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S-asymptotic w-periodic solution for a coupled
integro-differential equations with nonlocal conditions

Mouffak BenchohreEl7 Abdelhamid Bensalenﬂ and Abdelkrim
SalimAF|

Abstract. The purpose of the present paper is to study the existence
and attractivity of S-asymptotic w-periodic mild solution to semilinear
integro-differential systems with nonlocal conditions via resolvent op-
erators in the sense given by Grimmer. The existence, as well as the
uniqueness results are established by means of Perov and Schaefer fixed
point theorems combined with a vector approach that uses matrices that
converge to zero which was given in generalized Banach space. The ob-
tained result is illustrated by an example at the end.
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1. Introduction

In 1964, Perov has extended the classical Banach contraction principle for
contractive maps on vector-valued metrics [23]. In [I5], R. Graef et al. gave
the vector versions of some fixed point theorems, like Schaefer’s fixed point
theorem, in a vector Banach space. In recent years, many authors have investi-
gated the existence of solutions for systems of ordinary differential, integral and
semi-linear differential equations using the vector version fixed point theorems,
see [6l [TT], 15, 2], 22] [26] 2] and the references therein.

Physical problems inspired the nonlocal problems. Indeed, it is proved that
nonlocal problems outperform standard Cauchy problems in applications. They
are used to construct mathematical models for the evolution of phenomena
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such as nonlocal neutral networks, nonlocal pharmacokinetics, nonlocal pollu-
tion, and nonlocal combustion, among others. The nonlocal Cauchy problem
has been studied first by Byszewski in 1991 (see, [7}, 8, @, [10]). Then, Bal-
achandran and his collaborators have considered various classes of nonlinear
integrodifferential systems [I]. Numerous authors have investigated qualita-
tive aspects of many differential equations with nonlocal conditions, such as
existence, uniqueness, and stability (see, [3 4} 27]).

The existence of S-asymptotically almost periodic solutions is one of the
most interesting subjects in qualitative theory of differential equations, due to
its mathematical curiosity as well as its applications in physics and math-
ematical biology, among other areas. The interested reader is referred to
[19, 18, 24] 29] and the sources given therein.

The goal of this paper is to study the existence and attractivity of S-
Asymptotic w-Periodic mild solutions for integrodifferential system with non-
local conditions via resolvent operators of the form:

V(¢ = Aﬂ?‘(é;) + 1 (G 0(0), 0 (€), Wi (D(C), #(¢)))
+/ B1(¢ — s)¥(s)ds, for ¢ € Q,
0

¢’ (¢) = A20(C) + f2 (¢, 9(C), #(C), W2(V(C), #(¢)))
/Bz ¢ — s)p(s)ds, for ¢ € Q,

9(0) = Jo + YT1(V, ¢),

©(0) = @o + T2(V, p),

where Q = [0, +00), and for i = 0,1, A; : D(A;) C £ — = are the infinitesimal
generators of a strongly continuous semigroup {T;(¢)}i>0, Bi(¢) are closed
linear operators with domain D(A4;) C D(B;(¢)), the operators ¥; are defined
by

(0, )(C) = / " gi(C,5,9(s), p(s))ds, a > 0.

The nonlinear terms f; : @ x Ex=Ex =2 — = T; € BC(Q,2) x BC(Q,E) — E,
are given functions, BC(), Z) is a Banach space defined later, and (Z,] - ||) a
Banach space.

The following is how the paper is structured: Section 2 contains various
important results and definitions required for this work. In Section 3, we
present our primary existence results for problem . Lastly, an illustration
is provided in Section 4 to show the application of our findings.
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2. Preliminaries

Let BC(,E) denotes the Banach space of all bounded and continuous
functions y mapping Q) := [0, +00) into E, with

[€]loe = sup [[E(O)]-
CeQ

A measurable function ¢ : [0; +00) — = is Bochner integrable if and only if |||
is Lebesgue integrable. Let us denote by L'([0;+00),Z) the Banach space of
measurable functions ¢ : [0; +00) — = which are Bochner integrable, with the
norm

+oo
l€llz = / IE)IldC.

2.1. Generalized Banach space

Definition 2.1. Let X be a vector metric space on K = R or C. A map
| -] : X = R is called a norm on X if it satisfies the following properties:

e (i) ||z|| = 0 then = = (0,...,0);
o (ii) || Az|| = |Al||z| for z € X, X € K;
o (i) llo + gl < 2] + ly| for every z,y € X.
Remark 2.2. The pair (X, || - ||x) is called a generalized normed space. If the

generalized metric generated by ||+ ||x (i.e d(x,y) = ||x —y||x) is complete then
the espace (X, | - ||x) is called a generalized Banach space, where
[z =yl
e —yllx =
2 —yln

Let X = BC(£,2) x BC(, E) be endowed with the vector norm || - || x xx
defined by ||v||xxx = (|[uillge > luzll o) for v = (ui,uz). It is clear that
(BC(Q,E)x BC(2,Z),] - |lxxx) is a generalized Banach space. In the case
of generalized Banach spaces in the sense of Perov, the notations of convergent
sequence, Cauchy sequence, completeness, open and closed subset are similar
to those for usual metric spaces.

