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Existence of solutions for systems of conformable
fractional dynamic equations on time scales
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Abstract. In this article, we study the existence of solutions to sys-
tems of conformable fractional dynamic equations with periodic bound-
ary value or initial value conditions. Existence results are obtained by
using the method of solution-tube and Schauder’s fixed-point theorem.
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1. Introduction

Fractional calculus is a generalization of ordinary differentiation and inte-
gration to arbitrary non-integer order. Fractional differential equations play an
important role in describing many phenomena and processes in various fields of
science such as physics, chemistry, control systems, population dynamics, etc.,
see [11, 19, 24 25]. In [3],[8] 10} 211 27, 28 29} [31], the authors studied fractional
calculus on time scales and their important properties.

Recently, a new fractional derivative called the conformable fractional
derivative, was introduced by Khalil et al. in [20]. Especialy, Benkhettou
et al. in [II] introduced a conformable fractional calculus on an arbitrary time
scale, which provides a natural extension of the conformable fractional calculus.
Furthermore, in [4, [18] 23] [30] the authors introduced a conformable fractional
calculus on an arbitrary time scale.

In this paper, we establish existence results for the following system of
conformable fractional dynamic equations:

W 2 (1) = ft, 27 (1), for A-a.e. t € I = [a,b]r,
' € (BC).
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Here T is an arbitrary time scale, J = [a,0(b)]r with a,b € T, 0 < a < b
and f : I x R" — R" is a L) y-Carathéodory function, x(AO‘)(t) denotes the
conformable fractional derivative of z at ¢ of order o € (0,1] and (B€) denotes
the initial value or the periodic boundary value conditions:

(1.2) z(a) = o,

(1.3) 2(a) = 2(o(b)).

B. Mirandette in [22], used the solution-tube method for the problem (|1.1))
with T=R,a=1,a=0and b=1:

(1.4) 2 (t) = f(t,x(t)), forae. tel0,1], ze€ (BC),

where f is a Carathéodory function, z € W11 ([0, 1], R™).
Existence results for problem (|1.1)), (1.2) with T = R:

2 (t) = f(t,x(t)), for a.e. t € I =a,b], x(a)= o,

were obtained in [26], by using the Banach fixed point theorem with f a con-
tinuous function.

Existence of solutions were obtained by B. Bendouma et al. in [7] for the
problem (1.1) with T = R:

(1.5) 2 (t) = f(t,z(t)), forae. telanda=0, z¢c (BC),

by the help of the solution-tube method which generalizes the notions of lower
and upper solutions given in [6].

In [I7] Gilbert introduced the notion of solution-tube to problem (1.1)) with
a=1:

2 (t) = f(t,2°(t)), for A-a.e. t € [ =[a,b)r, a=minT, b=maxT, = € (BC),

which generalizes the notions of lower and upper solutions.

In the particular case where n = 1, existence results for problem were
obtained in [8] with nonlinear functional boundary conditions B(z(a),x) = 0 or
H(z,2°(b)) = 0, where B and H are continuous functions. Their results were
established, for the scalar case, with the method of lower and upper solutions
and cover, as particular cases, the boundary conditions and (L.3). In
[5], the authors solved problem (L.1)),(L.2) (for n = 1 and T = R) with f is a
continuous function with the help of the solution-tube method which coincides
with the lower and upper solutions method.

Motivated by the above works, we consider the existence of solutions for
problem , using the notion of solution-tube of which generalizes the
notions of lower and upper solutions given in [8]. It is inspired by a notion of
solution tube for systems of conformable fractional differential equations (|1.5]
introduced in [7], (see also [I5] 22] and [I7] on time scales).
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This paper is organized as follows. In Section [2] we introduce the definition
of conformable fractional calculus on time scales and their important properties.
In Section 3, we prove the existence of solutions to problem by using the
method of solution-tube and Schauder’s fixed-point theorem.

2. Preliminaries

In this section, we recall some notions and results which we will use in this
article.

2.1. Calculus on time scales

We briefly recall the necessary concepts from the time-scale calculus. For
more detailed discussions on the calculus on time scales, see [2} 9, 12}, T3], [14] 17]
and the references therein.

