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On stability of finite variable quadratic functional
equation in Banach spaces

Sushma Devﬂ

Abstract. The purpose of this paper to propose Hyers-Ulam-Rassias
stability in Banach spaces for a finite variable quadratic functional equa-
tion
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1. Introduction

Functional equations play an important part in the study of stability. In
1940, the stability problems of functional equations about group homomor-
phisms was introduced by Ulam [I7]. In 1941, Hyers [7] gave an affirmative
answer to Ulam’s question for additive groups (under the assumption that
groups are Banach-spaces). Hyers’ theorem was generalized by Aoki [2] for
additive mappings and by Rassias [13] for linear mappings by considering an
unbounded Cauchy difference || f(z +y) — f(x) — f(v)| < e(||z]|? + ||y||?) for
all e > 0 and p € [0,1). Also, Rassias [I2] generalization theorem was deliv-
ered by Gavruta [6] who replaced e(||z||” + ||y||?) by a control function @(x,y).
The papers of Rassias have significantly influenced the development of what
we now call the Hyers-Ulam-Rassias stability of functional equations. In 1982,
Rassias [12] followed the modern approach of the Rassias theorem [I3] in which
he replaced the factor product of norms instead of sum of norms. Since that
time many researchers [1I, [3], [4], [5], [8], [9], [10], [I1], [14], [16] proved the
stability of many functional equations on different type of spaces.

The functional equation ((vy +ve) +0(v1 — v2) = 20(v1) + 20(v2) is called a
quadratic functional equation. Each solution of the quadratic functional equa-
tion is called a quadratic mapping. A Hyers-Ulam-Rassias stability problem
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for the quadratic functional equation was proved by Skof [I5] for the mappings
0 :V — W, where V is a normed space and W is a Banach space.
The present work introduces finite variable quadratic functional equation

as
(1.1) S0 -200+ > v
i=1 j=1,ij
n
Z D(v; +v;) — (n* — 8n + 3) Z(Z)
1<i<j<n i=1

where n > 5 and derive its solution. Also, it obtains Hyers-Ulam-Rassias
stability in Banach spaces.

2. General solution

Theorem 2.1. Let V and W be vector spaces. If a function O : V — W, satis-
fies the functional equation (1.1) for all vi,vs,...,v, € V, then the function ()
is quadratic mapping, that is, it satisfies O(v1+v2)+0(v1 —v2) = 20(v1)+20(v2).

Proof. Let the function §) : V' — W satisfy (1.1)). Takingv; =ve =... = vn = 0
in , we have ((0) = 0. Replacing (v1,v2,...,v,) by (v70,.. , ) in ,

we get

D(—2v) + (n — 1)O(v) = (n — 6)(n — 1)B(v) — (n* — 8n + 3)0(v)
21)  O(=2v) = 4.0(v)

If we take v1 = vy = v and v3 = ... = v, = 0 in (1.1)), and using O(—2v) =
4P(v), we get

(2.2) 0(—v) = 0(v)

which shows that ) is an even mapping. Also, using the evenness property we
have ()(2v) = 220(v), for all v € V and for any n > 0. Also, by substituting
(v1,v2,V3, 04, ..., v,) With (v,v,v,0,...,0), we get #(3v) = 3%((v) and so on
for all v € V. By using PMI we get

(2.3) 0(kv) = k*0(v).

Now replacing v3 = ... = v, =0 in (L.1]) we get

(24) @(21}1 — ’UQ) + @(’Ul — 2112) = 9@(111) + 9@(’02) — 4@(’01 + Uz).
Replacing vy by —v9 in (2.4),

(2.5) @(21}1 + ’Ug) + @(’Ul + 2’1)2) = 9@(’1}1) + 90(’02) - 4@(1}1 — ’1}2).
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Replacing v; by vy + vg in (2.4)), we get

@(2111 + 1)2) + @(Ul — 1)2) = 9@(1}1 + Ug) + 9@(’[}2) — 4@(1}1 + 2’()2),
(2.6) D(2v1 + va) = (w1 + va) + I (va) — 40(v1 + 20v2) — B(v1 — v2).

Using in , we get
(2.7) D(v1 + 2v2) = =30(v1) + O(v1 — v2) + 30(v1 + v2).

Interchanging v1 and vy in (2.7)), we get

(2.8) @(21}1 + 1)2) = —3@(1)2) + @(’U1 — U2) + 3@(7)1 + ’1)2).
By using (2.5), and (2.8)), we have
(2.9) D(v1 + v2) + 0(v1 — v2) = 20(v1) + 20(vs).

3. Main results

In this section, we prove the Hyers-Ulam-Rassias stability of quadratic func-
tional equation ([1.1). The abbreviation for the given mapping ) : V — W is
given as follows:

3

(3.1) D@(vhvg?...,vn):Z@—%i—i— Z vj]—(n—6) Z O(v; + vj)

i=1 G=1,i#j 1<i<j<n

+ (n® — 8n +3) Zn: D(vs),

for all vy,vs,...,v, € V.