Definition 2.3. A square matrix M of real numbers is said to be convergent
to zero if and only if M™ — 0 as n — +o0.

Theorem 2.4. A square matriz M of real numbers is said to be convergent
to zero if and only if its spectral radius p(M) is strictly less than 1. In other
words, this means that all the eigenvalues of M are in the open unit disc i.e.
[A| < 1, for every A € C with det (M — AI) = 0, where I denotes the unit
matriz of My xn(R).

Lemma 2.5 ([28]). Let M € M, xm (Ry). Then, the following assertions are
equivalent:
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o M is convergent towards zero,

MF =0 as k — 400,

The matriz (I — M) is nonsingular and

(I-M)'=T+M+M+...+ M +...

The matriz (I — M) is nonsingular and (I — M)~ has nonnegative ele-
ments.

Definition 2.6. Let Q € May2(R) is said to be order preserving (or positive)

if p1 < po,q1 < qo imply
Po D1
>
o )=e(h)

in the sense of components.
a —b
o=( "))

where a,b,c,d >0 and det Q > 0. Then, Q™' is order preserving.

Lemma 2.7 ([25]). Let

We consider the following Cauchy problem:

¢
1) w(Q) = Au(Q)+ [ BC—suls)ds: for ¢ >0,

w(0) = wp € E.

The existence and properties of a resolvent operator have been discussed in
[12] [16], 17]. In what follows, we suppose the following assumptions:

(R1) A is the infinitesimal generator of a uniformly continuous semigroup

{T(C)}C>07

(R2) For all ¢ > 0, B(¢) is closed linear operator from D(A) to & and B(() €
B(D(A),E). For any y € D(A), the map ¢ — B({)y is bounded, differ-
entiable and the derivative ( — B’({)y is bounded uniformly continuous
on RT.

Theorem 2.8 ([I6]). Assume that (R1) — (R2) hold. Then, there exists a
unique resolvent operator for the Cauchy problem .

Lemma 2.9 ([I6]). Assume that (R1) — (R2) hold. The resolvent operator
(®(€))e>0 is compact for ¢ > 0 if and only if the semigroup (T'(())¢>o0 is com-
pact for ¢ > 0.

Lemma 2.10 ([20]). Assume that (R1) — (R2) hold. If the resolvent operator
(®(C))c>0 is compact for ¢ > 0, then it is norm continuous (or continuous in
the uniform operator topology) for ¢ > 0.



Integro-Differential System with Nonlocal Conditions 35

Lemma 2.11 ([20]). For any a > 0 there exists a constant v = y(a) such that
12(C+h) = 2(R)2(Ollex) <vh,  for 0<h<(<a

Now, we introduce some concepts and properties related to S-asymptotically
w-periodic functions.

Definition 2.12. A function f € BC([0,400),E) is called S-asymptotically
w-periodic if there exists w > 0 such that

Jim (¢ +w) = Q)] =0

We denote by Y = SAP,,(E) the set of all S-asymptotically w-periodic functions
from [0, +00) to E. Note that SAP,(Z) is a Banach space with the sup-norm
1[Iy

Definition 2.13. A continuous function f : [0,4+00) x & — = is said to be
uniformly S-asymptotically w-periodic on bounded sets if for each bounded
subset K of =, the set {f(¢,z) : ((,z) € [0,+00) x K} is bounded, and
lime s oo (f(¢ +w,x) — f({,2)) = 0 uniformly in = € K.

Definition 2.14. A continuous function f : [0,400) x & — = is said to be
asymptotically uniformly continuous on bounded sets if for every € > 0 and for
any bounded set K C =, there exist constants L. x > 0 and § = d. x > 0 such
that

for all ( > L. x and z,y € K with ||z — y|| < d¢ k.
Lemma 2.15 ([I8]). Let E, F be two Banach spaces, and f : [0,+00) x E —

F be a function uniformly S-asymptotically w-periodic on bounded sets and
asymptotically uniformly continuous on bounded sets. If v € SAP,(Z2), then

Jm (f(¢+w,z(C+w)) = f(C,x(¢) = 0.

+oo

Theorem 2.16 (Perov’s fixed point theorem [23]). Let (X,d) be a complete
generalized metric space, with d : X x X — R™ and let N : X — X, such
that

d(N(z), N(y)) < Md(z,y),

for all z,y € X and some square matriz M of nonnegative numbers. If the
matriz M is convergent to zero, that is M¥ — 0 as k — +oo, then N has a
unique fized point x, € X, and we have

d(N*(z0),2.) < M*(I — M)~ 'd(N (20) , x0)
for every xg € X and k > 1.