Let T be a time scale, which is a closed subset of R. For ¢t € T, we define
the forward and backward jump operators o, p: T — T by

o(t):=inf{s € T:s>t} and p(t) :=sup{seT:s <t}

respectively. We say that ¢ is right-scattered (resp., left-scattered) if o (t) > ¢
(resp., if p (t) < t); that ¢ is isolated if it is right-scattered and left-scattered.
Also, if t < sup T and t = o (t), we say that ¢ is right-dense. If ¢ > inf T and
t = p(t), we say that t is left dense. Points that are right dense and left dense
are called dense. The graininess function p: T — [0, 00) is defined by u(t) :=
o(t) —t. If T has a left-scattered maximum M, then T® = T\{M}, otherwise,
T* = T. The backward graininess v : T — [0, 00) is defined by v(t) :=t — p(¢).
If T has a right-scattered minimum m, then T, = T\{m}, otherwise, T, = T.
The set of all right-scattered points of T is at most countable. We denote it
by Rr:={teT,t <o(t)} ={t;:i € N, for some N C N}. For a,b € T we
define the closed interval [a,b]y :={t € T:a <t < b}.

Definition 2.1. ([32]) The function f : T — R™ is called rd-continuous pro-
vided it is continuous at right-dense points in T and left-sided limits exist at
left-dense points in T. We write f € Cyq (T,R").

Definition 2.2. ([I2| [17]) For f : T — R™ and ¢t € T, the delta derivative of
f at ¢, denoted by f2(t), is defined to be the number (provided it exists) with
the property that given any e > 0, there is a neighborhood U of ¢ such that

£ (@) = F(s) = FA () (0 () =s)|| <clo () —s|,  forall s€U.

The set of functions f : T — R™ which are A-differentiable and whose
A-derivative is rd-continuous is denoted by C}!, (T,R™).

Definition 2.3. ([I2]) The function p : T — R is p-regressive if
14 u(t)p(t) # 0, forall t € T,

The set of all p-regressive and rd-continuous functions p : T — R will be
denoted by R, = R, (T,R). We define the set RT, = {p € R, : 1+ u(t)p(t) >
0 for all t € T}.
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Definition 2.4. ([12]) If p € R, then we define the delta exponential function
ep by:

er(t:9) =00 [ €y ()7,

for t,s € T, where the p-cylinder transformation is as in:

1
() Elog(l + zh); if h > 0;
h =
z; if h=0.

where log is the principal logarithm function.

2.2. Conformable fractional calculus on time scales

We begin by introducing the notion of conformable fractional derivative of
order « €]0,1] for a function defined on arbitrary time scale T.

Definition 2.5. ([20]30])(Conformable fractional derivative) Given a function
f :[0,00) — R™ and a real constant o € (0,1], the conformable fractional
derivative of f of order « is defined by

Wi g ST — f(1)
(2.1) FO(t) = lim -

for all ¢ > 0. If f(®)(¢) exists and is finite, we say that f is a-differentiable at
t.

If f is a-differentiable in some interval (0,a), a > 0, and lim,_,o+ f(®)(t)
exists, then the conformable fractional derivative of f of order o at ¢t = 0 is
defined as

Definition 2.6. ([11])(Conformable fractional derivative on time scale) Let

f:T =R, ¢teT" and o €]0,1]. For t > 0, we define f(Aa)(t) to be the
number (provided it exists) with the property that, given any € > 0, there is a
d-neighborhood V; C T (i.e., Vs :=t —§,t+6[NT) of ¢, § > 0, such that

[f(o(t)) = F() ™ = £ (0 [o(t) — s]| < elo(t) —s| for all s € V.

We call f(Aa)(t) the conformable fractional derivative of f of order « at ¢, and

m f).

we define the conformable fractional derivative at 0 as f(Aa) (0)= 1 n,
t—

Example 2.7. Let a € (0,1]. Functions f,g,h : T = R : f(t) = ¢, p € R,
g(t) = XA, A € R, and h(t) = ey(t,a), p € Ry, are conformable fractional
derivatives of order a with

£ =172 ¢\ (1) = 0; B (1) = 1P ey (t, a).
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Definition 2.8. ([30]) Assume f : T — R", is a function, f(t) = (f1(¢),
fa(t), ..., fu(t)) and let t € T*. Then one defines f(AO‘) (t) = (fl(Aa)(t),fz(Aa) (1),

ey fn(Aa) (t)) (provided it exists). One calls f(Aa)(t) the conformable fractional
derivative of f of order a at t > 0. The function f has conformal fractional

differentiable of order a provided f(Aa)(t) exists for all ¢ in T*. The function
f(Aa) : TF — R” is then called the conformable fractional derivative of f of
order a, and we define the conformable fractional derivative at 0 as f(AO‘)(O) =

Remark 2.9. (i) If a = 1, we have £ (t) = f2(t).