Theorem 3.1. Assume that V and W are Banach spaces. If a function 0 :
V — W satisfies the inequality

(3.2) [DO(v1,v2,...,v0)|| <&

for some e > 0, for all vi,vs,...,v, €V, then the limit
27l

(3.3) Qa(v) = Tim 22"

m—oo 221

exists for each v € V and Q2 : V. — W is unique quadratic function such that

(3.4) 10(v) = Q2(v)]| <

)

WM™

for anyv eV.
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Proof. Replace (vi,va,...,v,) by (v,0,...,0) in (3.2]), we have
||@(2v) - 2%0(v)|| <,

0(2
(3.5) H 53 —D(v H
Replace v by 2w in (3.5]), we have
P(2t+1ty) €
(3.6) H2 — 2| < 7
pE2t+ty)  0(2%) €
(3.7) ' 22(t+1) 92t 22(t+1)’
for all v € V and all ¢ > 0. Since
B(2m) 021 ) P(20)
(3.8) 92m — (v ( 22(i+1) 92 ) :
So,
0(2 02+ ) 0(2i)
H 22m w(U)H = ; 22(i+1) 92
m—1 c
< Z; 92(i+1)
€ 1
3.9 =—(1—-==]).
(39) s(1-5)

Replace v by 2™v, we get

‘ @ 2m+n @(an)

(310) 22(m+n) - 22n

€ 1 1
<3\ 220 = 220mm )

forallv e Vand all e > 0. As RH.S — 0 as m,n — oo then {@(2227:;)} is a

Cauchy sequence in W. Since W is a Banach space, thus sequence {(2)(222:)}

converges to some Q2(v) € W. Forv e V,

1Q2(0) 0} = | @atw) - 22 OB _ g
< [l@ut) - 270 22Ty
(3.11) < |lQa(v) - @(22;1;) +§ (1 _ 22%
For all v € V' and all € > 0. Taking the limit m — oo,
(3.12) |Q2(v) = 0(w)| < =

3
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Replacing (v1,v,...,v,) by (2™v1,2™vg,...,2™v,) in (3.2), we have

||D(Z)(2m1}17 2m1}2, .. 2 Un | <eg,
om 9m My,
(3.13) HD@( Utz )H

22m ’ 22m ? ’ 22m

Applying m — oo, show that (o satisfies the functional equation (1.1)).

To prove the uniqueness of the quadratic mapping )2, assume that there
exists another quadratic mapping @Q%, which satisfies inequality . Fix
v € V. Clearly, Q2(2%v) = 22'Q2(v) and Q4(2'v) = 2%Q}4(v) for all v € V,
from , we have

Q:2"0) 02" | B2"0)  Q42m)

HQ2( ) Q2( )H ‘ 22m - 22m 22m - 22m ’
1 €
(3.14) < 22"771771 : g.
Taking m — oo, we have Q2(v) = Q4(v). O

Theorem 3.2. Assume that V and W are Banach spaces. If a function ) :
V — W satisfies the inequality

(3.15) IDO(v1,va, - vl < 0> [P
i=1
For some p < 2, for all vy,va,...,v, € V, then the limit
27l
(3.16) Qa(v) = lim 22"0)

m—oo 22n

exists for each v € V and Q2 : V — W is the unique quadratic function such
that

(317) 10(0) ~ Qa(o)| <
>~ (22 — 217) )
foranyv eV.
Proof. Replace (v1, v, ...,v,) by (v,0,...,0) in (3.15), we have
(3.18) 10(20) = 220(v)[| < O]|v]?,
0(2v) 9”va

(3.19) H22 —0(v :
Replace v by 2'v in (3.19)), we have

B2 10) ¢ 9||2tv||”

H g | < 22l

02 0) 0@ ollP
(3.20) ‘ 22(f+1) 92t = 92(t+1)—tp
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for all v € V. Since

(321) LGN o Chst B
=0
So,
Hmﬁm mw”s%ﬁ %ii?—gﬁfw
1=0
P Sl
-~ 92(i+1)—p
(3.22) - (292|v”;) (1 - 2mép)> .