Theorem 2.17 (Schaefer’s type theorem [I5]). Let (X,] - ||x) be a generalized
Banach space and N : X — X is a continuous compact mapping. Moreover
assume that the set

A={x e X :x=AN(x) for some € (0,1)}
is bounded. Then N has a fized point.
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3. The main result

In this section we discuss the existence of a mild solution for the problem

D).

3.1. Existence of solutions

We obtain existence and uniqueness results by employing Perov’s fixed point
theorem.

Definition 3.1. A function (¢, ¢) € BC(Q,Z) x BC(Q,E) = X x X is called
a mild solution of problem (|I.1)) if it satisfies

9(¢)

D1 (0) (9o + T1(9, ¢))

¢
+ / B1(C — 31 (5, 0(5), 0(3). U1 (0(5), () ds; ¢ € O,
©(¢) = P2(¢)(po + T2(9, 9))

¢
+ / Bo(C — 5)fa (5,9(s), 9(5), Ua(0(5). pls))) ds: ¢ € .

The hypotheses:

(H1) For i = 1,2, f; : @ x 2 X E x & — E are Carathéodory functions and
there exist p;, ¢; € L'(Q,R") and a continuous nondecreasing functions
Vi, i+ @ — (0,400) such that

Hfi(<7ua v, w(ua u)) - fl((a aa 67w(av i]\))” < pz(()%(”“ - a||)
+ @i (Q)oi(|lv —vl]),

for u, w, v, v, w € E,
with

%i(€) < ¢ ¢ < ¢ and £ = fi(,0,0,0)] € L(2,RT).

(H2) Fori=1,2,g;: D xExZ — = are continuous and there exist continuous
functions g.,, ge, : 2 — (0,+00) such that

l9i(, 5, 0) = gi(C, 5, 0) | < g, () lu = @l + G, () o = 7,
for each ((,s) € Dy, and u, @, v, ¥ € E,
with
max { sup{ge, (O}, 5up{Ge (O}, sup {l9i(¢.5,0,0)[1}}
e CEQ

(C,S)GDM

= max{g;,, g, 9; } < +oo.
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(H3) Fori =1,2, T; : X x X — = are Lipschitz functions, i.e there exist a
positive constants Ly,, Ly,, such that

i (u, v)=Ti(@,0)|| < L, |lu—a x+ L,

v—70l||x, for allu, u, v, v € X.

(H4) Assume that (R1) — (R2) hold, and there exist Mg, > 1 and f; > 0, such
that
12Ol BE) < Ma,e™ 7.

Theorem 3.2. Assume that the conditions (H1) — (H4) are satisfied, and the
matriz

Ma, (Lr, + pille) Mo, (Zr, + laills: )

Ma, (Ly, + Ip2ll2) - Mo, (v, + a2l )
converges to zero. Then, the system has a unique mild solution.

Proof. Transform the problem into a fixed point problem. Consider the
operator
©: BC(Q,Z) x BC(Q,2) - BC(Q,E) x BC(Q,E) define by:

O0(¢), ¢(¢)) = (©1(9(C), (¢)), O2(V(C), ¢(€))),
where
01(9(¢), (C)) = <I)1(C)C(190 +711(9,))
+/0 D1(C = 5)f1(5,9(s), (), W1 (I(s), p(s))) ds,

02(9(¢), (C)) = <I>z(<)<(</>o + T2(¥, )
+/0 Do(C = 5)f2(5,0(s),0(s), W2 (I(s), p(s))) ds.

We show that © was well defined. Given (¥, ) € X x X, ¢ € Q, we have
101(F(C), (O < 1RO [P0l + [T (9, ©)1])
+ /OC [21(C = s)Ill[f1 (s,9(s), ¢(s), W1 (I(s), 0(s))) || ds.
From (H1), we have

[1f1(s,9(s), @(s), 1(9(s), o(s))I| < pr(s)pr([9(s)]]) + ar(s)ér(lle(s)])
+ Hfl(sv 07 07 0)”

Also, we have

1719, @)1 < Loy, [9]lx + L, el x + 75
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Then, we get

10190, (DIl < Ma, (190ll + L, 9] x + L, il +19)
+ Mo, (Iprll s (I1911x) + a2 &1 (1))

+Mq>1/ fi(s

1©2(9(6), (Ol < Ma, (lloll + Exa 9]l + L lllx +19)
+ Mo, (Ip2 22 92 (19]x) + a2 d2(llx))

¢
+ Mg, / fg(s)ds
0

Similarly, we obtain

Thus,
10(3, )| xxx < +oc.