(ii) If T = R, then f(AO‘) = (@ is the conformable fractional derivative of f
of order a.

We introduce the following spaces::

C%(la,b)T,R™) = {f is conformal fractional differentiable of order «
on [a, bz and f§” € Crq([a, bz, R™)}.
Coralla; blr, R") = {f € Cly([a, b]r,R") : f(a) = f(b) = O}.
Capralla; b, R") = {f € Cy([a, blr, R") : f(a) = f(b)}.

Theorem 2.10. ([30]) Let « €]0,1]. Assume f: T — R"™ and let t € T*. The
following properties hold.

(i) If f is conformal fractional differentiable of order o at t > 0, then f is
continuous at t.

(i) If f is continuous at t and t is right-scattered, then f is conformable
fractional differentiable of order a at t with

fo®) = £8) 10

_ 4l—a A
10, =)

87 =

(iii) If t is right-dense, then f is conformable fractional differentiable of or-
der « at t if and only if the limit limg_,4 %tl_a erists as a finite

number. In this case,
80 =17 ).

(iv) If f is conformable fractional differentiable of order o at t, then
Flo(0) = F(t) + (u(e)e* " 187 (8).

Theorem 2.11. ([30]) Assume f,g : T — R™ are conformable fractional dif-
ferentiable of order a.. Then,

(i) the sum f + g is conformable fractional differentiable with (f + g)(Aa) =

éa) + gxx)}.
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(ii) for any A € R, \f is conformable fractional differentiable with ()\f)(Aa) =
)‘f(Aa);

(iii) if f and g are continuous, then the product fg is conformable fractional
differentiable with (f9)% = f5” g+ (foo) g8 = F{(go o) + f g

Theorem 2.12. ([11])(Chainrule) Let 0 < o < 1. Assume g : T — R is
continuous and conformable fractional differentiable of order o at t € T* and
f R — R is continuously differentiable. Then there exists c in the real interval
[t,o(t)] with
(Fo )R () = (F'(9(c)), 9" (1))-
The next result is an adaptation of Theorem [2.12

Theorem 2.13. Let 0 < a < 1 and W be an open set of R” andt € T a
right-dense point. If g : T — R™ is conformable fractional differentiable of

order a at t > 0 and if f : W — R™ is differentiable at g(t) € W, then fog is
conformable fractional differentiable of order o at t and

(fog)W (1) = (f'(9(t)), g (1))

Example 2.14. Let o € (0,1] and = : T — R”™ is conformable fractional
differentiable of order a at ¢ > 0. We know that [|.|| : R™ \ {0} — [0,00) is
differentiable. If ¢ = o(t), by the previous theorem, we have

<a(t),a8(t) >

(@)l

Now we introduce the a-conformable fractional integral (or a-fractional
integral) on time scales.

()| =

Definition 2.15. ([I1]) Let f : T — R be a regulated function. Then the
a-fractional integral of f, 0 < a < 1, is defined by [ f(t)A%t:= [ f(t)t* 1AL

Definition 2.16. ([I1]) Suppose f : T — R is a regulated function. Denote
the indefinite a-fractional integral of f of order a, a € (0, 1], as follows:
F(t) = [ f(t)A*t. Then, for all a,b € T, we define the Cauchy a-fractional

integral by fab f(t)A%t = F(b) — F(a).
Theorem 2.17. [11] Let o € (0, 1]. Then, for any rd-continuous function

f:T = R, there exist a function F : T — R such that Féa) (t) = f(t) for all
t € T*. The function F is said to be an a-antiderivative of f.

Theorem 2.18. ([11]) If f : T® — R is a rd-continuous function and t € T",
then

o(t)
/t F(5)A%s = f(t)u(t ",

The notions of A-measurable and A-integrable functions f : T — R are
defined the same as those in [16].
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Definition 2.19. ([30]) Assume f : T — R, is a function. Let A be a A-
measurable subset of T. f is a-integrable on A if and only if t* 1 f(¢) is
integrable on A, and [, f(t)A%t = [, t*~1 f(t)At.

