous inequalities might be achieved
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by making an appropriate selection of parameters. Moreover, these inequalities
permit us to study the qualitative properties such as existence, uniqueness,
boundedness, stability and asymptotics of solutions of classes of more general
retarded nonlinear differential, and integral equations. Many renowned and
existing important special cases can be explored based on different choices of
parameters (see remarks|[2.3] 211 [2.13] .15} .17, .19} [2.21) from
our integral inequalities of this article. So, these inequalities can handle the
problems of nonlinear partial differential equations in applied sciences. This
research work will ensure to open the new opportunities for studying nonlinear
dynamic inequalities on time scale structure of varying nature.
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