Obviously, the fixed points of operator © are mild solutions of the problem

().
We shall use the Perov’s fixed point theorem to prove that © has a fixed
point. Let (¥, ), (¥,9) € X x X, then (H1) and (H2) imply

101(9(C), ¢(€)) — ©1(I(<), B(C))]]
< Mg, (L, |9 — 9llx + L, ¢ — @llx)

¢
+May [0 (100) =G + (e (fo(s) = 7))
< Ma, (L, + [pillz) 19 = Dllx + Mo, (L, +llaliz: ) e = Bllx-

Similarly, we get

102(9(¢), #(<)) = ©2(9(0), ZO))
< Ma, (L, + Ip2lln) 19 = Dllx + Moy (Le, + llaellzs ) e = Bllx-

Then, we have

1009, ) — O, 3 xxx
Mo, (Lr, + pille) Mo, (Lr, + laillo )

Cw—mu)
le - @llx

Applying now Theorem we conclude that © has a unique fixed point,
which is a mild solution of problem (1.1J). O

Ma, (Lr, + [p2lle) Mo, (Trs + laallnn )
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Now, we study the existence of a mild solution by using Schaefer’s fixed point
theorem.
In the assumption (H1), we suppose that for every My, My > 0, we have

¢
lim sup/ —Be=s) [Mipi(s) + Mag;(s)]ds = 0.
(—+o0 CeEQ

Let
1= Mo, (L, + o) =Ma, (v, + a0

—

M =
~Ma, (L, + Ipallz) 1= Ma, (v, + llgalln )

Theorem 3.3. Assume that the conditions (H1)-(H4) are satisfied and for
i=1,2,
Mg, max{Ly, + ||pillz1, Lv, + ||lgillz:} < 1, and det (J\/J\) > 0.

Then, the system (1.1)) has at least one mild solution.

Proof. We use Theorem to prove that © has a fixed point. We have di-
vided the proof into four steps.

Step 1 : O is continuous.
Let (95, ¢n)nen be a couple of sequences such that (9, p,) — (9%, ¢*), then
for ¢ € 2, we have

1©1( 2))(C) — (©2(9°, o) (O)]
< Mo, / 11 (5, 0n(5), (), 1.9 (5), on(5))

— fi(s,9%(s), 9" (s), W1 (9"(s), " (s))) | ds
+M<I>1HT1( n,@n)f (’19*,@ )”

By the continuity of g;, we get
gl(Ca S, 19"(8)7 @n(s)) — gl((a 3719*(8)7 90*(5)) as n — +0o0.

And, we have
191(C, 8, Un(s), on(s)) — g1(C, 5,97(s), " ()| < g2, [[9n(s) — 9" (s)]
+ 9 llen(s) =™ (s)]-

By Lebesgue dominated convergence theorem, we obtain

¢ ¢
/ 91(C, 8,9n(8), pn(s))ds —>/ 91(¢, 8,9%(s), 0" (s))ds, as n — +oo.
0 0

Hence
101(Fn, 0n) —O1(F",0")||x = 0, as n— +oo.
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Similarly, we get
192(Vn, o) — O2(9*,0™)||lx = 0, as n— +oo.

Thus, © is continuous.

Let Bs be defined by

Bs ={(V,9) € X x X : (|9l [lellx) < (61,82)},

with §; > 0. The set Bs is bounded, closed and convex.

Step 2 : O is a completely continuous operator.
Claim 1 : ©(By) is bounded.
Let (¥,¢) € Bs and ¢ € Q, from (H1)-(H3), it follows that

[1f1(s,9(s), ¢(s), W1 (0(s), p(s))I] < p1(s)11(01) +qu(s)¢1(d2) + [ f1(s,0,0,0)],

and ~
1T (9, @) < Ly, 01 + Ly, 05 + 3.

Then, we get

101(0(0), AN < Ma, (190 + L6 + Lr, 83 + T8+ 1]l 24 (61)

¢
+larllon(62) +Ma, [ R(5)ds
< 400.

Similarly, we obtain

182(9(0), ¢ < M, (Ilpoll + Lrab + Eorya + Y8 + pall s 02(61)

¢
el 0a(62) +Ma, [ 805)ds
< 4o0.

Thus,
10(3, )| xxx < +oc.

Claim 2: The set ©(Bj) is equicontinuous.
For (¢, ¢) € Bs and k1, ke € €, we have

1©1(9, ) (k1) — O1(F, ) (k2|
< |R(k1) — R(k2)|l 3z (190l + L, 61 + L, 82 + T9)

+ /0“1 |R(k1 — s) — R(k2 — 5)|| 5=) (P1(5)¥1(61) + q1(s)p1(62))ds

s, [ P (P (81) + 01()1 (62)) ds.

1
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By the strong continuity of ®;(:) and (H1), we have

191(9, p)(k1) — O1(F, @) (k2)|| = 0 as k1 — Ka.
Similarly, we get

192(9, p) (k1) — O2(F, ) (k2)|| = 0 as k1 — Ka.
Hence, the set O(Bs) is equicontinuous.