Definition 2.20. ([30]) Assume f : T — R", is a function and f(t) =
(f1(t), f2(t), ..y fu(t)). Let A be a A-measurable subset of T. Then f is a-
integrable on A if and only if f;(i = 1,2,...,n) are a-integrable on A, and

[ FB)At = ( [y A@®At [, (A, . [, fn(t)mt).

Theorem 2.21. ([30]) Let a € (0, 1], a,b,c € T, \,y € R, and f,g: T — R"
be two rd-continuous functions. Then,

b

b b
() [ 0 +ag@Iate = [ foateey [gman
b a
(i) / At = - /b F(t)act;
b c b
(iiz’)/f(t)Aat:/ f(t)Aat+/ F(AE;

) [ rwate=o

(v) if there exist g : T — R with ||f(¢)|| < |g(¢)| for all t € [a, b], then

‘/abf(t)A“t g/ab

Now we introduce the concept of an absolutely continuous function.

g(t)’Ao‘t.

Definition 2.22. ([30]) A function f : T — R"” is said to be absolutely contin-
uous on [a, bt (i.e., f € AC([a,b]r,R™)) if for every € > 0, there existsan >0
such that if {[ax, bx|T}7, is a finite pairwise disjoint family of subintervals of
[a, b]T satisfying

k=m k=m
(b —a) <, then S IF(p(bi)) — Flar)] < e
k=1 k=1

(i.e., f € AC([a,b]r,R™) if and only if fi € AC([a,b]T,R)i=1,...,n)).

Theorem 2.23. ([30]) Assume function f : [a, bl — R™ is absolutely continu-
ous on [a, b, then [ is conformable fractional differentiable of order a A-a.e.
on [a,blr and the following equality is valid:

£(t) = fla)+ /[ A for all € o

The following Proposition can be proved analogously to Proposition 2.20 in
7.
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Proposition 2.24. Let u : T — R be an absolutely continuous function, then
the A-measure of the set {t € T*"\Rr«~ : u(t) = 0 and u(Aa) (t) # 0} is zero.

Next, we develop the fractional Sobolev’s spaces via conformable fractional
calculus and their important properties. The basic definitions and relations
based on [30] are given:

Definition 2.25. ([30]) Let E C T be a A-measurable set and let ¢ : T —R
be a A-measurable function. Say that ¢ belongs to L}l’ A (E,R) provided that
either

/ |p(8)|A%s < 400
E

We say that a A-measurable function f : £ — R" is in the set L;A (E,R™)
provided

s O = s 1As 0o,
/Ellf( A /Ellf( 51 As < +

i.e. / |fi(s)| A%s < +00, foreach of its components f; : E - R,i=1,...,n
E

Proposition 2.26. ([30]) The set L}, A ([a,b]t, R™) is a Banach space together
with the norm defined for ¢ € L, A ([a,b]r,R™) as

Iolss osran = [ le@lace

a,b]-[

Definition 2.27. (|30]) Let f : [a, by — R™.

One says that f € Wg;;b (la, b7, R™) if and only if f € L} A ([a,b]r,R"™),
and there exists g : [a,b)r — R" such that g € L}, A ([a,b]r,R") and
(2.2)

/[ A0 At =— / g(t) 67 (DA, for all € C2,4([a, b}, R™).

[a,b]'ﬂ'
We denote
Vs (@bl B") = {u€ AC(la,bn.R"),ui” € L, a ([a,blr.R™) :u(a) = u(b)}.
Theorem 2.28. ([30]) Assume that f € Wz;;b ([a, b, R™) and and that 1)
holds for g € L;A ([a,b]T,R™). Then, there exists a unique function x €
Vg;’;b ([a, b]T,R™) such that
x=f, x(Aa) =g A-a.e. on [a,b]T.

Theorem 2.29. ([30]) The set ngi p ([a,b]T,R™) is a Banach space together
with the norm defined as

Il o = [ lo®lA%+ /[ e wiace

[a,b]T

for every ¢ € Wg;i,b ([a, b, R™).
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Proposition 2.30. Let z € Wgzib([a?b]T,R”). Then x is conformable frac-
tional differentiable of order o A-a.e. on [a,b|r and

<a(0),20 (1) >
(@)
Proof. If x € Wgzlll)b([a, bl,,R™). By Theorems and [2.23] z is conformable

fractional differentiable of order o A-a.e. on [a,b]r. From Example we
obtain

()] &) = , A-ae. on {t € [a,b]r : t = o(t)}.