Replace v by 2™v, we get

m+n n
(3.23) ‘ 0(2 h(2™v)

22(m+n) 22n

_ Ol (1 1
— (22—;0 _ 1) 2% o 22(m+n)—mp

forallve V. As R.H.S — 0 as m,n — oo then { 22" } is a Cauchy sequence
in W. Since W is Banach space, thus sequence { (2;;”)} converges to some
Q2(v) e W. Forv eV,

1Qa(0) ~ 0(0)] = |[@a(w) ~ B D2y

< Qz(v)—wgzm ”wﬂn (D(U)H
Ollv]l”

B2 1
< @0 - 52 *@2%)O_<Wﬂpw)

for all v € V. Taking the limit m — oo,
O|v[[”
(22 —27)

Replacing (v1,va,...,v,) by (2™v1,2™vse,...,2™v,) in (3.15), we have

(3.24) 1Qa(v) — 0(v)| <

n
[DO2™ vy, 2™ g, ..., 2 0,) | < 0 |27 0P,

=1
2Muy 2Mwuy 2™y,
Joo (G e e )| < o 2

Applying m — oo shows that ()2 satisfies the functional equation (1.1)).
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To prove the uniqueness of the quadratic mapping o, assume that there
exists another quadratic mapping @, which satisfies inequality (3.24). Fix
v € V. Clearly, Q2(2'v) = 22!Q2(v) and Q5 (2'v) = 22!Q}(v) for all v € V. We
have

Taking m — oo, we have Q2(v) = Q4(v). O

1Q2(v) — Q4(v)|| = HQ222m v)  0(2™v) N 02mv)  Q4(2™v)

22m 22m 22m

O|v]|”
— 22m—mp—1(22 _ 2p) '

Theorem 3.3. Assume that V and W are Banach spaces. Let 0 : V* — R*

be a function such that ZOO W converges and

(3.25) lim 22000

i—o0 2%
Also, if a function O : V — W satisfies the inequality
(3.26) IDO(vi,v2, ... vp)|| < B(v1,v2,. .., v,)
for all vi,ve,...,v, €V, then the limit

(3.27) Q2(v) = lim 2"v)

m—oo 221N

exists for each v € V and Q2 : V — W is the unique quadratic function such
that

(3.28) 00) - Qo)) < 3 M0

22(i+1)

foranyv eV.

Proof. Replace (v1,va,...,v,) by (v,0,...,0) in (3.26]), we have

(3.29) 10(2v) — 220(v)| < O(v -, 0),
(3.30) Hm e H <Ol 0).
Replace v by 2'v in (3.30)), we have
t+1 ¢
H(2)(2 i v) _@(QtU)H < 0(2 v,gé...,0)7
0(2'v,0,...,0)

(3.31)

0(2+10)  B(2tw)
22(t+1) 92t

- 22(t+1)
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for all v € V. Since

@(27n ) m—1 2z+1 @(2%[))
(332) 22m (Z) “ 22(z+1 - 92i !
So,
02 02 ) 0(2i)
H 22m @(U)H < £ 22(i+1) 92
m—1 i
0(2%v,0,...,0)
Replace v by 2"™v, we get
BEmtry) M) || mEST 0(210,0,. 2 0(2'0,0,...,0)
‘ 22 m+n) T T 92n = z% 22 z+1) z% 92(i+1)
m4+n—1 ;
0(2%v,0,...,0)
=n

for all v € V. As R.H.S — 0 as n — oo then {0(22%”)} is a Cauchy sequence

in W. Since W is a Banach space, thus sequence {0(222nv)} converges to some

Q2(v) e W. ForveV

1Qa(0) ~ 0] = [[Qoto) ~ U270 L D220 )
<@t - 252 + H@QM - 00
< ||Q2(v) — [Z)(;;U) z% W
for all v € V. Taking the limit m — oo,
(3.35) 1Q2(v) — B(v)|| < 2 QQ(M 50

Replacing (v1,va,...,v,) by (2™v1,2™ve,...,2™v,) in (3.26), we have

|IDO(2™ vy, 2 va, ..., 20y || < B(2™01, 2™ v, ..., 20y,
Do 2My 2Myg 2™, B(2mvy, 2™ vy, . .., 2M0,)
b 22m .

IN

22m ’ 22m e 22m

Applying m — oo, show that () satisfies the functional equation (|1.1)).
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To prove the uniqueness of the quadratic mapping o, assume that there
exists another quadratic mapping @), which satisfies inequality (3.35). Fix
v € V. Clearly, Q2(2'v) = 22!Q2(v) and Q5 (2'v) = 22!Q}(v) for all v € V. We
have

102(0) - @301 = | L3 - (22,,3’) 2 )
= (2,0, . = 0(2%0,0,...,0)
= _Z 22 z+1) _Z 22(z+1) !
Taking m — oo, we have Q2(v) = Q4(v). O

4. Counter example

We provide a counter example for the non-stability to the functional equa-
tion (1.1)) in real normed space as:

Example 4.1. Let a mapping ¢ : R — R be defined as

(a.1) o) =3 1E

t=0

v, |v| <1,
0, else,
then the mapping ¢ : R — R satisfies the inequality

where g(v) =

16, &
(4.2) |Dp(v1, 2, ... vn)| < (30 — 2502 + 28n — 12)392 |vi|2,
i=1
for all vq,vs,...,v, € R, n > 8, but there does not exist a quadratic mapping

Q> : R — R satisfies |¢p(v) — Q2(v)| < elv|? for all v € R.
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