Claim 3: The set ©(Bjs) is equiconvergent.
Let (¥,¢) € Bs and ¢ € Q. By (H1),(H3), we have

1©1(3(Q), w(O) < Maye™* (9ol + L, 81 + Lr, 82+ 19)

¢
+ Ma, / e 1= (p1(8)4h1(61) + ¢ ()61 (62))

— Mg, : 0(s)ds
(—+o0 0
Then
1€1(9(0), $(0)) — ©1(9(+00), p(+0))| —— 0
Similarly, we get
192(9(C), (C)) = O2(¥(00), p(+o))l| 2 O-

Claim 4: The set ©(B;(()) is relatively compact.
n € (0,¢) and (¥, ¢) € Bs, we define the operator

0,0(), 9(0)) = (BTW(C), 9(0)), O3W(C), (),
where
O1(9(0).£(0) = 101+ ) (B0 + T1(9. )
010 [ 1(C == 8 (5909, (5). T 9. () s

OY0(0).$(0) = Baln + 0o + Ta(0. )
+Ba(n) / Do — 11— 5)f (5, 0(5), (), Ta(D(5), 0(s))) ds,

and the operator

41

0)) : (¥,¢) € Bs} is compact. Let ¢ > 0 be fixed,
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where
1D, 2(€)) = Ba(n + Odo + T (7. 2))
-n
[ 9 (59690 100, () d,
0

61(9(0), #(C) = D(y £ lpo + T2(0.))

[ D (5, 0(5)000), Ba(0(5) () .
Since ®;(-) are compact and by Lemma [2.11] the sets
{©7(9(0),¢(Q) : (¥9,9) € Bs}t,_y 4

are relatively compact. Moreover for (1, ¢) € Bs, we obtain

N ¢—n
1©7(9(C), (<)) = BT (W(C), e(O)l < /0 [@1(7)P1(¢ =1 — ) = P2(C = 5)|
x ||fl (S,ﬁ(S), 90(8)’ \111(19(5), 90(8))) HdS
From Lemma [2.11] and (H1), we get
187((¢), (€)= BT (W), (I < vl L1 (81) + g [l 61(52)) el

Similarly, we get

195(9(C), 9(0)) =B, (O < yllp2llprtb2(81) + g2l 2 ¢2(35)) — 0.

n—0
Therefore, the set {@”(19(4),4,0(0) : (0,p) € 35} is precompact.
Applying this idea again, we obtain

101(9(0). 2(©)) = B1@(C). ()
< 1121(¢) = @1(¢ + | (190l + L, 81 + L, 82+ %)

¢ ¢
+ Mg, <1/11(51) /C—npl(S) + ¢1(02) /4_77 Q1(8)d8>
o

and

192(9(0), (0)) — BW(C), 2(C))]
< [92(¢) = @2(¢ + )| (llgoll + Loy 61 + L5+ 19)
¢

¢
M, (wzwo / Pa(8) + 62(62) /

¢—n ¢—n

q2 (s)ds)

— 0.
n—0
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Thus, ©(Bs(¢)) is precompact. Consequently ©(Bj) is relatively compact.
Step 3 : The following set
A={0,¢) e X x X : (9,¢) =20, ), for some X € (0,1)},

is bounded.
Let (¢,¢) € A and A € (0,1) be such that

(9(C), (C)) = AB(I(C), p(C))-

Then, we have

Thus

19N < Ma, (190l + L, [91]x + L, llx +T9)
+ Ma (a9l + ol )+ Mo, | " (s
Similarly, we get
IOl < Mo, (lleoll + Lral9llx + Iraliglx +T3)

¢
+ Mo, ([[p2ll 191 x + llg2ll 1 lellx) +Mq>2/ 13 (s)ds.
0
Therefore

L= Mo, (Lt +lprll)  =Mo, (L, +llaillin ) <||19||X>
~Ms, (Ly, + |Ip2llz1) 11— Ma, (ZTQ + ||CJ2||L1) llellx

¢
Ma, ( 190 + / £9(s)ds
< 0

< |
Ma, { ool + / £9(s)ds
0

From Lemma M~ is order preserving, then we get

(196 < 7
el x

Thus, the set A is bounded, hence we deduce from Theorem that © has
a fixed point. Consequently, system (1.1)) has at least one mild solution on
Q. O

¢
Ma, ([190]+ [ £2(s)ds
0

< ‘
Ma, ( ool + / £(s)ds
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3.2. Asymptotic periodicity of solutions
We will need the following hypothesis:

(H5) The function f is uniformly S-asymptotically w-periodic and asymptoti-
cally uniformly continuous on bounded sets.

Theorem 3.4. Assume that the conditions (H1)-(H5) are satisfied. Then the
system has an S-asymptotically w-periodic mild solution.