(@ _ <o), 7 (t) >

, A-ae.on{te€labr:t=0(t)}.

O

We now define a notion of L} -Carathéodory functions on a compact time
scale.

Definition 2.31. A function f: I x R™ — R" is called a L&A—Carathéodory
function if the following three conditions hold.

1. for every x € R™, the function t — f(¢, z) is A-measurable;
2. the function z — f(¢, ) is continuous for A-almost every t € I;

3. for every r > 0, there exists a function h, € Li,A(I, [0,00)) such that
£t 2)|| < h.(t) for A-almost every t € I and for all z € R™ such that
=] <.

3. MAIN RESULT

In this section, we establish an existence result for the problem (|1.1). A

solution of problem 1) will be a function z € ngi U(b)(J, R™) for which 1)

is satisfied. We introduce the notion of solution-tube of this problem as follows.

Definition 3.1. Let (v, M) € Wl o) (S R?) X wl o (2 [0,00)). We say
that (v, M) is a solution tube to problem (|1.1)) if

(i) (@ —vo(t), f(t,x) — vg)‘)> < M”(t)M(Aa)(t) A-a.e. t € I and for every
x € R™ such that ||z —v7(t)|| = M7(t),

(i) v\ (t) = f(t,07 (1)) A-ae. t € I such that M?(t) =0,
(ili) M(t) =0 for every t € I such that M°(t) =0,

(iv) - if (BC) denotes (1.2)), then ||zg — v(a)| < M(a),
- if (BE) denotes ([1.3), then |jv(a(b)) —v(a)|| < M(a) — M(c(b)).

We denote

T(v, M) := {x e Wark (LR« [l2(t) — o(t)l| < M(1), for all t € J} .
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Remark 3.2. (i) If @ =1 (resp., T is a real interval [a, b]), our definition of
solution tube is equivalent to the notion of solution tube introduced in
[I7] (resp.,in [7]).

(ii) f @« = 1 and T is a real interval [a,b], our definition of solution tube is
equivalent to the notion of solution tube introduced in [22].

The existence of a solution-tube insures the existence of a solution to (L.1)).
We consider the following modified problem:

2 + a1 z(o(t)) = F(LE(0() + a 1 F(o(t), tel,

(3.1)
x € (BG).
where
62 o | EeETE V) o0, if o = v(t)| > M(),
(1), if o — o) < M(2).

We need the following auxiliary lemmas, which are direct generalizations of
[8, Corollary 3.2 and Corollary 3.4, and we omit the proofs.

Lemma 3.3. For every g € L;A(I,R"), o €ER", 0<a<1and —peR,,
the problem

. 2 (1) — t1=op(t) 2(o(t)) = g(t), A-ae tel;
x(a) = .

has a unique solution x € szi o(b) (J,R™), given by the following expression

(3.4) x(t) == / Gr(t,s)g(s)A% + xpe_p(a,t), teJ,
[a,a(b)]r
where
1, a<s<t<o(b),
(3.5) Gr(t,s) = e_p(s,t)
0, a<t<s<o().

Lemma 3.4. For every g € L:‘)[,A(I7 R™), 20 € R", 0 < a < 1, p € R\{0},
—p € Ry, and e_p(o(b),a) # 1, the problem

2(t) — £1-0p(t) 2(0(t)) = g(t), A-ace.te I,
z(a) = z(a(b)).

(3.6)
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has a unique solution x € sz}l G(b)(J, R™), given by the following expression

(3.7) (1) ::/ Grlt,$)g(s)A%, teJ,
[a,0(b)]r

where
e_p(s,1) e—p(o(b),a), a<s<t<o(b),

, a<t<s<oa(b),

Similar to Lemma 2.24 in [I7], we give the following Lemma of maximum
principle.

Lemma 3.5. Let r € ngi a(b)(J,]R), such that r(Aa)(t) < 0 A-a.e. on

{t e I:r(c(t)) > 0}. If one of the two following conditions holds,
(i) r(a) <0
(ii) r(a) < r(a(b)),

then r(t) < 0 for every t € J.

2

Proof. Suppose the conclusion is false. Then, there exists ty € J such that

r(tg) = maxyeyr(t) > 0, since r is continuous on J. If p(ty) < to, then
) (p(to)) exists, since u(p(to)) =to—p(to) >0 and because r € Wi o) (SR)-
Then,

(a) 7(to) — r(p(to)) 1-a
T tg)) = ———(p(t >0,
0 (otta)) = "= )y >
which is a contradiction since r(to) = r(o (p(to))) > 0.
If tg = p(to) > a, then there exists an interval [t1, p(to)) such that r(o(t)) > 0
for all ¢ € [t1, p(to)) N'T. Thus,

0 < r(te) — r(t1) = r(p(te)) — r(t1) = /[t - r(®(s)A% <0

by hypothesis and by Theorem [2.:23] Hence, we get a contradiction. The case
to = a is impossible if hypothesis (7) holds and if r(a) < r(o(b)), we must have
r(a) = r(o(b)). If we take tg = o(b), by using previous steps of this proof, one
can check that 7 (o(b)) <0, and then, the lemma is proved. O

Let us define the operators N1, N, : C(J,R™) — C(J,R™) by
Ni(z)(t) = / Gi(t,s) (f(s,f(a(s))) +ast™@ E(U(s))) A%s + zpeq(a,t)
[a,0(b)]T

and

Nao(z)(¥) = / Gp(t,s) (f(s,f(a(s))) +ast™® E(U(s))) A%s

[a,0(0)]r
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where G (resp., Gp) is Green’s function related to the initial problem

(3-3) (resp., periodic problem (3.6))) and is given by expression ([3.5))(resp.,(3.8))
with p = —a.

Clearly, from Lemma (resp. Lemma with p = —a, the solutions of

problem (1.1)), (1.2) (resp.,(L.1)), (1.3))), coincide with the fixed points of opera-
tor Mp (resp., Na).

Proposition 3.6. Let f : I x R® — R"™ be a Lé,A-Camthéodory Sfunction.
Assume there exists (v, M) € szi g(b)(J, R™) x ng{ll o) (4,10,00)) a solution
tube of (1.1)), (1.3)), then the operator Ny is compact.

Proof. We first observe that, from Definitions and there exists a func-
tion h € L}LA(I, [0, 00)) such that

1F (£, 7 (o () + o t1 == T ()] < h(D),
for A-a.e. t € I and all z € C(J,R").

Let {zp, }nen be a sequence of C(J,R™) converging to z € C(J,R™). In this
case, it is clear that

[Neen ) — Matate))|

= ‘/[ll,U'(b)]T Sa_l|GP(t’ S)|H (f(S,E(J(S))) tastTe ﬂ(o—(s)))
—(f(s,f(o’(s))) taste f(a(s))) HAS
< M 5271 (F(s,7a(o()) + @ 87 Talo(s)))
[a,0(b)]r

~(fs. 7o) + o s T(a(s))) | A

where M := max, ;c; |Gp(t,s)|.

The continuity of operator A follows from the continuous dependence with
respect to x of function f, the definition of T and Lebesgue’s Dominated con-
vergence Theorem.

To see that the set No(C(J,R™)) is relatively compact on C(J, R"), consider
x € C(J,R™). Therefore,

Wa@)®)]| < M 1B, 1 2.

So, N2(C(J,R™)) is uniformly bounded. This set is also equicontinuous
since for every t; < to € J,
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HNz (z)(t2) = N2 () (h)”

< /[ R Gr(ta,s) ~ Grt,9)l|(£(s,7(0(9) +a 512 T(o(s))) [ A
+/[tm(b)h|Gp(t2,s)—c:p(t1,s)| H (f(s@(o(s)))m 5172 3o (s)) ) HMS
+/[t ,,Grltas) =Gr(tao) H (f(s:7(o(s)+a s T(o(s)) HAO‘S

< K|ea(s,t2)ea(s,t1)|(/[a’tl]Th(s)A"‘s+/[tz’a(b)hh(s)AC‘s)
+2M - h(s)A%s,

where
K := max{ cal(b),0) 1 )= ea(o(b),a) -0

sel “eq(o(b),a) — 17 eq(a(b),a) — 1 eq(o(b),a) —1 '

By the Arzela-Ascoli Theorem, we conclude that the set Na(C(J,R™)) is rela-
tively compact in C'(J,R™). Hence, N> is compact. O

The following result can be proved as the previous one.

Proposition 3.7. Let f : I x R® — R"™ be a L}X’A—C’amthe’odory Sfunction.