Proof. Firstly, we will prove that
O(SAB,(,E) x SAB,,(,E)) C SAB,(,E) x SAB,,(2,Z).
Let (¥,¢) € SAB,(Q,E) and ¢ € Q, then we have

©1(9(¢ + 1) (¢ +)) — B ((C), £(O)]
< My, (|90 + || T1(9, @)||) (e PrEF) 4 e=Fre)

Cw
+ /0 1 (¢ +w —8)f1(s,9(5), p(s), V1(I(s), ¢(s))) ds

¢
- / B1(C = 5)f1 (5,0(5), 9(5), U1 (9(s), 0(5))) ds

< Ma, (90l + Lr, 19lly + Ly, llly +19) (e 4 =)

+ /Ow [@1(¢ +w = s)[l[L.fr (5,9(s), 0(s), Wi (D(s), ¢(s))) l|ds

¢
+ [ B¢ D (w00 ). s+0). 10, 2) 5+ )
- fl (s,ﬁ(s),cp(s),\Ill(ﬁ(s),go(s)))ds
< Ma, (I90ll+ Lr,19lly + L, llglly +19) (e 4 4 =)

¢
+ Mo, /O = (@ ([9()Dpa () + D1 (e ()N (s) + I1f7 ()])dls

L.
+/0 121(C = )IIs (5 + w0, 95 + ), p(s + ), Ta (0, 0) (5 + w)
- fl (Sa 19(5)’ 90(5)7 \111(19(5), 90(5))) ||d$

¢
+/L 121(C — $)IlI1 (5 + w0, 05 + w) (s + ), Ty (9, 9) (s + )
iy (5,9(5), (5), U1 (9(s), 2(5))) s
< Ma, ([90ll + Ly, [Py + Ly llelly + 1) (7765 4 =)

¢
+ Mg, /0 e Pt (20 (19]ly )pr(s) + 261 ([lelly )ar (s) + |17 (s) ) ds
1— eBl(CLE)>

+€Mq>1 ( B
1
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Then
101 (9(¢ + w), p(¢ +w)) = O1(I(C), ()| —— 0.

Similarly, we get

102((¢ + w), ¢(C +w)) = O2(I(C), p()) | ——— 0.

Now, let (9*,¢*) € BC(Q,E) x BC(£2,E) be a solution of (L.1)), then from
Theorem [3.3] we have

(07(€), ¥"(€)) = ©(9*(C), ¥"(€))-
Then,

[(0(C + w), o™ (¢ +w)) = (97(C), ™ (Ol = 1O (C + w), ™ (¢ + w))
— 00 (O), ¢ ().

Thus,
[(9*(C +w), " (¢ +w)) = (I°(C), " (DI ——— 0.

{—+o0

Consequently, (9%, ¢*) € SAB,(Q,2) x SAB,(Q,E). O
3.3. Attractivity of solutions

In this section we study the local attractivity of solutions for the problem

D).

Firstly, we introduce the following concept of attractivity of solutions as in [I3].

Definition 3.5. We say that solutions of are locally attractive if there
exists a closed ball B(z*,v) in the generalized Banach space Y x Y for some
2" = (27,23) € Y x Y such that for arbitrary solutions z = (z1,22) and z =
(71, 22) of belonging to B(z*,~), we have that

lim ((21(¢), z2(€)) = (21(€), 22(¢))) = Oge.

t——+oo

When the last limit is uniform with respect to B(z*,7), solutions of problem
(1.1) are said to be uniformly locally attractive (or equivalently that solutions
of (1.1 are locally asymptotically stable).

Let z* be a solution of (1.1)) and B, = B(z*,7) the closed ball in ¥ x Y,
with v = (y1,72) > 0, and det(M*) > 0, where

L= 2Ms, (Lr, + |pille)  =2Ma, (L, + llasllz2)
M* =
~2Ma, (L1, + [p2lls) 1= 2Ma, (L, + laallnn ) -

Theorem 3.6. Suppose that hypotheses (H1)-(H4) hold. Then, the solutions
of problem are uniformly locally attractive.
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Proof. For (z1,22) € B(z*,7), ( € Q and by (H1) and (H3), we have

1©1(21(€), 21(C)) — 91(2T(C),Z§(C))>_

1961, 22)(¢) = ="l = <|@2<z1<<>,zl<<>> —0s(z1(0, 5O

Then, we have

1©1(21(€), z1(¢)) — ©1(21(€), 25(0)) |l
< Ma, (L, |21 — 2{ | x + Ly, [l22 — 23| x)
¢
+ Ms, /0 p1(8)Y1(llz1(s) — 21 (38)[]) + q1(s)P1 ([l 22(s) — 23 (s)|)ds
< 2Mg, (Ly, + ||p1]lz2) 1 + 2Ms, (Erl + HQ1HL1) Ya.

Similarly, we get

1©2(21(¢), 21(€)) — O2(21(¢), 23 (¢))l
< 2Ma, (L, + Ip2llz) 1 + 2Ma, (L, + lgallz ) 22
Thus,
[©(z1,22)(¢) — 2" ()|
) (2Mq>l (Lr, + Ipales) 2, E§n + |Q1L1§) ()
-~ \2Ma, (L, +[Ip2llr)  2Ma, (L, + (g2 21 72
From Lemma M is order preserving, then we obtain
. (1 —2Ma, (Lt +pillr)  —2Ma, (e, + ) ) ()
~2Mo, (Lt + p2ll) 1= 2Ma, (e, + sl ) ) \72

This proves that ©(B,) C B,.
So, for each (z1,22), (21,%2) € B(z*,7) solutions of problem (1.1} and ¢ € Q,

we have

(21, 22)(€) — (21, 22) (Ol = ©((21, 22)(¢)) — ©O((Z1, 22)(O)]-
Then

101((21,22)(C)) = ©1((21, 22)(O))

< Mg, (L, |21 — Z1llx + Loy, |22 — Z2lx)
¢
+ Mg, / p1(s)01(|z1(s) = Z1(9)]]) + qi(s)dr (||22(s) — Za(s)|)ds
0
<2Mg, (Ly,m + ET{Yz)@_BlC

¢
4 Mo, /0 €19 (4 (1)pr (5) + b1 (v2)aa (5)) ds.
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Similarly, we obtain

182((21, 22)(€)) — ©2((Z1, 22)(O)| < 2Map, (Lr,71 + Lryya)e ™26
¢
e P2(C=9) (ahy (1) pa(s
+M<D2/0 (v2(r)pa(s)

+ 62(72)aa(s) ) ds.

We conclude that ||(z1, 22)(¢) — (21,22)(¢)]| = 0, as { = +oo. O

4. An Example

Consider the following class of partial integro-differential system:
(4.1)

¢
(%wl(ﬁ,x) — A, w1 (¢, x)) — / (¢ —s)A(0, w1 (s, z))ds

02
L) [l ) (14 [ ()] + [ma(s) ) e
= (¢2+1) 14 2¢2 + s2

w1 (¢x)+w2 (¢,x))msin(e”7¢ . ~
+( (2 772((524,)3) ( )p1(C) if C € and x € Q= (0, 1)7
¢

2w@(¢,w) — A, w2(C, ) —/0 Ty (¢ — $)A(D, wa (s, z))ds

_ (" =1)pa(Q) cos(e” 7™ ) (w1 (¢ @) +w2 (¢ @)
B 198(t241)etF(mFDa

() [ e G+ [malds.
0 ~
w;(¢,7) =0, fori=1,2,t>0, and ¢ € 99,

ds

b

0

i
e Cti 4 . ;

@2(0,7) = @3 (2) + Sgg3 2050 (@1 (20 + [w2(27)]]),

where ¢ € Q, and z € (0,1), Q =R+, Q = (0;1), p; : RT > R are continuous,

017 92, 91 92 S R, o> ﬁz

The operator A defined by

9 <5§(C,$)

86,6 = - (%5 + i) ) + ba6(c ).

Or
Let L
E=H:=1L%0,1) = {g :(0,1) — R :/ &(x)Pdx < +oo},
0

1

be the Hilbert space with the scalar product (§,v) = / &(z)v(z)dz.
0
We define the operators A; induced on H as follows:

Az =2" 4012 +0sz, 01,0, € Rand D(A;) = H*(0,1)N H(0,1),
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AQZ = Z// + 512’/ + 522, 51,52 € R and D(Ag) = H2(0, ].) N H&(O, 1),

which are the infinitesimal generators of an analytic semigroup (G1(¢))¢>o,
(G2(())¢>0 on H. Since the semigroup generated by A; is analytic (respectively,
As), then it is norm continuous for ¢ > 0 which implies that resolvent operator
is operator-norm continuous for ¢ > 0 (see [14]). We define also the operators
B;(¢): H— H by:

Bi(¢)z =Ty (Q)Aiz, fort>0, z€ D(4;).

As in [5l [16], for i =1,2 and some rl >ri> 1, we assume that
POl < 5=, and [TY(Q)]| < <, we get that [|®;(C)]| < ™, where
G; =1 —r; . Thus (H4) holds with Mgy, =1 and ; =1 —r; *

Now, if p(¢) = 1. We put w(¢)(z) = w((, z), for ¢ € [0, +00), and define

p1(¢) sin (efgc) Uy (é1, d2)
TT(C2+1)
7o (O)(1(0) + 62(0)) sin (=)
(¢ +1)

fl(C? ¢1) ¢27 \Ijl(gbla (b?)) =

+

e n eiCz 1(s (s efg(cf
Uy (g1, ) :/O In(1+e° )@+ [[o1(s)]| + l[92(s)[)

d
14207 + 52 >

f2(C b1, d2, Wa(d1, d2)) = 28 )109088((62 :_ i)(eci(i)?@) (e —1)
(¢

e ¢ pa(C)Va (g1, P2)
198 (¢2 + 1) ’

+

\I’z(¢1,¢z):/o e~ 91(5)I] + [[d2(s) s,

Ti(G 61, 62) = 7o Czlnunqsl( N+ 921,

e—C+i

3
Ta(C 61, 62) = “om S (16120 + 162(20) ).
j=1
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We can write in the form
V'(€) = A1d(C) + f1 (¢, 9(¢), y(C), ¥1(V(C), #(¢)))