Assume there exists (v, M) € Wz,’i ooy (L R™) X szi o) (4:10,00)) a solution

tube of (L.1)), (1.2), then the operator Ny is compact.

Now, we can obtain our main theorem. The proof is based on the one given
in [I7].

Theorem 3.8. Let f : IxR™ — R"” be a L;A—C’amthéodory function. Assume

there exists (v, M) € ngi o) (L R™) X ngi o) (> [0,00)) a solution tube of

(1.1). Then, problem 1' has a solution x € szi g(b)(J, R™)NT(v, M).

Proof. We will do the proof for the initial case . As we will see, the proof
for the periodic problem is analogous.

By Proposition [3.7] the operator N is compact. It has a fixed point by the
Schauder fixed-point Theorem. Lemma implies that this fixed point is a
solution for the problem . Then, it suffices to show that for every solution
z of (31)), € T(v, M).

Consider the set B := {t € I : ||z(o(t)) —v(o(t))| > M(c(t))}. By Propo-
sition A-a.e. on the set B={t € B:t=0(t)}, we have
(3.9)

(o) (a)
(H.T(t) _ ’U(t)” _ M(t))(Aa) _ < I(O—(t)) U(O’(t)),l‘A (t) Ua (t) >

[z(a(t)) = v(e@))]

- M ().
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If t € B is right scattered, then p () = o(t) — ¢ > 0 and by Theorem we
have

(ll2(t) — o) - M)
| _

lz(e(t) = v(o @)l — lla(t) = v@)] ,1-a

1(t)
~ME(1)
 Jlao®) — ve@)I? — 2o (®) — oo — o] 1o o
- OGO COL E = MATE)
(elo (1) — (o), #(o() — v(o(®) — (@) — v 10+ o)
S n(O2(o (1) o) £ M)
), W) =i 1)

(z(o(t)) — v(o(
t

t
) —v(e@))

)
Therefore, since (v, M) is a solution tube of problem (|1.1)), we have A-a.e.
on {t € B: M(o(t)) > 0}, that

(llz(t) — v(®)]| — M ()%

8
—~
Q
—~
~
~—
¥
|
<
—~
Q
—~
o~
~—
—

~ML (1)
_ (@o®) — (o), ftE(0(1) - v @)
M(o(t))
a0 (M (o(0) ~ (o (1) — o(o(®)]) — ME(0)
- (@)

On the other hand, we have A-a.e. on {t € B: M(o(t)) = 0}, that

(lz(t) — o(®)]| - M(£))%
(@(o(t) = v(o(t), fIEEo() +a i~ @(o(t) - (o(1) — v (1))
(o (®)) — o(a ()]

<

—M(t)
(2(a(1)) = v(a(?), f(t,0(a(1)) =& (1))
2o (1)) —v(o <t>>u
—a "0 (||lz(o () — (o)) — M (1)
< —MPt)<o.

This last equality follows from Definition (iii) and Proposition m
If we set, r(t) := ||z(t) —v(t)|| — M (t), then T(AO‘) <0A-aeonB:={tel:
r(o(t)) > 0}. Moreover, since (v, M) is a solution tube to problem (1.1)) and z
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satisfies (I.2), then r(a) < 0 and, as consequence, Lemma (i) implies that
B=10. So, z € T(v, M) and the result holds for this case.

When the periodic case is studied, we follow the same steps with operator
N5 and we arrive to the fact that

r(a) =r(a(b)) < |lv(a) = v(a ()| = (M(a) = M(a(b)) <0,
and the result follows from Lemma [3.5] (ii). O

Next, we present another existence result which will follow from Theorem
The proof is based on the one given in [I7]

Theorem 3.9. Let f: J* x R" — R™ be an unbounded continuous function.
If there exist nonnegative constants L and N such that

It p)ll < 2L (p, f(t,p)) + N

for everyt € J, and every p € R™, then the problem , has at least
one solution.

Proof. Observe that L > 0 since f is unbounded. By hypothesis, there exists a
constant K := N/2L such that (p, f(¢,p)) < K. Let us define M : J — [0, c0)
by

M(t) := |Jzo|| + 1 +/ KA®s.

la,t)NT

Then, M(AO‘) (t) = K for every t € J and, thus,

(p, f(t,p)) < K < M°(t)MK”(t)

for every t € J and every p € R™. Then, if we take v = 0, we get a solution
tube (v, M) for our problem and by Theorem the problem has a solution

2 such that [|z(t)|| < M (t) for every t € J.
O

The following example is a modified version, considering a periodic condi-
tion, of Example 4.6 in [I7]:

Example 3.10. Consider the periodic problem:
(3.10)
1
x&*)(t) = a||lz(t)|]?z(t) — azx(t) + azp(t), A-ae.tel=]0,2]r,
z(0) = z(0(2)).

where ai,a9,as € Ry such that as > a; + a3 and ¢ : I — R" is a continuous
function satisfying ||¢(¢)|| = 1 for every ¢t € I. It is easy to check that v = 0
and M =1, is a tube solution. By Theorem problem (3.10)) has a solution

NS W§;7é’0(2)([0,0(2)]T,Rn) such that ||z(t)|| < 1 for every t € [0,0(2)]r.
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Remark 3.11. If n = 1, Definition [3.1] generalizes the notion of lower and upper
solutions introduced in [8]. We recall this definition for problem (1.1)):

Definition 3.12. A function v € ngl

ja,0(b)
(L.1), if

(i) 7&1)@) > f(t,77(t)), for A-ae.tel;

(J,R) is called a lower solution of

(ii) - if (BC€) denotes (1.2)), then v(a) > xo,
- if (BC) denotes (1.3]), then v(a) > (o (b)).

A function ¢ € szi U(b)(J, R) is called an upper solution of 1) if it satisfies

(1), (i1) with the reversed inequalities.

If~, § € Wz;i,a(b)((], R) are, respectively, lower and upper solutions of
such that §(¢t) < ~(¢) for every ¢t € J, then v = (y+6)/2 and M = (v —9)/2
is a solution tube for this problem. Conversely, if (v, M) € Wg;i’g(b)(J, R) x
Wg;i’g(b)(;L [0,00)) is a solution tube of , thend =v—Mandy=v+ M
are, respectively, upper and lower solutions of .

Example 3.13. Let T = [-1, %] U [%, 1]. Consider the periodic problem:

_ 12— z5(o(t))
(3.11) 2Vt ’

A-ae. tel=][0,1]r,

This problem is a particular case of lb 1) with n = 1, a = % and
- 1—2t —a°(o(t))
f(t,27(t) =

2Vt
tion. Verify that with v = 0 and M = 1, (v, M) is a solution-tube of (3.11]).

By Theorem , the problem (3.11) has a solution z € WE.’S -1y ([0, (1)]7),
such that |z(t)] <1 for every t € [0,0(1)]r.

Observe that ) =v— M = —1 and v = v+ M =1 are, respectively, upper and
lower solutions of (3.11]). This follows from the fact that

. It is clear that fisa L} A-Carathéodory func-
5

1

s (1) =0< f(£,67(t) = 1—\;; for Acace. te I=[0,1]r, 5(0) < 8(a(1)),

AV &(6)=0> f(t,77 (1)) =V, for Acae. t€1=[0,1]r, 7(0) >~(0(1)),
such that —1 < z(t) < 1, for all ¢ € [0, 0(1)]r.

Next, we present the following example is a modified version of Example
4.6 in [8], where we apply Theorem
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Example 3.14. Consider the initial problem:
(3.12)

f t
22 (1) = —2sin(a(t + 1)) — =

z(t+1), A-ae. tel=][0,bz, beZ,

<

This problem is a particular case of 1) D withn =1, a= %, T =7Z and
¢
ft,z(t)) = —2sin(z?(t))— %x" (t). Tt is clear that fisa L} ,-Carathéodory
PRI
function. Verify that with v = 0 and M =1, (v, M) is a solution-tube of ([3.12]).

1
By Theorem the problem (3.12]) has a solution = € Wﬁ;’éyl([O, o(b)]z), such
that |z(t)| < T for every t € [0,0F 1]z.

Observe that § =v— M = —1 and v = v+ M = 1 are, respectively, upper and

lower solutions of (3.12)) follows from the fact that

i

Vi
i
Vi

such that —1 < x(t) <1, for all t € [0,b+ 1]z.

3 (1) =0 < f(1,67 () =2sin(1) + <=, for A-a.e. t €1 =[0,b]z,6(0) < 2,

7@ (1) =0> f(ty7 (1)) = —2sin(1) — =, for A-ae. t€1=[0,b]z,7(0)> 2,
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