¢
+/ B1(¢ — s)¥(s)ds, for ¢ €1,
0

¥'(¢) = A2<P(€;) + 2 (6 9(0), 0 (€), Wi (P(C), #(€)))
+/O By(¢ — s)¥(s)ds, for ¢ € I,

0(0) = do + T1(J, ),

©(0) = o + T2(0, p).
For ¢ € 2, we have
1£1(¢ 61(€)s 62(€)s ©1(61(C), B2(€))) — f1(¢ D1(€)s D2(C)s ©1(51(C), a(O))]]

e~ 9¢ 2T m ~ n
< S (e ) (1100 = B0l + 102(0) - (0.

and

1£2(C, 91(C), 62(C), Ta(1(C), $2(C))) — f2(C, 61(C), 2(C), Ta(d1(C), 62(C)))l

e~ ¢
<

< gy ([ @) (1946 = B O1 + 10200 - B0

So, ¥;(¢) = ¢:(¢) = ¢; i = 1,2, are continuous nondecreasing functions from
(0, +00) to (0,400). Also, we have

67‘7( (6704742 ﬁ n s

1 +

p1(Q) =q:(¢) =

and

e ¢ @
=— sem(milags ) e LHQ,RT).
e () o

Now, about g1, g2, T1 and 15, we have

llg1(¢, s, ¢1, P2) — 91(4,8,$1,$2)H < ef ¢ (m+)a
% (I61() = 31Ol + 11620 = (O

p2(€) = ¢2(¢)

I (1 + e~¢*)e=o(c=9)
— <
||92(C7S7¢1,¢2) 92(C787¢17¢2)H — 1 +2(2 +52

% (l91(¢) = 61l + 1162(0) = B2(O)1))
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16 61,62) = 116,182l < oo (194(0) = BUON +1192(0) ~ B0
IT2(C, 61, 62) — T2(C, b1, 62)|| < 111 (||¢1( ) — d1(O) + llg2(C) — 52(0”) :
And

* ~% 1 6%
7902:9(12:111(2)7 erl:L,Y_l:r??, LT2:LY2:E.

g =05 =T
Also, we have
1 s 72
— 4+ —+-— ~0,076
177 + 308 + 154
1
e4 m
T ~0.02
111 + 198 0,027

Then, p(M) € (0,1), det(M) = 0,897, det(M*) = 0,794 where

Mo, (Lr, + pille) M, (Lr, + larllss )

M =
Mo, (Lt +Ip2ll) - May (Lrs + a2l 22

And M =1 — M, M* =T —2M. Therefore, M converges to zero and J\//T, M*
are order preserving. By Theorem and Theorem we deduce that ({4.1))
has a unique mild solution, which is locally attractive.

Now, we assume that p({) = sin(In(¢ + 1)). Then, we have

151G, 81(0): 82(€), ¥1(91($), €2(9))) = f1(C, 91(€), D2(€) ¥1(61(0), 92(0)))
< 2 (161(0) = BN + 182(0) = B0

and

1£2(C, 61(C), 62(C), Ta(d1(C), 92(C))) — fo(C, D1(C), $2(C), Wa(d1(C), #2(C)))]

—Ta

5= (191(0) = 101l + 182($) = 32(<)11)

Now, for any w > 0, we have

e

[sin(In(¢ + w + 1)) — sin(In(¢ + 1))| —> 0.

(—+o0
In other hand, if we put
sin (€77¢) W1 (o1, ¢2) n 7(¢1(¢) + ¢2(¢)) sin (e7¢)
TT(C2+1) T2+ 1) '

cos (e”77) (¢1(C) + ¢2(¢)) e 7 Ws(¢1, ¢2)
198 (C2 4 1) eS+(ntDa 198(C2+1) °

Al(C) =

Az(¢) = (" —1)+
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For ¢1, ¢2 € H=Hn SAB,, A1, Ay, are bounded and we have

IO > 0 and [Aa(Q) | ——>O.

Then
[l f1(¢+w, @1(C), $2(C), ¥ (#1(C), 92(¢))) — f1(C, $1(C), $2(C), Pi(h1(C), @2(O)))|
)

< lpr (¢ +w) = pr QAL + @)l + [l (O UL + [[A1(C + w)]

¢{——+oo

Similarly, we get

[1/2(C + w, ¢1(€), 92(C), W1 (#1(C), 92(C))) — f1(¢, #1(C), $2(C), Y1(h1(C), 2(0)))|
)

< Hlp2(C 4+ w) = 2Ol A2(C + @)l + 22O I([[A2(C + W) + [1A2(O) I

— 0.
¢—~+oo

Therefore, all conditions of Theorem Theorem and Theorem are
verified. Consequently, the problem (4.1)) has at least one S-asymptotically
w-periodic mild solution, which is locally attractive.
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